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Abstract

This note is based on Electrodynamics B, taught by Mingzhi Li in Fall 2025 at
Peking University, and also refers to Electrodynamics by Shuohong Guo.
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1 UNIVERSAL LAWS OF ELECTROMAGNETIC PHENOMENA

1 Universal Laws of Electromagnetic Phenomena

1.1 Electric Charges and Electric Fields

Assume that the charges continuously distributed within V', then we have
dQ = p(z")dV’

And the electric field at z is

/
E(z) = J p(@) rdV’
v dmegr3

0 0 0O
V‘(a—x’a—m)

And we can define the gradient, divergence and curl as follows:

First recall the operator V:

Definition 1.1. e Gradient:

Of: Of, Of.
gradf = Vf = <6J;’6iyy’ 8];>

e Divergence:

or oy | 0z  aveo AV

divf =V .- f =

e Curl:

_ _ (e _0fy fe _OF Ofy _Ofe) o 8- d
rotf—fo—(ay 0z 0z Ox’ dx Oy = A

Theorem 1.2 (Gauss Theorem).

Q
3€E-d5:6—0 (1.1)

v E=" (1.2)
€0

Proof. Let ) denote the total charge enclosed by the surface, then the electric flux
through the surface is

FE -dS = - cos 60dS

TEYT?
And wsf# is the solid angle d€) subtended by dS at the charge. Therefore, we have

as =9 _@
;JQE ds 3€d9

TEQ o

In the continuous case, we have

EOV
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Therefore, by the definition of divergence, we have

v.E=L

€0

Theorem 1.3. FElectrostatic fields are irrotational, i.e.,

E-dl =0 (1.3)
J

VxE=0 (1.4)

Proof. By Coulomb’s law, we have

Q 3€ r Q [(dr Q jg 1
E-dl = —-dl = — = dl—]=0
§ dreg J 13 dmeg J 12 dweg r
L L

0
L L

By decreasing the loop to infinitesimal, we have
VxE=0
[

Proposition 1.4. Theorem holds whatever the equation of Coulomb’s law is. It only
requires the direction of the force (or field).

Proof. Let F = f(r)r. Then, we have

ja

=9 _ 9 — (E Y=
V% Pl = £ (02) = (00 = £V = P —0
O
1.2 Currents and Magnetic Fields
First, we recall Gauss theorem.
Theorem 1.5 (Gauss Theorem).
3€F-dS=JV~FdV (1.5)
v
5

Let J denote the current density, then we have
dl =J -dS

And assume that there are several charged particles with charge density p; moving with
velocity v;, then we have
J = Z PiUs
i
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Theorem 1.6.

dp
V‘J+§—0 (1.6)
op

Particularly, in the steady case, we have 3; =0, thus
V-J=0 (1.7)

Proof. By the conservation of charge, we have

0
—afvpdeng-dS
S

Therefore, by Gauss theorem @, we have

%J-dSzJ V.- JdV
1%
S

Since V is arbitrary, we have

0
v-I+L -0
ot
[
Proposition 1.7 (Biot-Savart Law).
o [ J(&) xr
B(z)="—| ———dV 1.8
@ -] (19
Then, the magnetic field B at & due to a steady current I in a wire L is given by
o [ Idl x r
B == 1.
@) = b | = (19

Proposition 1.8. Magnetic fields are solenoidal because there is no isolated magnetic
charge, i.e.,

ng-dszo (1.10)
S

V-B=0 (1.11)

Proof. Notice that

V x (J(””/)) - <v1) < J(z') + %v « J(z) = 2@ X

r 73

Denote A = ’Z—frg @d\/’ , which is called the vector potential, then we have

v

V-B=V-(VxA)=0.
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Theorem 1.9 (Amperé Circuital Theorem).

ﬂQB cdl = pol (1.12)

V x B = pd (1.13)
Proof. Notice that
VxB=Vx(VxA)=V(V-A4)-V*A.

V- A= JV-<M>dV'=ﬂJ (VE'J(:B/)-FEV'J(m/))dV/.
e r 4 )y, r r
Since V'L = —V1and V- J(z') = 0, we have

v.aA-_H v’ I (@)dV = 4 Jv’ (J(w))dv&
T

4 T

By Gauss theorem, we have

Therefore, we have

1
VxB=-VA=-t| j@)vizav = @f J(z)Ars(z — ') = poJ ().
47'(' v r 4w 14

]

Example 1.10. Consider a long straight wire carrying a steady current I. By [ =
§sJ -dS, we have § B -dl = i §,J -dS. By the definition of curl, we have

V x B = .

1.3 Maxwell’s Equations

Proposition 1.11 (Faraday’s Law). Induced electric field is a curl field , i.e
0B
ot

Proof. By the law of electromagnetic induction, we have

VxE=-—

(1.14)

d

§E~dl=—£JB-dS.
at )
L

By Stokes theorem and the arbitratiness of S, we have

0B
VXE——E

By & = §LE'dl, we have
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We can show that Proposition @ and Proposition are consistent by

V-(VXE):—%(V-B)zo

However, notice that V- (V x B) = 1oV - J = 0 does not hold in the non-steady case.
Therefore, Maxwell added the term J p, called the displacement current, such that

V'(J—i-JD):O.

By the continuity equation, we have

oFE
V- <J+€OE> = 0.

Therefore, we have

oFE
JD = &0 &=, -
ot
Theorem 1.12 (Maxwell’s Equations).
v E=" (1.15)
€0
0B
VxFE=—— 1.16
X o (1.16)
V-B=0 (1.17)
0FE
VxB= MUJ + MQEOE (118)

Hertz’s experiments and the electromagnetic property of light verified Maxwell’s equa-
tions.
The Lorentz force density and the Lorentz force acting on a particle is

f=pE+JxB, F=qFE+quxB (1.19)

1.4 Electromagnetic Properties of Dielectrics

Definition 1.13. The polarization P is the dipole moment per unit volume, i.e.,

P = lim —Z’ P

aim =5 (1.20)

Consider dS on the surface S in the dielectric, then we have the number of positive
charges passing through dS equals to

Veng=ng-1-dS =np-dS =P -dS

Definition 1.14. Bound charges are the charges induced by the polarization. Denote
pp and o, as the volume and surface bound charge densities, respectively.
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By Gauss theorem, we have

V-P=—p,.
Consider the boundary between two dielectrics, then we have
0,dS = —(Py— Py)-dS = —(Py — P;) - ndS.
For Maxwell’s equations in the dielectric, we have
eoV-E=pr+p,=py—V- P.
Definition 1.15. The electric displacement D is defined as
D =¢FE + P. (1.21)

Then, we have
V-D = py (1.22)

For linear, isotropic and homogeneous dielectrics, we have
P = x.eoE,
where Y. is the electric susceptibility of the dielectric. Then, we have
D =cFE,

where ¢ = gpg, = go(1 + xe) is the permittivity of the dielectric and ¢, is the relative
permittivity of the dielectric.

If the molecular currents are viewed as tiny current loops with current ¢ and area
vector a, then we have m = ia.

Definition 1.16. The magnetization M is defined as the magnetic moment per unit
volume, i.e.,

M= lim 2™ (1.23)

Consider the boundary L of the surface S and compute the magnetization current I,
from back to front, then we have

IMziﬁna-dlzﬂgnm-dlzng-dl.
L L L

By Stokes theorem, we have
IM=JV><M-dS7 Jy=VxM, (1.24)
S

where J ), is called the magnetization current density.
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When the electric field changes, the polarization P changes, which causes another
kind of current, called the polarization current. By p = el = } . e;x;, we have
e v v N N
where J p is called the polarization current density.
Consider the total induced current density J = J,;+ J p and free current density
J ; in Maxwell’s equations, we have

1 oF B oD
—VxB=Js+J J —, V — M | =J;+ —.
o X Frdu+ p+€08t, X('uo ) r T o
Definition 1.17. The magnetic field intensity H is defined as
B
H=—-M. (1.26)
Ho
Then, we have
0D
VxH=J;+ 08t (1.27)
For isotropic, homogeneous and nonferromagnetic media, we have
M = XmHa

where Y., is the magnetic susceptibility of the medium. Then, we have
B =uH,

where p = popr = pio(1 + Xom) is the permeability of the medium and p, is the relative
permeability of the medium.

Theorem 1.18 (Maxwell’s Equations in Media).

V-D =p;g
Vsz—a—B
ot (1.28)
V-B=0
0D
H = i
V x Jf+ ot

Also, we have electromagnetic property equations of media
D=c¢cE, B=u-HJ=0-E,

For anisotropic media, the relations are more complex: ¢ is a three-dimensional second-

order tensor
€z Ezy Ezz
€= |Eyz Eyy Eyz
Ere Ezy Ezz

3
Di = EEZJEJ, Z = 1,2,3.

j=1

Under strong fields, some media can be nonlinear, and we have the nonlinear relation:
D, = ZgijEj + ZgijkEjEk + 25ijk:lEjEkEl + -
j ik jkl

For ferromagnetic materials, B and H are nonlinear and non-single-valued, which de-
pends on the history of magnetization.
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1.5 Boundary Conditions

Consider the normal component of D. Applying the Maxwell equation @s D-dS = Qy
to a tiny, wafer-thin Gaussian pillbox extending just slightly into the material on either
side of the boundary, we have (Ds, — D1,)AS + SSide D-dS = o;AS. As h — 0, we have
{ D -dS = 0. Therefore, we have

Dgn — Dln =0y. (129)

It shows that the normal component of D is discontinuous across the boundary if there
is free surface charge. Similarly, for B, we have

Bon — By, = 0. (1.30)

Consider the tangent component of H. Denote the density of free surface current as
a. Applying the Maxwell equation §, H -dl = I; + & {. D -dS to a very thin Ampérian
loop stradlling the surface, we have (Hyy — Hy,)AL+ §H - dl = oy Al + £ §, D -dS. As
S — 0, we have { H -dl = 0 and & {, D -dS = 0. Therefore, we have

(Hg—Hl)//IanBn, enX(Hg—Hl):af. (131)

It shows that the tangential component of H is discontinuous across the boundary if
there is free surface current. Similarly, for F, we have

(EQ—El)// ZO, e, X (EQ—El) = 0. (132)
Proposition 1.19. The boundary conditions of electromagnetic fields are

en x (Ey— Ey) =0
e, x (Hy— Hy) =«
e, (Dy—Dy) =0
e, (By—B;)=0

(1.33)

1.6 Energy and Energy Flow of Electromagnetic Fields

Definition 1.20. The energy density of electromagnetic fields is defined as the energy
per unit volume, denoted as w = w(x,t). The energy flux density of electromagnetic
fields is defined as the energy flowing through a unit area per unit time, denoted as
S = S(z,t), also called the Poynting vector.

By the conservation of energy, we have

d ow
—3€S-d0'=fvf-vdv+&£/wd‘/, V-S+E=—f-v
S

Consider V' is the whole space, then we have

[ oo wav o (31

By the Lorentz force

fo=pE+pvxB)-v=J FE

10
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and the Maxwell equations, we have

oD 0B
.E = E. H —E. - -— _H. )
J-E=E (VxH)-E-— —H —

Therefore, we have the formula of energy flux density and the change rate of energy
density of electromagnetic fields

ow oD oH

In vacuum, we have D = ¢gE and B = uoH, thus
1 1 1 o 1,
S=—FExB, w=—(E-D+B-H)=—=(gF" + —B"). (1.36)
Ho 2 2 Ho
In linear media, we have D = ¢FE and B = uH , thus

w=%(E-D+B-H). (1.37)

11



2 ELECTROSTATIC

2 Electrostatic

2.1 Potential and its Differential Equations
Because V x E =0, §, E - dl = 0 holds for any loop, Sﬁf E - dl is path-independent.

Definition 2.1. The electric potential difference V' between two points P, and P, is
defined as the work done by an external agent in bringing a unit positive charge from P,

to Py, i.e.,
Py

p(P) —p(P) =— | E-dl (2.1)

Py

Since dp = —FE - dl and dy = g—idx + g—‘;dy + g—‘jdz = V- dl, we have
E = —Vo. (2.2)

We often set the potential at infinity as zero, i.e., p(o0) = 0. Therefore, we have

0
o(P) = J E -dl. (2.3)
P
Given a point charge ), F = 473507%er, thus
1@ 1 @
P) = —dr' = ———=. 24
#(P) L dteg r'? " dmeg (24)
For a continuous distribution of charge, we have
L[ p&)
P) = ——=dV". 2.5
P == | 2 (25

For linear, isotropic and homogeneous dielectrics, we have Poisson’s Equation

p=V-D=V-(cE)= V- (Vp) = —eVip = Vip = —g. (2.6)

Now we discuss the boundary conditions. By definition, we have ¢; = @9 on the two
sides of the boundary. Consider P, and P, P, and Pj are two pairs of points that are
very close to each other and on the opposite sides of the boundary, respectively. Then,
we have ] — 1 = ) — o and E, - Al = E, - Al. Hence Ey)) = E ).

Another boundary condition can be written as

0 0
Ofr = ’I’L'(DQ—Dl) = TL'(EgEg—glEl) = EQ’I’L'(—VQO2>—517’L'(—VQ01) = —52% +81%.
(2.7)

For a conductor, p = 0, E = 0 and ¢ = constant inside the conductor. And E is
perpendicular to the surface of the conductor, hence the conductor is an equipotential
body. The boundary conditions on the surface of the conductor are

O

¢ = constant, €5, = 0 (2.8)

12



2 ELECTROSTATIC

The energy stored in the electrostatic field in volume V' is

1 1 1
Wz—fE-Dde—J —W-DdV:—f (—V - (¢D) + ¢V - D)dV
2 ) 2 Jo 2 Jo

1 (2.9)

1 1 1
=—f (—V~(<,0D)+pg0)dV=—Ejgng-dSwLéf pgpde—f ppdV.
o0 g 0

2 2],

For charge distribution p, we have

= J f P@)o) 4y gy (2.10)

2.2 Uniqueness Theorem

Theorem 2.2 (First Uniqueness Theorem). Consider there are n dielectrics V; in' V' and
the free charge density is p. The electric field in 'V is unique if either the potential | is
given, or g_:‘s s given on the boundary S.

Proof. First, we have Poisson’s equation VZp = —2 and boundary conditions ¢; = ¢,
o o
ei (38), = < (ai)
Suppose there are two solutions ¢ and ¢”, and denote ¢ = ¢’ — ¢”. Then we have
V¢ =0 in every V; and ¢|g = 0, %o } g = 0. Consider the integral on each surface of V;:

iainggo -dS = J eV (¢Vyp)dV = f gi(pVipo + (Vp)HdV = J £;(V)2dV.

i @ [
S

Since the normal component of ¢ and eV are eqaul on the boundary of two dielectrics,
and ¢ =0 or a“" = 0 on the surface S, we have

> J :(V)2dV = 0.

Therefore, Vi = 0 and ¢ = constant. ]

Theorem 2.3 (Second Uniqueness Theorem). Consider there are n dielectrics V; in 'V
and the free charge density is p. The electric field in V is unique if either the potential
©ls is given, or g—ﬂs is given on the boundary S, and the total charge on each conductor
inside V' is given.

2.3 Laplace’s Equation
First recall the Legendre polynomial.

Definition 2.4. P,(x) is called the Legendre polynomial of degree n if it satisfies

4 l@ _x2)dp+a@] +n(n+1)Py(x) = 0. (2.11)

Generally, P,(z) can be expressed as
1 d7
2npl dam

For example, Py(z) = 1, Pi(z) = z, Pa(z) = 3(32% — 1), P3(z) = 1(52° — 3x).

P, (7) = (% —1)™. (2.12)

13



2 ELECTROSTATIC

We are interested in the solution when p = 0, i.e., Laplace’s equation
Vip = 0. (2.13)
In Cartesian coordinates, we have
p(x,y,2) = (C1eM7 + Coe™17) (Cae™ + Cye™ ) (C5e™* + Cee™ %) . (2.14)

In spherical coordinates, we have

o(r,0,¢) = Z (anmR" + 22T1> P (cos 0) cos(mo)

n,m

(2.15)

+ 2 <cnmR” dnm ) P (cos 6) sin(mg),

where P*(z) is the associated Legendre function. If there is a symmetry about the
azimuthal angle ¢, then we have

o(r,0) = Z (anR” + RI:L) P,(cos?). (2.16)

n

Example 2.5. A conductor ball of radius R is held at zero potential and surrounded by
a spherical conductor surface of inner radius Ry and outer radius R; with charge ). Find
the potential in the space and induced charge on the surface of the ball.

Proof. By symmetry, we have ¢ only depends on R. Therefore, we have

b d
Q01=CL+}—%, R>R3andg02=c+§, R1<R<R2.

We have boundary conditions

0 0
802\R:R1 2901\3—»00 =0, S02\R:R2 2901|R:R37 - § a(’gRQdQ § ¢2R2d9 Q

R=R3 R=R>

Therefore, we have

_ Q+ Q1 _ Q (1 1
1 47T€0R ’ 2 47T€0 R Rl ’
where (01 = #1}2—1@ The induced charge on the surface of the ball is
0p2 2
— ——R*dQ) =
€0 R Q1.
R=R;

]

Example 2.6. A dielectric ball of permittivity ¢ is placed in a uniform electric field E|.
Find the potential.

14



2 ELECTROSTATIC

Proof. Denote the potential outside the ball as ; and inside the ball as ¢. By symmetry,
we have

by, .
P = Z (anR” + R”“) P,(cosl), o= chR P,(cosb).

n n

We have boundary conditions at infinity
w1 > —FEgRcos = —EgRP;(cosf) = a; = —Ey, a, =0(n #1).
g is finite when R = 0, hence b, = 0. On the surface of the ball, we have

_ c 8(,01 _ 85(,02
Y1 = P2, 0oR R
Therefore, we have

3

e—¢co -, R
Ey—: cosf = —
e+ 2, R COSY, P2

350

= —FyRcosf +
1 07 €08 € + 2¢g

EoR cosf.

2.4 The Method of Images

Example 2.7. A point charge ) is held a distance d above an infinite grounded con-
ducting plane. Find the potential in the half-space above the plane.

Proof. We have boundary conditions ¢ = constant. O

Example 2.8. A point charge @) is held a distance a from the center of a conducting
sphere of radius Ry (a > Ry). Find the potential outside the sphere.

Proof. Imagine a point charge @)’ is placed on the line connecting the center of the sphere
and @, such that the potential on the surface of the sphere is zero, i.e. % + 1% =0.

1 (Q ROQ,)
o % _

deg \ 1 ar’

2.5 Green Function

2.6 Multipole Expansion

We introduce some concepts of tensor and dyadic.

Definition 2.9. Let A = Aje; + Ases + Azes, B = Bie; + Byey + Bses, then the
dyadic

=
T =AB = ABieje; + A Bysejes + A1 Bseje; + AsBiese; + AsByeses + Ay Bseses
Ty T Tis 3 3
+ A3316361 + Angegeg + A3B36363 = [T] = T21 T22 T23 = 2 2 Tijeiej.
Ty Tz Tss i=1j=1
(2.17)

15



2 ELECTROSTATIC

In general, AB # BA. If T;; = T};, then T is called a symmetric tensor. If
1 00
T;j = —Tj;, then T is called a antisymmetric tensor. I = |0 1 0] is called the
0 01
unit tensor.

All the nine e;e; form the basis of this tensor space.

For vector f, the dot product is defined as f - AB = (f - A)B and the cross product
is defined as f x AB = (f x A)B. In general, f- AB # AB-fand f x AB # AB x f.

We can also define that (AB) - (CD) = (B - C)(A- D) and (AB) : (CD) =
(B-C)(A-D), hence (AB): (CD)=(CD): (AB).

Proposition 2.10.

0
= = 0 0 0
T-V—(T e)+(T e)s+(T e)s, V-(T)=¢V-T+Vp- T
€ (9.’13 ey ay € 6z (90 ) 90 90
SinCQe -V =z r+y @—i—z < ,, V'V = e:,;exax,2 +eyeya s+e, ezaz,2 —i—exeyajay +
eyezajaz + e, erajaa: +e exay?ax +e, eyaz/ay + ewezaﬁaz/ and 'z’ : V'V = ’26‘1/2 +
y'? 52 + 2" ai,2+2xy oy +2y2+2 yaw T220 62’6’x” we have the Taylor’s formula of f(2/, v/, 2/):
1
f@' ") = f(0) + (2" V') f(0) + g(w'ﬂ?' V'VOFO) + - (2.18)
and 1 1 1 1
-== +(:1:’-V’)— + —(z'z’: VV) + -
r r Tpeo 2! T 2o
1 1
_ ( + (@ VV); ) Ny
! x' V + 1( "z’ VV) +
R R 2 R ’
Therefore, denote @ = §,, p(z")dV’, p = {,, p(2’)x'dV’ and 2 = §,, 3p(x’)x'x'dV’, then
we have
1 p(z') 1 f 1 1 1
=— | —2dV' = — ' — V + —(z'¢’ . VV)= + .. | dV’
#(2) 47r€0J r ey | PEN -2 Vgl 'R
1 Q 1 19:VV
- X _p. U 1 o) = 0 (1) (2)
47?50(]% pVR+6 = + ) oV(x) + o (x) + o' (x) + )
(2.19)

@ is called the charge or monopole moment, p is called the electric dipole moment and
2 is called the electric quadrupole moment.

©(®) is the potential of a point charge Q at the origin, " is the potential of a dipole
p, and ¢? is the potential of a quadrupole 2. Denote Qy;.... = § p(@')a} - - - 2/, dV" and
this is called the multipole moment of order n.

16



2 ELECTROSTATIC

For dipole p, we have p = {, p(2')x'dV’ or p = 3, ¢;z;. If the charge distribution is

symmetric about the origin, then p = 0.

In this example, p = Q1 and if | « R, we have
Q 1 1 NQZCOS@__Qlil
© dwey 02 \ R

v= dreg \ry  r_)  dmey R?
1 0 (1 1 1
= —— D, —_ = — . v—7
47rsop 0z (R) 47rsop R

which satisfies the previous result.

+Qe

+Q

In this example, @ = 0 and p = 0. Since Z;; = §, 3zj/p(x’)dV’, we have P53 =

3(b* — a*)2Q = 6pl and other components are zero. Hence

1 5(1)+ 1p8(1)_ 1pl62(1)
— (=) == — (=
dmteg” 0z \\r_ drey” 022 \ R (2.20)

v _47r50p$ E

1 1 0? 1
= Inee 67832 (E)

Proposition 2.11.

1 R 1 1
—=-V— =— — — . 21
VVR VR?’ ((vRs)R+R3VR) (2.21)
Proof. ]
= —3B e have

- RS

That’s because Vr = I and V45

17



2 ELECTROSTATIC

47'('80 6 R 471'50 6 R

1 1 / 1! ! . l _ !/ / !
= 4W€06<J/3p(m)mwdv : (VVR) Jp(az )rdV)

If the charge distribution is spherically symmetric, then & = 0.

fv z”p(x')

The ennergy of the charge distribution in the electrostatic field is

1 1 11 1
o (x) = -9 VV— = —f 3p(z')z'z'dV'" : <VV—>
’ (2.22)

1
W= [ pev = [ oia) (soe<lo> e V)e0) + (ze TV)R(0) + - ) ¥
= Qve(0) + P Vipe(0) + £ 7 : VV(0) + -+,

where W(© = Q. (0) is the energy of a point charge @ at the origin, W =p-Ve(0) =
—p - E.(0) is the energy of a dipole p in the external field, and W) =32 :VE(0) is
the energy of the quadrupole in the external fields.

The force on the dipole is given by

F=-vwW=vV(p E)=p- VE,, (2.24)
and the torque is given by

ow® 9

Lo=——"2"=12

—(pE.cosl) = —pE,.sinf, L=px E,. (2.25)

2.7 Finite-Difference Method

Consider V2p = axggo + 3 ng = —Eﬁ in a region. Take any O in the region and let
A, B,C, D be four points around O such that OA = OC = h,OB =0D =1.

18



2 ELECTROSTATIC

By Taylor’s expansion, we have

h2 }2
e
o 2 \0dv

2 (02
3 (%)
19 2 oy

o

O

0P h? (&%
fr— —h — — — . e .
Yo = ¢o (x)o+2<(9x2 o+ )
op 2 (%
SOD—<PO—1<—> +—<— +e
Y/)lo 2\ 0y? o
hence
0*p a4 — 200 + @c 0% ©B — 200 + D
_ B2 - ).
ox? |, h? + olh), 2|, [2 +oll)
Let h =1 and h,l — 0, then we have
_ 1 2P0
vo =7 pat+ e t+yct+ypp+h—|.
€0

If p =0, then o = i((pA + @B + pc + ¢p). This is called the mean difference form
of five points with equal spacing.

For the first boundary value problem, the number of equations is equal to the number
of interior points. For the second boundary value problem with boundary condition

op| : : : ; dp| _ pa—pc _
6n‘0 = k, if C is outside the region, we have 6n‘0 = #452¢ = k. Hence we have

1
@O:Z(2¢A+¢B+@D_2hk)'

And the number of equations is also equal to the number of grid points.
We can use the iterative method, the relaxation method (Gauss-Seidel) and
successive over-relaxation method (SOR) to solve these equations.

19



3 MAGNETOSTATICS

3 Magnetostatics

3.1 Vector Potential

For V x f =0, we have f = Vo for some . For V- f =0, we have f =V x A for
some A.

Definition 3.1. The magnetic vector potential A is defined as B =V x A.

A is not unique. Let A’ = A+V¢,then Vx A’ =V xA+Vx (Vi) =VxA=B.
This is called the gauge transformation.

An irrotational field is also called a longitudinal field A; and a solenoidal field is
also called a transverse field A;. Any vector field can be decomposed into the sum of
an irrotational field and a solenoidal field, i.e. A = A;+ A;, then B=V x A=V x A,.

Hence we can choose any A;. Then we have the gauge condition
V-A=V-4,=0.

For S; and S5 with the same boundary curve L, we have

JB-dS:§A~dl=> B.-dS = B -dS.
s

S1 So
L

This shows the solenoidality of B. And the circulation of A is the magnetic flux through
any surface bounded by L.

Proposition 3.2. Since Vx B = udJ and V- A =0, we have
Vx(VxA)=pJ =V(V-A) -V*A=puJ = VA=—pJ. (3.1)
This is called the vector Poisson’s equation. In Cartesian coordinates, we have
V2A; = —pd;, i=1,2,3.

In cylindrical coordinates, we have

A 2 0A
24) =24 _p 2T
(V )p V P p2 p2 a¢ ’
2 0A
2A _ 2A iy 4
(V )¢ Vidg + 02 0
(V24) = V2A..
In spherical coordinates, we have
2A 2 0 2 0A
24) =V24, - 20 —(sinHAg) — i
(v )7" Vi, r2  r2sinf ae(sm@ 2 r2sinf o¢
2 0A, Ay 2cosf 0A,

QA _ QA = . .
(V )9 v 9+7"2 00 r2sin?6  r2sin?6 0¢

2  0A, 2cosf 0Ap B Ay
r2sinf 0¢  r2sin?6 0  r2sin?6’

(V24), = V24, +
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3 MAGNETOSTATICS

Following the solution of V¢ = —2, we have

A(z) “JMdvg r=|z— x|
\%

T4 )y

Then,
vazﬂJvX J@) dV’:ﬂf CACORAS
4 )y, r 4 )y, r3

which is the Biot-Savart law.
For a thin wire carrying current I along curve L, we have JdV' = Idl’, hence

1 Iar

47TL 7"

By the boundary condition of magnetic field, we have
n-(VxA,—VxA) =0,

1 1
nx(—VxAQ——VxA1>=a.
M2 M1

(3.2)

Consider a small rectangular loop across the boundary with sides parallel and perpendic-

ular to the boundary surface, we have

%A‘dl:(AQt—Alt)Al, ﬁAdlz\[BdS—)()@AQt:Alt
S
L

L

Since V - A = 0, we have Ay, = Ay, and n - (4; — A;) = 0. Together, we have

A, = A,

Proposition 3.3.
1
W = —f A-JdV.
2y

Proof.
B -H=(VxA)-H=V-(AxH)+A-J.

1 1 1 1
W:—JB-HdV:-éﬁAdeS+—JA-JdV:—f A-Jav.
2 2 2 2 ),

0

21
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3 MAGNETOSTATICS

Consider J in a given magnetic field with A, and J . as the electric field and current
density, respectively. We have the total energy

W = J(J+J6) (A + A.)dV,
and the interaction energy
W, = J(J-AeJrJe-A)dV.

. /d/ e /d/
Since A = fSM and A, = 4 ( L@V o have
™ T 4 r

W, f J. AV, (3.5)
1%

3.2 Uniqueness Theorem

Theorem 3.4 (Uniqueness Theorem). If there exists currents and magnetic medium such
that B = uH in a magnetostatic body, then the magnetic field is uniquely determined by
the tangent component of A or H on the boundary.

Proof. Suppose there are two solutions B’ and B”, then we have
B/:VXA/, B/:,LLH/,

B”:VXA”, B”:/,LH”, VXH/:VXH”:J.
Construct a new magnetic field B = B’ — B”" and H = H' — H", then we have

A=A A", VxH=0

The total energy of this new field is

W lJB.Holvzlf (V x A)- HAV
2 2 )y

:%LV-(AxH)dVJr%LA-(VxH)dV=%jg(AxH)dS
:% (nx (A'— A"))-(H'— H")dS

(nx (H — H") (A’ — A")dS = 0.

N| —

Ulﬁ—e_v (‘Qk—eﬂ

Since W = 3§, (B’ = B") - (B'~ B")dV and n x A" = n x A” on the boundary,
we have S% (B'"— B")- (B'— B")dV = 0, which implies B’ = B” in the region. Or
similarly, by n x H' = n x H”, we have the same conclusion. O
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3 MAGNETOSTATICS

3.3 Magnetic Scalar Potential

By Ampere’s law, we have <§L H -dl = Ss J;-dS, so generally, we cannot define a
scalar potential for H. However, in a region where all loops do not enclose any current,
i.e. a simply connected region without free current distribution, we can define a scalar
potential.

V-B=0, B=uyH+M)—V-H=-V -M.

Let p,, = =V - M, then we have V- H = % and V x H = (. Hence we can define the
magnetic scalar potential ¢, such that

H=-Vy,, V,=-"
The boundary conditions are

SOmQ - Spml( When af = 0)7 n x (V (SOmQ - @ml)) == —Off.

For non-ferromagnetic media, we have p,la“g;l = uQag—;f. For ferromagnetic media, we
9pm2 __ Opm1 _ — _Im = i
have “on  on n- (Mg _Ml) = T where Om = — oM - (MQ — Ml) is the surface

magnetic charge density.
Now we compare the electrostatics and magnetostatics:

Electrostatics Magnetostatics
VxE=0 VxH=0
V.-E ="t V-H="!n
€0 o
pp=—V-P pm=—-V-M
D=¢E+P B = uo(H + M)
E =—-Vy, H=-Vo,
Vi, = P Vi, = —bm
O'p:’n‘(PQ—Pl) O'm:—,u()’n'(MQ—Ml)
E H
D B
€0 Ko
P ,u()H
Pr =+ Py Pm
Op Om

Example 3.5. Show that the suface of a magnetic body with © — oo is an equipotential
surface of the magnetic scalar potential.

Proof. By boundary conditions

n'(BZ_Bl):0> nX(H2—H1)=O, By = ugH,, B,=puHq,

we have y .
2t Mo Hin
MOH?” = MHlna H2 = H1 = = = - — 0.
t : Hlt 2 HQTL
Hence, on the surface, H4 is normal to the surface and the surface is an equipotential
surface of ¢,,. -

Example 3.6. Find the magnetic field of a homogeneous magnetic sphere with M.
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3 MAGNETOSTATICS

Proof. Since M = 0 outside the sphere and M = M, inside the sphere, for both
regionswe have
pm = — oV - M = 0= V?p; =0, VZp,=0.

Since ¢1(90) = 0 and ©5(0) is finite, the general solutions are

®© o0
bn .
b1 = Z Rn+1pn(cos 0), 2= Z a, R"P,(cos®).

n=0 n=0
On the surface, we have

0 b o0

Z RnnH Py (cost) = Z a, Ry P, (cosf).

n=0 "0 n=0
Since %32—2 — %5‘;—1 =-n-(My— M;) =r- M, where r is the unit vector normal to the

surface, we have

> 1
Z (M + nanRg_l) P,(cosf) = My cosb.

n+2
n=0 RO

Hence, we have

M, MyR3
alz—o, by = 00, a, = b, =0 for n # 1,
3 3
and MR} R}M, R M,
. 1
. (VERY)) . 0 0 . 0 o
Y = Vi cos@—? T gOQ—TRCOSQ—gMO‘R.
AT R3 1 2
m = OMOZM()‘/, H:—V@2:—§MO, B:ﬂO(H—FMQ):gﬂQMO

H1 C) I

2
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3 MAGNETOSTATICS

3.4 Multipole Expansion

Consider the expansion of A(z) when r = |z — z'| » 1.

A@—@Lﬂﬁw'

C Arx T

- Ia) <%—(w’-V)}%+%(w’az’:VV)}%Jr--')
- Z—i% (v % - 47’:;%3 JV J(2')z'dV’ - }%

— 24[;0}%3 fv J(z")(3z'x" — r’2]3)dV' : VV}% + e

—AV(z)+ AV (z) + A®(z) + - -
We can divide the currents into some closed loops. For each loop, we have
J J(z)dV' = Jjgdl’ —0— AO(z) = " | J(z)av’ =o. (3.6)
v 47TR v
L

Notice that
jQ(m-R)dl'—k%(dl’-m) =§d((m’-R)'m’) =0=
3€(m-R)dz’= %3@((@'-3)-m')dl’—(dl’-R)w) _ %(w «dl') x R.

I 1 I /
AV (z) = L (m : v-) al = ’jﬁ% "R) %
T

47 R (3.7)
ol , , _@me '
_87TR33E(1: xdl)xR—47T I

where m = §§az’ x dl’ is the magnetic moment of the current loop. For body current

distribution, we have
1
m = —f ' x J(x')dV'.
2 )y

For a small current loop with area AS, we have

AS=%§w’xdl', m = IAS.

Then we can compute the magnetic field of a magnetic dipole. Since

R R R R R
V(m-—):(m-V)ﬁ—kmx<Vxﬁ)+ﬁx(me)+<ﬁ-V>m

R3
R
we have
L m x R 1 R
B(m)—VxA(l)(a:)—ﬁV ( = )——;(m<v §>—(m V)E>
3.8
W moR (3.8)




3 MAGNETOSTATICS

Any current loop can be viewed as a combination of many small current loops on S,
hence we have m = I {,d8S.
Since the interaction energy is W = . J(z) - A(x)dV, we have

I/V:[§Ae-dl=]fBe-dS’=IQ>e (3.9)
J s
By the expansion of B,, we have
W ~ IB.(0)- J dS — m - B.(0) (3.10)
s

The potential for magnetic dipole is U = —m - B.(0), we have the force

F=-VU=m-VB,(0), (3.11)
the torque is
L——EU—i B.cosf = —mB,sinf, L=m x B (3.12)
= —ogU = zgmBe = —mB,.sinf, = e .

3.5 Aharonov-Bohm Effect
Proposition 3.7 (Aharonov-Bohm Effect).
Outside the loop, B = 0, but A # 0, since

ng‘dlsz.
c

This effect shows that A has observable physical effects. The wave function of free
electron is

Yo(x) = en?”.
When A = 0, we have

1 1 1 ) 1y
Ady = — -dl — -dl | = =pAl = —pdsinf ~ —pd=.
0 5 (ch D> fcﬁpl ) ﬁp ﬁp S hp I

When A # 0, use the regular momentum and we have

@D(m):eﬂp'dl? P=p—cA=mv—cA.

1

A@——( Py dl— Pl-dl>:A<I>0—E<J Ay -dl - Al-dl)

h \Je, C h \Je, ol
e e

=Ady——PpA-dl = APy — -d.

0 h§ 0= 3

c
Since AP — Ad, the image will move .

edL
mud’

A@OZ%@SyOI

To describe the magnetic field completely and properly, we have ¢'iScAdl - When C
shrinks to a infinitely small path, then § A-dl = B - AS.
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3 MAGNETOSTATICS

3.6 Electromagnetic Properties of Superconductors

T, is the transition temperature. When 7' < T, the resistance rate turns to 0.

T2
Bc:Bco <1—T—02)

T2
L (1-1).

Proposition 3.8 (Meissner Effect). For a superconductor, the inner magnetic fieledd is
zero.

There are normal electrons n,, and superconductor electrons ng, then n = n, + n,.
When 0 K, ng = N and n,, = 0. When T increases, n,, increases and n, decreases. When
T =1T. n, = N and n, = 0. Normal electrons follow the Ohm Law J, = ocFE. The
superconductor electrons follow

ov oJ onsev nge?
_— = — E = — et E = .
"ot FT ot “E T
For steady, aé]ts =0, we have E =0 and J,, = 0.
B
2V><Js:aV><E=—048—.
ot ot

VxdJs=—aB+ f(x)
By VxJ,=-"=2Band V-J, =0, we have
1
Vi, = =7 (3.13)
L
Hence the current mainly distributes on the surface with thickness Aj.
J=J;,+Jy, VxM=J, nxM=—au,.

Since B = 0 inside the superconductor and B = po(H + M), we have H = —M and

Xm = =1, 1= po(1 + Xm) = 0.
Now we introduce the quantization of magnetic flux. Consider a superconducting
ring. First, we show that the magnetic flux is a constant.

d®

— —_—¢pE-dl=0.

G pEeao
C

Since the wave function is single-valued, the phase change along the loop is 2nm, i.e.

1 1 1 2
Acp:—3[§P.dl:—3€(2mv—QeA)-dl=—§ g - 2eA) -l
h h h
C

nse
c c
2 2 h
:_%e A-dl=—§@=2mr2>®=n2—€=n®0,
c

where &y = % is the flux quantum. Generally, the quantization of magnetic flux exists
in any doubly connected superconductor.

In BCS theory by Bardeen, Cooper and Schrieffer, the electrons form Cooper pairs
with binding energy A. When kT < A, the Cooper pairs does not break and when
ET > A, the Cooper pairs break, i.e. T, = %.

Pippard
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4 SPREAD OF ELECTROMAGNETIC WAVES

4 Spread of Electromagnetic Waves

4.1 Plane Electromagnetic Waves
In free space without currents and charges, we have Maxwell equations

0B oD

VxE=—-——, VxH=— V-B=0, V-D=0.
ot ot
Hence we have
0 0 ’FE
VX(VXE)=—£(V><B)=—IMU§(VXH)=—/LO€O P

Since V x (V x E) =V (V- E)—V?E = —V?E, we have the wave equation

0*E 0B

2 2
V°FE — Ho€o o2 = 0, V°B — Ho€o o2 =0. (41)
Denote ¢y = ¢M+To’ then ¢q is the speed of wave in vacuum and we have
1 0’E 1 0°B
VPE- 55— =0, V' B——5——=0. 4.2
2 ot? 2 ot? (42)

There is dispersion for medium case. For linear medium, we have

Definition 4.1. Electromagnetic wave with one frequency is called monochromatic
wave or harmonic wave.

E(z,t) = E(z)e ™', B(z,t) = B(z)e ™" (4.3)

Generally, we can use Fourier transform to represent any wave as a combination of
monochromatic waves with different frequencies, hence we only consider monochromatic
waves. For Maxwell equations, we have

VxE=iwuH, VxH-=—weE, V-E=0, V-H=0. (4.4)

Actually, V- (Vx E)=0=V -H=0and V- (Vx H)=0= V-E = 0. Hence
only the first two equations are independent. And we have the Helmholtz equation

V x (Vx E)=iwu(V x H) =w*ueE = V’E+K°E =0, k=w\/ue. (4.5)
Then we have , ,
B = —év x E = —%«/uwv x E. (4.6)

Every solution of Helmholtz equation is called a mode of the electromagnetic wave.
Now we discuss the simplest mode, the plane wave. Then we have

2

d , ‘
@Em +k’E(z) =0 = E(x) = Ey'**, E(z,t) = Eeitbo—et),
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4 SPREAD OF ELECTROMAGNETIC WAVES

When ¢ = 0, the phase factor is cos kx and x = 0 is a wave crest. When ¢, the phase
factor is cos(kx — wt), hence the wave crest moves to x = £t. This describes a wave
moving along the x-axis.

The phase speed and group speed are

w 1 dw 1
_w__1 _ G 47
PTE T U T Ak e (47)
V- E—ik- E=0—k-E =0,

The direction of F is the polarization direction, hence every k corresponds to two inde-
pendent polarization directions.

VxE= (Vei(k"”’“t)) x By =ik x E = B = /uce, x E.

Hence, E, B and k are mutually perpendicular and electromagnetic wave is a transverse
wave. The relation between the amplitudes is

‘ E ‘ 1 1
_| = - = 'U,
B|~ Vi NET
Next, we compute the energy density and energy flux density of electromagnetic waves.
The energy density in linear homogeneous medium is

E
in vacuum 'E‘ = =c. (4.8)

1 1 1
=—(E-D+B -H)=-|cE*>+ -B?*).
w 2( + ) 2(8 +,u )

For plane wave, we have

eE? = 132 — w=cFE?= lBQ.
ol

I
€ € o
S=ExH=,/—FEx(e,xE)=,/—E"e, =vwey, v=u, (4.9)
H H
Since we only consider the real part of energy, we have
2 2 __ 1
w=cEjcos (k- -z —wt) —=w= §5E0.

In general, for complex numbers f(t) = foe~ ™! and g(t) = goe ™!+ the time average
of their product is

27

_ w 1 1
fg= 2& dt fo cos(wt)go cos(wt — @) = = fogocos = =R(f3 g0)-
™ Jo 2 2

— 1 N 1 /e
S = 5?R(E x H) = 5\/£E§ek. (4.10)
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4 SPREAD OF ELECTROMAGNETIC WAVES

4.2 Reflection and Refraction of Electromagnetic Waves on the
Boundary

E = Eoei(kw—wt)’ E = Egei(k’-w—wt)’ E" = Egei(k”-w—wt)’ k= (kazy 0, kz)

If £ > &9, then no; < 1 and 0” > 6. Let sinf” = \/gsirw = % =1, then 0" = 7.
K' =k, = ksind, k' =kt = kng = K > k"
(%
Hence
K! = AJk" — k" = ikq/sin?0 —n3, = ik, Kk = kq/sin?0 — n3,.
Then the transmitted wave is
E" = Eje"eithaet), (4.11)
The average energy flux density is
— 1 1 " k" 1 k"
S" = —-Re(E* x H) = =Re (E * X <‘ /2—>) = —Re (E* X (, /2—)) =
2 2 j2%) k" 2 M2 k"
(4.12)

Hence S”, = 0 and only S”, exists.

E’ _ Ercost — \/egcos0” e 29 tang = @ (4.13)

cos

E _\/acosﬁ—k\/gcose” ’

4.3 Spread of Electromagnetic Waves in Conductors

In vacuum or ideal dielectrics, there is no energy loss. In conductors, there is energy
loss.

(3pf g _o
E =-V-J= _gpf _— pf(t) = pge gt'
The eigen time 7 of decay is the time when py(7) = 2py,, i.c.
€
T=—.
o

Hence, we have the good conductor condition:

w«T = g, T os1= ps =~ 0. (4.14)
£ ew
For general metal conductors, o ~ 107 s, hence if w is not very high, the good conductor
condition holds.

Since p = 0 and J = o E, we have the Maxwell equations

cB
E—-_—
V x pr
oD
H=—+J
V x &t+ ,
V-B =0,
V-D=0.
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4 SPREAD OF ELECTROMAGNETIC WAVES

Substituting B = uH, D = ¢FE, we have

V x E =iwuH,

V x H = —iweE + 0cE = —iwe'E, e’zﬁg (4.15)
VB:Oa

V-D=0.

The two items in the right hand side of second equation represent the displacement
current and conduction current respectively. The energy density of conduction current is
tRe(J* - E) = 30E3. The energy density of displacement current is 0.

Then we have the Helmholtz equation

oE ’E

V2E — jjo— — cji— = 0 = V?E + w? <eu—|—iuz> E =0,
ot ot? w
0B 0’B
’B — po— — = 0.
VB oy —engy =0
Hence we have the modified Helmholtz equation
V2E +KE =0, k=w\/pue. (4.16)

The plane wave solution is E(x) = Ege’*®, where k = 8 + i« is a complex number in
general. Then we have

E(x,t) = Ege@%eBoet), (4.17)
a is the decay coefficient, 3 is the phase coefficient. The relation between a and 3 is
E* = % —a? + 2ia - B = wiue +iwpo = % — o’ = wiue, a-B = WTW. (4.18)

Consider the perpendicular incidence, i.e. o = e.a, B = e.. Then we have

Since < » 1, we have
EW

Denote the skin depth 6 = é, then we have

s aan

Proposition 4.2 (Skin Effect). For high frequency electromagnetic wave, electromagnetic
field and its high-frequency current mainly distribute in the surface layer of conductor with
thickness 9.

0D 2
¢ =i>>1, A= —

1
ot we 15} NB

1 1 - H
H=—kxFE=—(f+ia)e,x E ~, /iel4ean:\/E —‘ :Uﬂ » 1. (4.22)
wh w Wi e | E We

For dielectrics or high frequency case, = « 1, 0 — 0 or w — 0, we have

1
el 1(0)2 2 1<0)2
~on L1 () 1) & 1+- () ) ~ .
B~ w 2(+2 p_ + wy/Ep +8 - wr/Ew

31

JdOC = 0.

J
o —iwel, Jf:UE:>’—f
Ja




4 SPREAD OF ELECTROMAGNETIC WAVES

4.4 Waveguide

Consider a rectangular waveguide with inner surface z = 0 and a, y = 0 and b. The
electromagnetic wave satisfies

V2E + kQE = 07 V-E = 07 V x E|boundary = 07 k= Wq/ HUE.

Suppose the wave spreads along the z-axis, then we have

ik.z 62 82

Assume u(z,y) = X (2)Y (y) a component of E(x,y), then we have

d2
TN @) + X (@) =0, T5Y() +kY(y) =0, K4k +k =k

With boundary conditions, we have

E, = Ay coskyzsinkyye™* B, = Aysink,xcosk,ye™*, B, = Agsink,z sin k,ye™*,
(4.23)
With boundary conditions on x = a and y = b, we have
k, = m, ky, = n%’ m,n =0,1,2,--- are the number of half waves along x and y,
a

and considering V - E = (, we have
ky Ay + kyAg — ik, Ag = 0.

Only two of Aj, Ay, A3 are independent, hence for each pair of (m,n), there are two
independent modes.
After solving E, we have

H--'VxE.
Wit

Since £ and H can not both be transverse waves, we often choose either £, = 0 or
H, = 0 mode.

Definition 4.3. If E, = 0, it is called transverse electric wave (TE wave). If H, = 0,
then it is transverse magnetic wave (TM wave). Given (m,n), they are denoted as
TE,,, wave and TM,,,,, wave respectively.

If k < y/kZ + k2, then k, is imaginary and e*:% is a decay factor.

Proposition 4.4. The lowest frequency for wave to spread in waveguide is the cut-off

frequency
Wemn = \/%\/(%f + (%)2 (4.24)

If a > b, then TE o mode has the lowest cut-off frequency

™

ay/pe’

32
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4 SPREAD OF ELECTROMAGNETIC WAVES

The main mode is TE;y mode. TE;y mode has the lowest cut-off frequency, hence for
some frequency, we can choose appropriate size such that only TE;y mode exists.
For m = 1,n =0, we have k, = =, k, = 0, A3 = 0. Since k;A; + kyAs — ik, Az = 0,

we have A; = 0. Suppose

A, = 2%y,
then we have
k. .
E,=E. =H, =0, Hy=-—"Hysin’", H. = Hycos —,
T a a

The current on the surface is given by
e, x H=a.
The phase velocity and group velocity are

w 1 1 1 dw 1

pu—— > R —_——- = -
We WHE 1o () VEE YTk e

w

Up:

1

When w — we mn, vp — % and v, — 0. When w — o0, v, — NG

33

1
and v, — NG



5 RADIATION OF ELECTROMAGNETIC WAVES

5 Radiation of Electromagnetic Waves

5.1 Vector and Scalar Potentials of Electromagnetic Fields

From Maxwell equations, we have

oA 0A
E+—)= E=— - —.
VX< +&t> 0= Ve G
A and ¢ are not unique. Substituting
A/:A+vw7 90/:@_%7
ot
we still have
0A’ 0A
A = A=B, -V¢ - = — —-—=F.
V x V x , Vo o Ve o

Definition 5.1. A gauge is a choice of A and ¢. A gauge field is a field that remains
the same under a gauge transformation.

There are two commonly used gauges:

1. Coulomb gauge: V- A = 0. Then —%4 is the transverse part of E and —V is

ot
the longitudinal part of F.

10
c? ot

2. Lorentz gauge: V- A + 0.

Proposition 5.2 (d’Alembert Equation).

1% p
Vip-—- - __C 5.1
YT 2o 5 (5.1)
Proof. From Maxwell equations, we have

A

0 0 p
A) = _ _ — il 2 -V -A=-=
Vo (Vx A) = pod = pozo Vo = pogo =5 Vip+ =V .
1 0%A 1 0p
2
:VA—gatQ —V(V~A+§—t):—qu.
If we choose Coulomb gauge, then
1024 1 _0p p
PA- - - VL = —pd 20 =L A =0.
v 2 Ot? chat Hod, V7o g’ v
If we choose Lorentz gauge, then A and ¢ has the same form:
10%A 1 % p 1 dp
2A___:_ 2 I A A —_ 0.
v c? ot? Hod, 2 0t? g’ VoA 2 ot 0

Example 5.3. Find the potential of a plane wave.
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5 RADIATION OF ELECTROMAGNETIC WAVES

Proof.

1 %A
2 P —
v c? ot?

The solution is

1 0% p
2
:—/JJ(]J:O, V —gﬁ:—gzo, VA+

1 op

T

; 2
A= Aoez(km—wt), © = gOoez(k:-m—wt) — ik - AO _ %900 =0 = Py = C_k . AO-
C w

Hence, given A, we can determine the plane wave.
B=VxA=ik x A,
A 2
Ez—V@—%;=—M¢+MA:—%{k@u®—WA)
-2 2
:—%kx(kxA):—c—k:xB:ceka.
w w

If we add longitudinal component ak to Ag, the results do not change. Hence, even
in Lorentz gauge, A is still not unique.
For simplicity, we can choose k- Ay = 0 = ¢y = 0 and

E=iwA, B=ikxA.

If we choose Coulomb gauge, then

1024 1 _0p
VIA-——— —-=-V-_=0, V=0
2 ot2 2 ot ’ 7
If there is no charge, then ¢ = 0 and the results are the same as above. U

5.2 Retarded Potentials

We now solve the d’Alembert equation. Suppose there is a changing charge Q(t) at
the origin, then we have
1 % 1
2 _
Yo aam T ——Q(t)o(z).

By the spherical symmetry, we have

10 ([ ,0¢p 1 % 1
- i I N 0 ¢ )
r2 or (T 67’) c? 0t? €0Q( )o()

QO($, t) = QO(T’, t)>

Since ¢ decreases as r increases, we denote

u(r, t) Pu 1 0%
‘O(r’t):T:ﬁ_EW:O’ r # 0.

The one-dimensional wave equation has the general solution
r r
u(r,t) = f(t—=) +g(t+-).
c c
Since there is only outgoing wave and inspired by ¢ = 47:“??, we show that

Qt-7%)

1) =
gp(r ) 4megr
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5 RADIATION OF ELECTROMAGNETIC WAVES

is the solution and it suffices to check r = 0.

r Amridr <V2 — i) Q-3 _ Q) L dvv21 = —%.

0 c? dmegr 4req r €0

For general charge distribution p(x,t), we have

r

) (az/,t — ) . Lo J J (:13’7 _ z) /
t) = — < dV Alx. t) = — —c dV". 5.2
oz, 1) JV dmeor ’ (1) 4t )y, r (5:2)

Suppose the distance between the field point and M, M is r1, ro respectively. Then
the charge at M, affects p(z,t) at time ¢t — "1, and the charge at M, affects o(z,t) at
time ¢ — “2. Hence, the effect of charge distribution at time ¢’ affects the field at time
t =1+, where % is the time for electromagnetic wave to spread.

Definition 5.4. The potentials given by Equations @ are called retarded potentials.

5.3 Taylor Formula of Radiation

J is a alternating current with frequency w, i.e. J(x',t) = J(z')e”™!. Since p(z’,t) =
p<$l>€—iwt’

V-J+@=O:>iwp=V-J.
ot
Denote k = <, then we have
) J(x' ikr
A(z,t) = A(z)e ™, A(z)= @J ﬂd‘/’. (5.3)
4 v r

According to the relation between r and wave length A\, we have three regions:
1. Near region: r < A.

2. Intermediate region: r ~ \.

3. Far region: r » A

For near region kr « 1, we have the retarded factor " ~ 1. Next we study the far
region.

6ikr eikR , eikr 1 , 9 6ikR
= R—m~V<T)+E(m~V) TR R = |z|.
R R eikR
AW _ Ho J J(xN2'dV' - [ == + k=
AV @) = 2| T)e ik )

Ho |, / ! 1 . eikR
< — |l J dV' | ——= + ik
Arr JV (@) ( R“) R

where [’ is the size of the source region. Since

!/

[
< =+ k'« 1,
R + <

1
—= +ik

<!l
R

the progression converges fast if kI’ « 1. Hence we only consider the first two terms.
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5 RADIATION OF ELECTROMAGNETIC WAVES

5.4 Radiation from an Electric Dipole

kR

e N e d d
AO(g) = 10 va(z )V, LJ(w’)dV’ = Y= o S = L.

k
A© proe™ B — A© _ ipok ik
— AN(@) = TP Vo ~ 1nR¢

kR

Re, x p. (5.4)

Since we only consider % term, V only acts on e
following substitutions:

, instead of %. Hence, we have the

V —ike,, — — —iw,

ot
1 eikR 1 6ikR
B = /{:eTxA _ xe., FE=cBxe =-———(pxe,)xe, (b5
! 47reoc3 R P ¢ dregc? R (p ) (5:5)
Considering p along z-axis, we have
1 eikR 1 eikR
T sinfe E=— sinfe
T dmey® R g bsinbes, dregc® R g bsinfeo.

Next we discuss the energy flux density of the radiation.

< 1 c 1 p|? sin? 0
S = — E* H = — B* r B T :
2%( x H) 2#0%(( x e,) x B) = s R (5.6)
= %?\ R*dQ) = Lﬂ. (5.7)
ey 3c3
If p = pye ™! then P = 4Tr€0 °J3£o7 which shows that short wave radiation is much

stronger.

Proposition 5.5 (Rayleigh-Jeans Formula). The power radiated by an electric dipole is

P—Lﬁw — Pocwoc ! 4ocf4 (5.8)
_7T€03C3 )\ . .

When the length of antenna ! is much smaller than the wave length, its radiation can
be approximated as an electric dipole radiation. The current is given by

2 2 1
I(z) = Iy <1 - 7|z|) = p = f I(z)dz = §Iol

—1/2

. p o Mo “012 DY o (LY
487c 12 o\ N

Definition 5.6. Denote P = %erg, where R, is the radiation resistance.

I\ 2
R, =197 (X) Q. (5.9)
R, shows the ability of antenna to radiate electromagnetic wave.
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5 RADIATION OF ELECTROMAGNETIC WAVES

5.5 Antenna Radiation

If I « A, the power is approximately given by (%)2 or smaller. Hence, to increase the
radiation power, we can increase [.
Now we consider half-wave antenna. Since

I(z) = Iysink <é - |z|) )

when [ = %, the current distribution is

A4 ikR

polo e

I = ] k <
(2) ocoskz, |z i ) T

= A, (x) =

A
1 Iycoskzdz.

When it is a far region, we have

T ikR A4 '
P R zeost = Au(e) = P [ oot

47TR _)\/4
poloe™ ™ cos (Z cos 6) olo pcos (% cosd)
Az = Z B - — ¢ R 9 510
— A:(z) 2rkR sin” 6 © Z?ﬂRe sin ¢ € ( )
MOCIO iop €08 (5 cost)
E = 5.11
"SrR sing " (5.11)
pocl? jg cos? (3 cos ) procl? f” cos? (3 cos ) 0012
P = dQ) = d0—244 5.12
8?2 sin? 6 472 J, sin 0 T (5.12)
Hence
R, =2.445C — 7390,
47
The general equation of power radiated by antenna is
I t A
Pzﬁgimu%my4m%m»,cm@=—f Qim L= m5. (5.13)
™ X

As the length increases, the radiation resistance increasing gets slower. Hence we often
use mhalf-wave or full-wave antenna.

Example 5.7. Consider an one-dimensional antenna array N half-wave dipole antennas
placed along z-axis with distance .

Proof.
1 o, _ TIWIAL g
E jipole = mp sinfe" ey = —47r€0c2R sin fe"""ey —
N-1 1
—iwlAl —iwl Al ,
FE = Em sin eeszm ey ~ "= &in eezk(Ro-i-ml cos ) e

= Zo degc®R,, Z 47T€062R0 9 ( |
" " 5.14
E = ikml cos 0 E 1- 62Nkl cos ¢

- 0 Z € - 0 1— eiklcosG :

m=0

Hence, the radiation power is

. 1 1— eszlcosG

N _ | L EpEa =
S| = ‘23?(1? X H)‘ = '2ZOE‘ n‘

_ ezkl cos 0
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5 RADIATION OF ELECTROMAGNETIC WAVES

Denote the array factor as

2 sin (%kl cos 9) ?

F =
sin (%kzl cos 9)

‘ 1— 6iNklcos@

1— eikl cos

When Nklcosf =2mnm, me Z, F = 0.

If Nkl cos® = 27, then 6 = arccos % = arccos % is called the first null direction.
Denote ¢ = 7 — 6, then siny = % 1 is called the half beam width. Hence when
NI >» X\, we have highly directional radiation. ]

5.6 Diffraction of Electromagnetic Waves

There are two main diffractions:
o Fresnel diffraction: distance between the light source and the screen is finite.
o Fraunhofer diffraction: infinite distance.

The Fresnel coefficient is F' = Z—i, where a is the size of the aperture, L is the distance

between the aperture and the screen.

5.7 Momentum of Electromagnetic Fields

By Maxewll equations, we have the Lorentz force density

1 oE
f=pE+JxB=¢((V-E)E+|—V xB-—¢ o x B
Ho o

1 1 0
=50(V-E)E+M—(V-B)B+M—(V><B)><B+50(V><E)xE—eoé(ExB)
0 0

Definition 5.8. The momentum density of electromagnetic field is

1
g=coE x B =couoE x H = ;S' (5.15)

(V-E)E+(V><E)szv-(EE)—%V-(f:EQ)

Denote

= 1 1 = 1
T =—¢EE - —BB+ -.% (50E2 + —B2)
Ho 2 Ho
ag > d =
ot v dt 1%
S

Definition 5.9. .7 is called the stress tensor or momentum flux density tensor of
electromagnetic field.
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5 RADIATION OF ELECTROMAGNETIC WAVES

If V is the whole space, then
d J dV + deV =0
at ) ? -
For a plane wave, we have
1 _ 1 ¥ €0 2
B=-e,xE=79=—coR(E* x B) = —|E|“e.
c 2 2c
Since S = cwey, for a plane wave, the momentum density is

w
g = —€.
C
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6 SPECIAL RELATIVITY

6 Special Relativity

6.1 Galileo Transformation

Definition 6.1. An event is the kinetic property happening in a infinitely small time
interval and infinitely small space interval.

If P, and P, are two events happening at the same site in frame S and S’ respectively,
then

¥=x—vt, y=y, =z =t T=t-ve=u=u—v, '=I<=d=a

) )

z 2

The time inverval between these two events is At' = t), — | =ty — t; = At.
For two events happening at the same time, the space interval is Az’ = 2, — 2] =
(xg—vty)—(x1—vt;) = Ax. Hence, time and space are absolute in Galileo transformation.
In classical mechanics, the laws of mechanics are invariant in any inertial frame.

Definition 6.2. A law is covariant under a transformation if its form remains unchanged
under the transformation.

Example 6.3.
' =x—uvt
F =mi, =t =i == F=m'i.
m' =m

For Galileo transformation, ¢/ = ¢ — u. However, by Maxwell equations, the speed

of light in vacuum is constant ¢ = E}WO in any inertial frame, which contradicts Galileo

transformation.

6.2 Experiment Fundamentals of Special Relativity

Michelson-Morley experiment shows that the speed of light is constant in any inertial
frame.

v? 2cAt 20 0?

However the experiment shows at most 0.01 fringe shift, which contradicts the above
result.

7% — v + v decay experiment. 7° moves at speed 0.9975¢, and v moves at speed ¢ in

the rest frame of 7%. However in the lab frame, the speed of v is c.

~ 0.4, (6.1)
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6.3 Basic Principles of Special Relativity and Lorentz Transfor-
mation

In 1995, Einstein proposed two basic postulates of special relativity.

Proposition 6.4 (Principle of Relativity). All inertial frames are equivalent. The laws
of physics are the same in all inertial frames.

Proposition 6.5 (Invariance of the Speed of Light). The speed of light in vacuum has
the same value ¢ in all inertial frames, independent of the motion of the light source or
observer.

There are two inertial frames ¥ and >'. Event 1 is (0,0, 0,0) in both frames. Event 2
is (z,y,2,t) in ¥ and (2/,y/, 2/, ') in X'. By the invariance of the speed of light, we have

224 y2 L2 22—y y/2 L2 22,
Definition 6.6. The interval is defined as

st = Aty — 1) = (22— 21)* = (12 —9n)” — (22— 1) (6.2)
If two events can be connected by a light signal, then s> = s = 0. In general, s? = 5”2

Suppose ¥’ moves along x-axis of ¥ and 2’-axis coincides with z-axis of ¥. We can
assume

¥ =anr+apct, Y=y, 2=z ctf =anx+anct, a >0, ayp>D0.

2 2 2 2
= Uq1 — Q91 = 1, Aoy — Q19 = 1, 11012 — A21Q922 = 0= 19 = A91.

In X, the origin of ¥’ moves along x = vt while 2’ = 0. Hence,

—_
|
IS4

0= anvt + apct = a1 = ap = —F——, Q12 = Gg1 =

/! _  x—vt
r = o
2
/
y =y
1, (6.3)
zZ =z
o — t—c%:c
o2
\ C2

The inverse transformation is given by substituting v with —v.
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