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Abstract

This note is based on Differential Geometry, taught by Xiang Ma in Fall 2025
at Peking University, and also refers to Differential Geometry by Weihuan Chen.
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1 CURVES

1 Curves
1.1 Curvature and Torsion
Definition 1.1. A parametrized curve rptq is regular if r 1ptq ‰ 0 for all t in its domain.

Definition 1.2. Given a regular curve rptq, its arc length from t “ a to t “ b is defined
as

s “

ż b

a

|r 1ptq|dt. (1)

We can reparametrize the curve by its arc length s such that

ds “ |r 1ptq|dt. (2)

Such a parameter is called the arc length parameter.

Let T : r Ñ S1 be the unit tangent vector field along the curve rpsq, i.e. T psq “

r 1psq. Assume θ is the angle between T psq and the x-axis.

Definition 1.3. The curvature of the curve rpsq at s is defined as

κpsq “ |T 1psq| “

ˇ

ˇ

ˇ

ˇ

dT

ds

ˇ

ˇ

ˇ

ˇ

“

ˇ

ˇ

ˇ

ˇ

dθ

ds

ˇ

ˇ

ˇ

ˇ

“ |r 2psq| . (3)

Let T “

ˆ

cos θ
sin θ

˙

. Then dT
ds

“ θ1

ˆ

´ sin θ
cos θ

˙

. Define the unit normal vector N “
ˆ

´ sin θ
cos θ

˙

. Then we have

T 1 “ κN . (4)
Because T ¨T “ 1, we have N ¨T “ T 1 ¨T “ 0. Thus N is orthogonal to T . In the two
dimensional space, trpsq;T psq,N psqu forms an right-hand oriented orthonormal frame
along the curve rpsq, called the Frenet frame. And we have the Frenet formula:

d

ds

ˆ

T
N

˙

“

ˆ

0 κ
´κ 0

˙ ˆ

T
N

˙

. (5)

Example 1.1. Consider the ellipse rptq “

ˆ

a cos t
b sin t

˙

. We have r 1ptq “

ˆ

´a sin t
b cos t

˙

and

|r 1ptq| “
?
a2 sin2 t ` b2 cos2 t. Thus the arc length parameter is s “

şt

0
|rptq| dt, which is

an elliptic integral.

To avoid the elliptic integral in Example 1.1, we can compute the Frenet frame and
curvature without reparametrization. Since r 1ptq “ |r 1ptq|T ptq, we have

r 2ptq “ |r 1ptq|
dT

ds

ds

dt
`

d |r 1ptq|

dt
T ptq “ |r 1ptq|

2
κptqN ptq `

d |r 1ptq|

dt
T ptq,

r 1ptq ˆ r 2ptq “ |r 1ptq|
3
κptqT ptq ˆ N ptq “ |r 1ptq|

3
κptqBptq.

Thus we have

κptq “
|r 1ptq ˆ r 2ptq|

|r 1ptq|3
, Bptq “

r 1ptq ˆ r 2ptq

|r 1ptq ˆ r 2ptq|
, N ptq “ Bptq ˆ T ptq. (6)

And trpsq;T psq,N psq,Bpsqu forms the Frenet frame along the curve rptq.

2



1.2 The Local Canonical Form 1 CURVES

Example 1.2. Consider the ellipse in Example 1.1. We have

r 2ptq “

ˆ

´a cos t
´b sin t

˙

, κptq “
ab

pa2 sin2 t ` b2 cos2 tq3{2
.

Definition 1.4. The center of curvature of the curve rpsq at s is defined as

rrpsq “ rpsq `
1

κpsq
N psq. (7)

The image of the curve rrpsq is called the evolute of the curve rpsq. The osculating
circle of the curve rpsq at s is the circle with center rrpsq and radius 1

κpsq
.

Notice the fact that for s such that κpsq attains its extrema points, rrpsq often has a
cusp. Since

rr 1
psq “ T psq `

1

κpsq
p´κpsqqT psq `

ˆ

´κ1psq

κpsq2

˙

N psq “ ´
κ1psq

κpsq2
N psq,

we have rr 1
psq “ 0 when κ1psq “ 0.

Definition 1.5. N psq is the principal normal vector, Bpsq “ T psq ˆ N psq is the
binormal vector. spantT psq,N psqu is the osculating plane of the curve rpsq at s.
Definition 1.6. Let dB

ds
“ ´τN . Then τ is called the torsion of the curve rpsq at s.

Thus we have the Frenet formula in R3:

d

ds

¨

˝

T
N
B

˛

‚“

¨

˝

0 κ 0
´κ 0 τ
0 ´τ 0

˛

‚

¨

˝

T
N
B

˛

‚. (8)

By the Frenet formula, we have

τ “
pr 1 ˆ r 2q ¨ r3

|r 1 ˆ r 2|2
. (9)

Corollary 1.1. κ, τ do not depend on t and they are invariant under rigid motions.

1.2 The Local Canonical Form
Let rpsq be a regular curve parametrized by arc length. Consider expanding rpsq at

s “ 0 by Taylor expansion:

rpsq “ rp0q ` sr 1p0q `
s2

2!
r 2p0q `

s3

3!
r3p0q ` ops3q

“ rp0q `

ˆ

s ´
κp0q2

6
s3

˙

T p0q `

ˆ

κp0q

2
s2 `

κ1p0q

6
s3

˙

N p0q `
κp0qτp0q

6
s3Bp0q

` ops3q.
(10)

Definition 1.7. The local canonical form of the curve rpsq at s “ 0 is given by

xpsq “ s ´
κp0q2

6
s3, ypsq “

κp0q

2
s2 `

κ1p0q

6
s3, zpsq “

κp0qτp0q

6
s3. (11)

Definition 1.8. Ignoring the higher order term, the approximate curve of rpsq at
s “ 0 is given by rrpsq “

´

s, κp0q

2
s2, κp0qτp0q

6
s3

¯

.
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1.3 Fundamental Theorem of Curves 1 CURVES

1.3 Fundamental Theorem of Curves
Theorem 1.1 (Fundamental Theorem of Curves). Given s P ra, bs and κpsq ą 0, τpsq are
continuous, there exists a regular curve rpsq : ra, bs Ñ R3 parametrized by arc length such
that κpsq, τpsq are its curvature and torsion. Moreover, any other curve satisfying the
same conditions differs from rpsq by a rigid motion. If r 1 and r 2 are two curves satisfying
the same conditions, then there exists σ P SOp3q and r 0 P R3 such that r 2psq “ F pr 1psqq

for all s P ra, bs.
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2 SURFACES

2 Surfaces
2.1 Gauss Equation and Weingarten Equation

For a surface S Ă R3, taking trpu, vq; ru, r v,nu as a local parametrization of S, our
goal is to find the relations between ruu, ruv, r vv,nu,nv and ru, r v,n . Recall that we
have already known the Weingarten equation:

#

nu “ ´a11ru ´ a12r v,

nv “ ´a21ru ´ a22r v.
(12)

We denote Gauss equation as
$

’

&

’

%

ruu “ Γ1
11ru ` Γ2

11r v ` Ln ,

ruv “ Γ1
12ru ` Γ2

12r v ` Mn ,

r vv “ Γ1
22ru ` Γ2

22r v ` Nn ,

(13)

where Γk
ij are the Christoffel symbols.

Doing inner products on both sides of the first equation with ru, r v, we have
#

Γ1
11E ` Γ2

11F “ ruu ¨ ru “ 1
2

pru ¨ ruqu “ Eu

2
,

Γ1
11F ` Γ2

11G “ ruu ¨ r v “ Fu ´ 1
2
Ev.

ðñ

ˆ

Γ1
11

Γ2
11

˙

“
1

EG ´ F 2

ˆ

G ´F
´F E

˙ ˆ

Eu

2

Fu ´ Ev

2

˙

.

We take orthogonal parameters such that F “ 0. Then we have
ˆ

Γ1
11

Γ2
11

˙

“

ˆ

Eu

2E

´Ev

2G

˙

,

ˆ

Γ1
12

Γ2
12

˙

“

ˆ

Ev

2E
Gu

2G

˙

,

ˆ

Γ1
22

Γ2
22

˙

“

ˆ

´Gu

2E
Gv

2G

˙

.

Partial differentiating the first two Gauss equations with v and u respectively, we have

pruuqv “
`

Γ1
11

˘

v
ru `

`

Γ2
11

˘

v
r v ` Lvn ` Γ1

11

`

Γ1
12ru ` Γ2

12r v ` Mn
˘

` Γ2
11

`

Γ1
22ru ` Γ2

22r v ` Nn
˘

` L p´a21ru ´ a22r vq

pruvqu “
`

Γ1
12

˘

u
ru `

`

Γ2
12

˘

u
r v ` Mun ` Γ1

12

`

Γ1
11ru ` Γ2

11r v ` Ln
˘

` Γ2
12

`

Γ1
12ru ` Γ2

12r v ` Mn
˘

` M p´a11ru ´ a12r vq .

Comparing the coefficients of ru, we have 0 “ 0. Comparing r v, we have Gauss Equa-
tion:

K “
´1

?
EG

˜˜

`
?
E

˘

v?
G

¸

v

`

˜

`
?
G

˘

u?
E

¸

u

¸

. (14)

Taking the curvature-line parameters, we have F “ 0 “ M and Codazzi Equations:

Lv “ HEv, Nu “ HGu. (15)
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2.2 Complex Coordinates on Surfaces 2 SURFACES

2.2 Complex Coordinates on Surfaces
For a surface pM2, Iq, take a (local) orthogonal parametrization such that

I “ Edu2 ` Gdv2 “

´?
Edu `

?
Gdvi

¯ ´?
Edu ´

?
Gdvi

¯

.

Definition 2.1. If I can be written as I “ e2ρ pdu2 ` dv2q for some function ρ, then
pu, vq is called an isothermal parameter.
Theorem 2.1 (Gauss). For pM, Iq, there always exists (local) isothermal parameters.
Lemma 2.1. For holomorphic order-one differential forms ω “

?
Edu `

?
Gdvi on the

surface, there exists a integrating factor ρ and complex function z “ u ` iv such that

dz “ e´ρω ðñ
?
Edu `

?
Gdvi “ eρdz.

From now on, we always take isothermal parameters pu, vq and complex coordinate
z “ u ` iv. Thus we have

I “ e2ρ
`

du2 ` dv2
˘

“ e2ρ |dz|
2 . (16)

Definition 2.2. Recall the complex partial derivatives:
B

Bz
“

1

2

ˆ

B

Bu
´ i

B

Bv

˙

,
B

Bz̄
“

1

2

ˆ

B

Bu
` i

B

Bv

˙

,
B2

BzBz̄
“

B2

Bz̄Bz
“

1

4

ˆ

B2

Bu2
`

B2

Bv2

˙

.

Recall the following facts:
• f “ fpzq is holomorphic ðñ

Bf
Bz̄

“ 0;

• df “ fudu ` fvdv “ fzdz ` fz̄dz̄;
Taking tr ; r z, r z̄,nu, which are complex vectors, we have

e2ρ “ ru ¨ ru “ r v ¨ r v, 0 “ ru ¨ r v ðñ r z ¨ r z “ 0, r z ¨ r z̄ “
e2ρ

2
.

Actually, r z ¨ r z “ 0 if and only if pu, vq are isothermal parameters.
Proposition 2.1. The moving equations of tr ; r z, r z̄,nu are given by

$

’

&

’

%

r zz “ 2ρzr z ` Qn ,

r zz̄ “ e2ρ

2
Hn ,

nz “ ´Hr z ´ 2e´2ρQr z̄,

(17)

where Q “ r zz ¨ n “ 1
4

pruu ´ r vv ´ 2iruvq ¨ n “ 1
4
pL ´ N ´ 2iMq.

Proof. The first equation is from

r zz ¨ r z “
1

2
pr z ¨ r zqz “ 0, r zz ¨ r z̄ “ pr z ¨ r z̄qz ´ r z ¨ r zz̄ “ e2ρρz.

The second equation is from

r zz̄ ¨ n “
1

4
pruu ` r vvq ¨ n “

1

4
pL ` Nq “

e2ρ

2
H.

The third equation is from
nz ¨ r z̄

r z ¨ r z̄

“
´n ¨ r zz̄

1
2
e2ρ

“ ´H,
nz ¨ r z

r z ¨ r z̄

“
´n ¨ r zz

1
2
e2ρ

“ ´2e´2ρQ.
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2.2 Complex Coordinates on Surfaces 2 SURFACES

Definition 2.3. Qdz2 is called the Hopf differential of the surface, which is a invariant
differential form.

We can verify that

Qdz2 “ ´ pr z ¨ nzq dz2 “ ´ pr zdzq pnzdzq .

In complex analysis, we know that by substituting w “ wpzq, which is holomorphic, we
have r zdz “ rwdw.

Now consider the compatibility conditions: pr zzqz̄ “ pr zz̄qz and pnzqz̄ “ pn z̄qz.

pr zzqz̄ “ p2ρzr z ` Qnqz̄ “ 2ρzz̄r z ` Qz̄n ` 2ρzp
H

2
e2ρnq ` Qn z̄,

pr zz̄qz “

ˆ

H

2
e2ρn

˙

z

“

ˆ

Hz

2
` Hρz

˙

e2ρn `
H

2
e2ρ

`

´Hr z ´ 2e´2ρQr z̄

˘

.

Comparing the coefficients of r z,n , we have

2ρzz̄ ´ 2e´2ρQQ “ ´
H2

2
e2ρ, Qz̄ “

e2ρ

2
Hz. (18)

Remark: The first equation is equivalent to the Gauss equation. The second equation
shows that if the surface is a constant mean curvature surface, then Qdz2 is a holomorphic
order-two differential form.

Theorem 2.2 (Hopf). M2 is a regular surface with constant mean curvature in R3. If
M2 – S2, then M2 is a sphere.

Proof. We have the following fact: a holomorphic order-two differential form on S2 “

C Y t8u must be 0. Thus

Q ” 0 “ L ´ N ´ 2iM ùñ L “ N,M “ 0 ùñ k1 “
L

E
“

N

G
“ k2.

Hence M2 is totally umbilic. We know that the only totally umbilic surfaces in R3 are
planes and spheres. Therefore, M2 is a sphere.

Now we introduce the Weierstrass representation of a minimal surface. H ” 0 ùñ

r zz̄ “ 0 ùñ r z “

¨

˝

f1
f2
f3

˛

‚is holomorphic and since |r z| “ 0, we have pf1q
2

` pf2q
2

` pf3q
2

“

0.

Proposition 2.2. The Weierstrass representation of a minimal surface is given by

r z “

¨

˝

f1pzq

f2pzq

f3pzq

˛

‚“

¨

˝

1
2

`

G ´ 1
G

˘

´ i
2

`

G ` 1
G

˘

1

˛

‚h1pzq, r “ 2ℜ
ż z

z0

¨

˝

1
2

`

G ´ 1
G

˘

´ i
2

`

G ` 1
G

˘

1

˛

‚h1pzqdz, (19)

where Gpzq and hpzq are holomorphic functions on some region.

Remark: h1pzqdz “ dhpzq is called height differential, which is a holomorphic
differential form. G “

f1`if2
f3

is a meromorphic function on Ω and Gdh, 1
G
dh have no

poles. G corresponds to the Gauss map of the surface.
When Ω is simply connected, the integral is path-independent. Otherwise, r is well-

defined if and only if
ű

γ
r zdz does not has a real period for any closed curve γ in Ω.
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2.2 Complex Coordinates on Surfaces 2 SURFACES

Example 2.1. Ω “ Czt0u, Gpzq “ z, dh “ h1pzqdz “ dz
z
.

r “ 2ℜ
ż z

z0

¨

˝

1
2

`

z ´ 1
z

˘

´ i
2

`

z ` 1
z

˘

1

˛

‚

dz

z
“ 2ℜ

¨

˝

1
2

`

z ` 1
z

˘

´ i
2

`

z ´ 1
z

˘

ln z

˛

‚“ 2

¨

˝

cosh u cos v
cosh u sin v

u

˛

‚, z “ eu`iv.

z

x

y

Remark: If dh “ idz
z

, then we get the helicoid.
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3 2D MANIFOLDS AND GLOBAL GEOMETRY

3 2D Manifolds and Global Geometry
3.1 Regular Surfaces
Definition 3.1. A subset S Ă R3 is a regular surface if

1. For each point p P S, there exists an open neighborhood Vp Ă R3 of p and a
parameter domain Up Ă R2 such that r : Up Ñ Vp XS is a bijection and continuous
with continuous inverse;

2. rpu, vq is a regular parametrized surface.

Example 3.1.
0 “ fpx, y, zq “ x2 ` y2 ` z2 ´ r2.

Example 3.2.
0 “ gpx, y, zq “ x2 ` y2 ´ z2 ´ a.

Proposition 3.1 (Monge Patch). S “ tpx, y, fpx, yqq|px, yq P U Ă R2, f P C3u is a
regular surface.

Proposition 3.2 (Regular Value Preimage Theorem). F : Ω Ă R3 Ñ R is differentiable
and for amy λ P R and p P F´1pλq, we have gradppF q ‰ 0. (We call λ a regular value
of F .) Then S “ F´1pλq is a regular surface in R3.

Proof. For any p P F´1pλq, WLOG, we assume that Fzppq ‰ 0. By the implicit function
theorem, there exists a neighborhood Vp of p and a function z “ fpx, yq such that
F px, y, fpx, yqq ” λ. Then z “ fpx, yq is a Monge patch and by Proposition 3.1, it is a
regular surface.

Example 3.3.
F “ x2 ` y2 ` z2 ùñ gradpF q “ 2px, y, zq.

r2 ‰ 0 is a regular value but 0 is not.

Example 3.4.
G “ x2 ` y2 ´ z2 ùñ gradpGq “ 2px, y,´zq.

a ‰ 0 is a regular value but 0 is not. Actually, G´1p0q is a cone, which is not a regular
surface at the vertex.

Proposition 3.3. If there are two coordinate maps r i : Ui Ñ Vi X S locally at p, then
r´1
2 ˝ r 1 : r

´1
1 pV1 X V2 X Sq Ñ r´1

2 pV1 X V2 X Sq is a smooth bijection with inverse.

Proof.
ˆ

Bpx, yq

Bpu1, v1q
,

Bpy, zq

Bpu1, v1q
,

Bpz, xq

Bpu1, v1q

˙

“ rx ˆ r y ‰ 0 ùñ WLOG, Bpx, yq

Bpu1, v1q
‰ 0.

By the inverse function theorem, there exists u1 “ fpx, yq, v1 “ gpx, yq.

Bpu1, v1q

Bpu2, v2q
“

Bpu1, v1q

Bpx, yq

Bpx, yq

Bpu2, v2q
“

ˆ

Bpx, yq

Bpu1, v1q

˙´1
Bpx, yq

Bpu2, v2q
.

Hence pu2, v2q Ñ pu1, v1q is differentiable and pu1, v1q Ñ pu2, v2q is differentiable.
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