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Abstract

This note is based on Differential Geometry, taught by Xiang Ma in Fall 2025
at Peking University, and also refers to Differential Geometry by Weihuan Chen.
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1 CURVES

1 Curves

1.1 Curvature and Torsion
Definition 1.1. A parametrized curve 7(t) is regular if 7/(¢) # 0 for all ¢ in its domain.

Definition 1.2. Given a regular curve r(t), its arc length from ¢ = a to t = b is defined
as

5= f|r'<t)|dt. (1)
We can reparametrize the curve by its arca length s such that

ds = |7'(t)|dt. (2)
Such a parameter is called the arc length parameter.

Let T : » — S! be the unit tangent vector field along the curve r(s), i.e. T(s) =
r'(s). Assume @ is the angle between T'(s) and the x-axis.

Definition 1.3. The curvature of the curve r(s) at s is defined as

dT de
— ! N Il R et B ”"
w(9) = 1T o) = | 5| = | 2| = 761 3
Let T = C986 . Then 4L = ¢ —sinf . Define the unit normal vector N =
sin 6 ds cos
(_ St 9). Then we have
cos

T = kN. (4)

Because T-T =1, wehave N-T = T'- T = 0. Thus N is orthogonal to T'. In the two
dimensional space, {r(s); T'(s), N(s)} forms an right-hand oriented orthonormal frame
along the curve r(s), called the Frenet frame. And we have the Frenet formula:

() = (5 0) () ©

Example 1.1. Consider the ellipse r(t) = <Z;O§:) We have r'(t) = (—bac(s)lsntt> and

|7'(t)] = Va?sin?t + b2 cos? t. Thus the arc length parameter is s = S(t) |7(t)| dt, which is
an elliptic integral.

To avoid the elliptic integral in Example , we can compute the Frenet frame and
curvature without reparametrization. Since 7/(t) = |r'(t)| T'(t), we have

dTds  d|r'()] d|r' ()]

P() = | (0] 5+ ST () = (P sON @) + ST (),

F (1) x 1(t) = | () 5B T(t) x N(t) = |#(8) 5(t) B(2).
Thus we have
_ (@) x " ()] _ () xr"(t)
O eer 0 PO o

And {r(s); T(s), N(s), B(s)} forms the Frenet frame along the curve r(t).

N(t)=B(t)x T(t).  (6)
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1.2 The Local Canonical Form 1 CURVES

Example 1.2. Consider the ellipse in Example . We have

() = (—acost>7 a(t) = ab

—bsint (a?sin®t + b2 cos? t)3/2°

Definition 1.4. The center of curvature of the curve r(s) at s is defined as

7(s) = r(s) + —N(s). (7)

The image of the curve 7(s) is called the evolute of the curve r(s). The osculating

circle of the curve r(s) at s is the circle with center 7(s) and radius ﬁ

Notice the fact that for s such that x(s) attains its extrema points, 7(s) often has a
cusp. Since

N B A O
() = T() + 5 (r(e) T + (07 ) N9 = =S

we have 7' (s) = 0 when #/(s) = 0.

Definition 1.5. N (s) is the principal normal vector, B(s) = T(s) x N(s) is the

binormal vector. span{T(s), N (s)} is the osculating plane of the curve r(s) at s.
Definition 1.6. Let % = —7N. Then 7 is called the torsion of the curve r(s) at s.
Thus we have the Frenet formula in R3:
a4 (T 0 w 0 T
e =-«x 0 7T|[N]. (8)
*\B 0 -7 0/ \B
By the Frenet formula, we have
/ AN
o (r'xr")-r ' (9)

|’T’/ % ,,,//|2

Corollary 1.1. s, 7 do not depend on t and they are invariant under rigid motions.

1.2 The Local Canonical Form

Let 7(s) be a regular curve parametrized by arc length. Consider expanding 7(s) at
s = 0 by Taylor expansion:

r(s) = r(0) + sr'(0) + %7«"(0) +

— r(0) + (s _Hl0) 33) T(0) + (@32 A 33) N(0) + ws?’B(O)

(10)
Definition 1.7. The local canonical form of the curve r(s) at s = 0 is given by

x(s) =s— @83, y(s) = K(20) s% + Hléo)s?’, 2(s) = —%(0)67(0) s°. (11)

Definition 1.8. Ignoring the higher order term, the approximate curve of r(s) at

— 0 i oi =(e) — £(0) .2 K(0)7(0) .3
s = 0 is given by 7(s) = (s,Ts A )




1.3 Fundamental Theorem of Curves 1 CURVES

1.3 Fundamental Theorem of Curves

Theorem 1.1 (Fundamental Theorem of Curves). Given s € [a,b] and k(s) > 0,7(s) are
continuous, there exists a reqular curve r(s) : [a,b] — R3 parametrized by arc length such
that k(s),7(s) are its curvature and torsion. Moreover, any other curve satisfying the
same conditions differs from r(s) by a rigid motion. If ry and ro are two curves satisfying
the same conditions, then there exists o € SO(3) and roy € R® such that ro(s) = F(r(s))
for all s € [a,b].



2 SURFACES

2 Surfaces

2.1 Gauss Equation and Weingarten Equation

For a surface S < R?, taking {r(u,v); ., r,, n} as a local parametrization of S, our
goal is to find the relations between r,,, Tuy, Tow, My, 1, and r,, r,, n. Recall that we
have already known the Weingarten equation:

Ny = —011T7y — Q12T, (12)
Ny = —A21Ty — A22T .

We denote Gauss equation as

Pyw =Ly + 12,7, + L,
Ty = F%2Tu + F%2rv + Mna (13)

Ty = Loy + 397, + N1,

where I'}; are the Christoffel symbols.
Doing inner products on both sides of the first equation with r,, r,, we have

THE +THE =1y -1y = 5 (1y - 14), = 2,
'Y F+T1HG =71y -1, = F,—3E,.

2] EG-F2\-F FE F, =)

We take orthogonal parameters such that F' = 0. Then we have

()-(4) ()-@) 0)-(2)
I —35) Iy 58/) % 2G
Partial differentiating the first two Gauss equations with v and u respectively, we have

(Tuw), = (Fh)v T, + (Ffl)v ry + Lyn + T, (F%zru +TI2,r, + Mn)
+ 12, (F%QTU + 2,7, + Nn) + L (—ag Ty — agery,)

(Tuv), = (Fig)u Ty + (Fﬂ)u Ty + Myn + F%Q (Fhru + F%lfrv + Ln)
+ 12, (Fbru + 12,7, + Mn) + M (—aj1ry — a127y) .

Comparing the coefficients of r,, we have 0 = 0. Comparing r,, we have Gauss Equa-

tion: K:&(C@”)y*(%))’ (14)

Taking the curvature-line parameters, we have F' = 0 = M and Codazzi Equations:

L,=HE, N,=HG,. (15)
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2.2 Complex Coordinates on Surfaces
For a surface (M2, 1), take a (local) orthogonal parametrization such that
I = Bdu® + Gdv® = (\/Edu + \@dvz’) (\/Edu - \/Edvz) .
Definition 2.1. If I can be written as I = e* (du® + dv?) for some function p, then
(u,v) is called an isothermal parameter.

Theorem 2.1 (Gauss). For (M, 1), there always exists (local) isothermal parameters.

Lemma 2.1. For holomorphic order-one differential forms w = v Edu + v/Gdvi on the
surface, there exists a integrating factor p and complex function z = u + iv such that

dz = e Pw «— VEdu + VGdvi = e”dz.

From now on, we always take isothermal parameters (u,v) and complex coordinate
z = u + tv. Thus we have

[ =% (du® + dv®) = e* |dz|?. (16)
Definition 2.2. Recall the complex partial derivatives:
R B WA G ¢ _¢ (& @&
oz 2\ou ov)’ o0z 2\ou ov)’ 020z 0z0z 4\ou: ow?)’

Recall the following facts:

o f = f(2) is holomorphic < % =0;

o df = fydu + f,dv = f.dz + f:dZ;

Taking {7; 7., 7z, n}, which are complex vectors, we have

2p
e
e =r, =Ty 1y, 0=7y Ty,e=r1. 17,=0, rz-r2=7.
Actually, r, - 7, = 0 if and only if (u,v) are isothermal parameters.
Proposition 2.1. The moving equations of {r;r,, rz,n} are given by
T = 2pzrz + Qna
2
Tz = %Hln’a (17)
n,=—Hr, —2e2Qr;,
where Q =7, -n = i(’ruu — Ty — 2iTyy) - M = }l(L — N —2iM).
Proof. The first equation is from
1
T, T, = 5 ('r'z ' ’PZ)Z = 07 T,, Tz = (rz : 'r'i)z — Ty Tz = ezppz'

The second equation is from

1 2
(Puut 7o) - m = S(L+N) = - H.

NN

T,z N =

The third equation is from

nz i Ir.z = —n: TZZ = —H i = ' = _2672PQ
T, T e o, Le2p
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Definition 2.3. Qdz? is called the Hopf differential of the surface, which is a invariant
differential form.

We can verify that
Qd22 = — (""z : nz) dz? = — (Tzdz) (nzdz) :

In complex analysis, we know that by substituting w = w(z), which is holomorphic, we
have r,dz = r,dw.
Now consider the compatibility conditions: (r.,); = (7.z), and (n,); = (ns),.

H
(rzz)i = (2pzrz + Qn)g = 2p22rz + Qin + sz(EGQPn) + Qn27

H H, H
(1), = (562pn) = <7 + sz) e n + E€2p (—H'rz - 26_2PQ7’2) .

Comparing the coefficients of r,, n, we have

2 2p

— H
2. = 207QQ = = ¢, Qs = T H.. (18)

Remark: The first equation is equivalent to the Gauss equation. The second equation
shows that if the surface is a constant mean curvature surface, then Qdz? is a holomorphic
order-two differential form.

Theorem 2.2 (Hopf). M? is a regular surface with constant mean curvature in R3. If
M? =~ S?, then M? is a sphere.

Proof. We have the following fact: a holomorphic order-two differential form on S? =
C U {oo} must be 0. Thus

L N
QEOzL—N—2iM:>L=N,M=0:>k1=E:5:/@2,
Hence M? is totally umbilic. We know that the only totally umbilic surfaces in R3 are
planes and spheres. Therefore, M? is a sphere. Il

Now we introduce the Weierstrass representation of a minimal surface. H = 0 =

h

r,: = 0= 7, = | f2 | is holomorphic and since |r,| = 0, we have (f1)2 + (f2)2 +(f3)? =

fs
0.

Proposition 2.2. The Weierstrass representation of a minimal surface is given by

fi(2) 5 (G=3) - [ 3(G-3)
ro= | 2G| = [ 5@+ D) e, = zyej Che D) | Wede (19)
fg(Z) 1 20 1

where G(z) and h(z) are holomorphic functions on some region.

Remark: h'(z)dz = dh(z) is called height differential, which is a holomorphic
differential form. G = fl+—3’fz is a meromorphic function on 2 and Gdh, édh have no
poles. G corresponds to the Gauss map of the surface.

When € is simply connected, the integral is path-independent. Otherwise, r is well-
defined if and only if §7 r.dz does not has a real period for any closed curve ~ in €.
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2.2 Complex Coordinates on Surfaces 2 SURFACES

Example 2.1. Q = C\{0}, G(z2) =2z dh="H(z)dz =%

; %(z ~ 1 & %(z +1) cosh u cos v ‘
r=2R -3 (z + %) — =2R|—3 (z — %) =2 | coshusinv |, z=e""",
%0 1 & In z u
z
Yy

Remark: If dh = id7z, then we get the helicoid.



3 2D MANIFOLDS AND GLOBAL GEOMETRY

3 2D Manifolds and Global Geometry

3.1 Regular Surfaces
Definition 3.1. A subset S = R? is a regular surface if

1. For each point p € S, there exists an open neighborhood V, < R? of p and a
parameter domain U, ¢ R? such that 7 : U, — V,,n S is a bijection and continuous
with continuous inverse;

2. r(u,v) is a regular parametrized surface.

Example 3.1.

0= f(z,y,2)=2"+y*+ 2% —r?

Example 3.2.
2

0=g(x,y,2) =2>+y*—2*—a.
Proposition 3.1 (Monge Patch). S = {(z,y, f(z,y))|(x,y) € U = R?, f € C3} is a
reqular surface.

Proposition 3.2 (Regular Value Preimage Theorem). F': Q < R® — R is differentiable
and for amy X € R and p e F71()\), we have grad,(F) # 0. (We call X a regular value
of F.) Then S = F~Y()) is a reqular surface in R3.

Proof. For any p e F~1(\), WLOG, we assume that F,(p) # 0. By the implicit function
theorem, there exists a neighborhood V, of p and a function z = f(x,y) such that
F(x,y, f(z,y)) = \. Then z = f(x,y) is a Monge patch and by Proposition B.1], it is a
regular surface. O

Example 3.3.
F=2>+y*+ 2 = grad(F) = 2(2,y, 2).

r? # 0 is a regular value but 0 is not.

Example 3.4.

2

G=2"+y*— 2> = grad(G) = 2(z,y, —2).

a # 0 is a regular value but 0 is not. Actually, G71(0) is a cone, which is not a regular
surface at the vertex.

Proposition 3.3. If there are two coordinate maps r; : U; — V; 0 S locally at p, then
rytor Pt (VinVan S) — ' (Vin Vo 1 S) ds a smooth bijection with inverse.

Proof.

dr,y) 0y,2) 0z ) ) o(,y)
, ) =r,xr,#0=— WLOG, ——— #00.
(6(u1, v1) O(uy,v1) O(uy,v) Y o(uq,v1)

By the inverse function theorem, there exists u; = f(x,y),v1 = g(z,y).

O(uy,vy) _ O(uy,v) dzy) ( d(z,y) >_1 d(z,y)
O(ug, va) o(xz,y) 0(ug,vs) o(uq,v1) (ug, va)

Hence (ug, v2) — (u1,vy) is differentiable and (u1,v1) — (ug, v9) is differentiable.
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