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Abstract

This note is based on Joe Jackson’s lecture in 2026 summer at University of
Chicago. We introduce some functional inequalities for probability measures on
Fuclidean space, such as the Poincare inequality and the log-Sobolev inequality.
We also sketch some applications to concentration of measure and the long-time
behavior of diffusion processes. Finally, we prove these inequalities in the Gaussian
case, and show that some broader classes of measures also satisfy these inequalities.
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1 POINCARE INEQUALITY

1 Poincare Inequality
Let P(R™) denote the set of Borel probability measures on R". Given a random vector
X in R", we write X ~ p to mean that X has distribution p, i.e.
p(A) =P{X e A}
for every Borel set A < R™. If X has probability density function p : R" — [0, +00), then

() = | plo) e

For a measurable function f : R™ — R, define

2
Var,(F) = [ - ( | nfdu)

:Jn (f(x)—Jnfd,u)Q dpu(z).

If X ~ p, then Var,(f) = Var(f(X)).

Definition 1.1 (Poincare inequality). A probability measure p € P(R™) satisfies a
Poincare inequality if there exists a constant Cpy > 0 such that

Var () < Cou() | VS @) duta), S € CFR),

n

The best possible constant is denoted by Cpr(p).

Example 1.2. In dimension one, let X be the random variable satisfying

PIX — 1} — P{X — -1} %

Then X ~ pu, where
1 1
= -0+ =0_1.
H 501 T 501
This is a simple discrete probability measure. The main definitions above are written for

measures on Euclidean spaces, and for absolutely continuous measures the gradient term
has the usual differential interpretation.

A fundamental question in probability is the following. Given independent random
variables .
X, X,

and a function f: R"” — R, set
Z = f(Xy,..., Xp).

Under what conditions on p and f does Z concentrate around its mean? Equivalently,
when is

P{|Z —EZ| > t}

small? If f is linear, this is classical. For example,
1 n
X,..., X)) =—)> X,
f( 1 ) ) n ;

is controlled by the usual laws of large numbers and concentration bounds.
The key point is that the Poincare inequality tensorizes.
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1 POINCARE INEQUALITY

Proposition 1.3 (Tensorization of the Poincare inequality). Let p € P(R") and v €
P(RY). Their product measure p ® v € P(R"9) is defined by

(1@ v)(d, dy) = p da)( dy).
Equivalently, if X ~u, Y ~v, and X,Y are independent, then
(X,Y) ~p@v.

If 1 and v both satisfy Poincare inequalities, then p@®v also satisfies a Poincare inequality.
More precisely,

Cpi(p®v) = max{Cpi(p), Cp1(v)}.

In particular,
Cer(u®") = Cri(p).
Therefore, if u satisfies a Poincare inequality and Xi,..., X, B 1, then for every
smooth f: R" — R,

Var(f(X1,..., X)) < Cor(WE[|Vf(X1,.... X0)|].

By Chebyshev’s inequality,

_ Cr(WEVF(Xy, ., X))

P{f(X1,...,X,) —Ef(Xy,..., X,)| >t} 2

For the simplest example

we have

Thus the Poincare inequality gives the polynomial concentration estimate

1 " 1 - CPI(,M)

nt?
Let v € P(R) be the standard Gaussian measure,

1
\ 2T

.2
e "2 dx,

v(dz) =

and let
Tn = on

be the standard Gaussian measure on R™.

)

Theorem 1.4. The standard Gaussian measure satisfies

Cp[(’y) = 1.

Consequently, by tensorization, Cpy(y,) = 1 for every n.
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1 POINCARE INEQUALITY

Proof. Let (B;)o<i<1 be a one-dimensional Brownian motion. In particular,
By ~ 7.
For a smooth compactly supported function f, define the martingale
M, = E[f(B)) | F7].
where (FP) is the filtration generated by the Brownian motion. Notice that
My =Ef(By), My = f(B).

Hence

Var, (f) = E[(M, — My)?].
By the Feynman-Kac formula,
M, = u(t, By),
where u solves the backward heat equation
{(at + 10m) u(t,) =0, (t,x) e (0,1) x R,
u(l,x) = f(x), reR.
Applying Ito’s formula gives
dM; = du(t, By)
= <('}‘tu + %&mu) (t, B) dt + 0, u(t, By) dBy
= Jyu(t, By) dB;.

Therefore
dM}? = 2M,; AM; + |0,u(t, By)|* dt,

and hence d
EE[ME] = E|0,u(t, Bt)|2.

It follows that .

Var, (f) = L E|,u(t, B[ dt.

Finally, the process (0,u(t, By))o<i<1 is also a martingale. Therefore its second moment
is increasing in ¢, and

E|o,u(t, By)[* < E|o,u(1, By)|* = E|f'(B1)|*

Thus
wwﬂ<LMHaww=Mﬁ&W=qume.

This proves Cpi(y) < 1. Equality follows by testing the inequality on f(z) = x, for which

Var,(z) = 1, fR |f'(z)?dy(x) = 1.

Therefore Cpr(7y) = 1. O



2 LOG-SOBOLEV INEQUALITY

2 Log-Sobolev Inequality

For a nonnegative function f : R" — R, define its entropy with respect to p € P(R"™)

by
Eat, () = | flog f du~ ( | fdu) log (ffdu)
= f@(f) dp—¢ (ffdu) ,
where
S CRE b

Definition 2.1 (Log-Sobolev inequality). A probability measure u € P(R™) satisfies a
log-Sobolev inequality with constant Crgr(u) if

But,(7) < 2Cisi(i) [ (V4P dp

for all sufficiently regular functions f.

Remark 2.2. The log-Sobolev inequality implies the Poincare inequality. More precisely,

Cri(p) < Crsi(p)-

This can be seen by applying the log-Sobolev inequality to 1 + ¢ f and taking the limit
as e — 0.

There is also an equivalent information-theoretic formulation. If v « p and

po
dp

define the relative entropy and relative Fisher information by

d
H(v | p) = flog (d—:> dv = fhloghdu,

I ) - Hwog (j—:) T = f VE 4

h
Then the log-Sobolev inequality is equivalent to

Crsi(p)
2

and

H(v|p) < I(v | p).

Indeed, one applies the functional form to f = v/h.
The log-Sobolev inequality also tensorizes. This comes from the tensorization of
entropy. Thus, if y satisfies a log-Sobolev inequality, then

Crsi(u®") = Crsi(p).
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2 LOG-SOBOLEV INEQUALITY

Let Z be a real-valued random variable with EZ = 0. Define the log-Laplace transform

B(A) = 12(A) = log Ee.
Equivalently, if Z has law u, then
Yz(N) = logf e du(z).
R

Proposition 2.3 (Chernoff bound). Suppose that, for some & > 0,

21y2
w(A)sgg . VAeR

Then
P{Z >t} < e /8,

By applying the same argument to —Z, one also obtains the two-sided estimate
P{|Z| > t} < 2e71/€),
Proof. For any A > 0,

P{Z > t} = P{ > M}

< e—)\tEe)\Z
_ e—/\t+w(>\)

2)\2
<exp(—)\t+§2 )

Optimizing in A gives A = /&%, and therefore

P{Z >t} < e /8,

The strategy is to use the log-Sobolev inequality to obtain a Chernoff bound for

Z:f(X)> X~ p.

Proposition 2.4 (Concentration from the log-Sobolev inequality). Assume that p €
P(R™) satisfies a log-Sobolev inequality with constant Crsi(p). Let f : R™ — R be L-
Lipschitz. If X ~ u, then

t2
P X)—Ef(X)| >t} <2exp| —————— | .
(1700 = BICOI > 1) < 200 (gt )
Proof sketch. Set
Z = f(X) - Ef(X).
For notational simplicity, assume Ef(X) = 0, so Z = f(X). We want an upper bound

on
Y(\) = log EeMX),



2 LOG-SOBOLEV INEQUALITY

Note that E[£(X) /\f(X)]
Y'(A) = ]EeAfiX) ) P'(0) =Ef(X) = 0.

The key computation is

d <M) _ ) (Y

dA U A A2
AE[feM] — E(eM) log E(eM)
- A2E(eM)
Ent,, (e*)
~ NE(eM)
Apply the log-Sobolev inequality to
g=eM2

Since g% = e/,
Ent,(e*) = Ent,(¢%)
< 2C1s1(p) J [Vgl* dp
\ 2
= 2CLSI(M)J‘§eAf/2Vf d,LL

2 2
< AW (1,

Therefore

%(Wﬁ)) - CLSI(QM)LQ_

Since limy_o ¥ (A\)/A = Ef(X) = 0, we get

2
< Crsi(p)L

2
5 A%

U(A)
The Chernoff bound then gives
t2
P{f(X)—Ef(X)>t}<exp| ———— |,
() = B0 > 1) < oxp (-5 )
and applying the same argument to —f gives the two-sided bound. O

Corollary 2.5. Let Xq,..., X, b 1, and assume that p satisfies a log-Sobolev inequal-

ity. If f:R™ — R is L-Lipschitz, then

2
P{f(X1, ..., Xn) —Ef(X1,..., X)) >t} <2exp GW) ’

where we used Crsi(p®") = Crsi(p). In particular, for

1 n
f(l‘l,...,.%n) = ﬁ;x“

we have L = 1/+/n, hence

"

n n

1 1
EZXi—EEZXi

i=1 =1

sSSP\ 20w )
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3 LOG-CONCAVE MEASURES

3 Log-Concave Measures

A natural question is: which measures, other than the standard Gaussian measure,
satisfy Poincare inequalities and log-Sobolev inequalities?

Definition 3.1 (Log-concave measure). A probability measure p € P(R™) is log-concave
if it has the form

1
p(de) = Ee_v(f”) dz,

where V' : R" — R is convex and
7 = f e V@ dz > 0.

It is called C-log-concave if V' is C-convex, i.e.

C
v V(o) = S ol

is convex. If V' is twice continuously differentiable, this is equivalent to
DV (x) = CI,, Vo e R™.
Theorem 3.2 (Bakry-Emery). If p is C-log-concave with C' > 0, then

1 1

Cpr(p) < Yol Crsi(p) < rok

3.1 Pushforwards and Lipschitz Maps

Let T : R® — R* be a measurable map and let p € P(R"). The pushforward measure
Ty € P(RF) is defined by
Typu(A) = W(T7H(A)),

Equivalently, if X ~ pu, then
T(X) ~ Typ.

The guiding question is whether Poincare inequalities or log-Sobolev inequalities for
i imply corresponding inequalities for T .
Assume that y satisfies a Poincare inequality. For a smooth function f : R¥ — R,

Varg, ,(f) = Var,(f o T)
< Conlp) f V(o T) (@) 2 dpu(x)

< Cor(p) Lip(T)? f VAT ()] du(z)
= Lip(T)?Cer(n) [ 19 £) d(Tn)(0).

Thus we have the following result.



3.2 Optimal Transport 3 LOG-CONCAVE MEASURES

Proposition 3.3. If i satisfies a Poincare inequality and T : R® — R* 4s L-Lipschitz,
then Tyup also satisfies a Poincare inequality, with

Cp1(Typ) < L*Cpi(p).

The same proof, applied to the entropy functional, also gives the analogous statement for
log-Sobolev inequalities:

Crsi(Typ) < L*Crsi(p).

The idea is now clear. Given a C-log-concave measure p, one tries to construct a
Lipschitz map
T:R"—R"
such that
Tyryn = [t

If T is sufficiently contracting, the functional inequalities for =, transfer to pu.

3.2 Optimal Transport

The relevant construction comes from optimal transport. Given p,v € P(R™), the
Monge problem with quadratic cost is

inf Jn T (x) — x|* du(x).

Typ=v

Theorem 3.4 (Caffarelli contraction theorem). Suppose the source measure is 7y, and
the target measure is

1
dz) = —e V@4
wldz) = —e z,
where 1 1s C-log-concave. Then there exists an optimal transport map T with
T;ﬂ/n =K
and T* is 1/v/C-Lipschitz.

Combining this contraction estimate with the pushforward principle above gives an-
other route to the bounds

1 1
67
starting from the Gaussian inequalities

Cpi(vn) =1, Crsi(7n) = L.

Cpr(p) <

3.3 Langevin Dynamics
Fix a convex function V : R” — R and consider the stochastic differential equation

dX, = —VV(X,)dt + V2dW,,

where W; is an n-dimensional Brownian motion. The main question is: what is the
long-time behavior of X,;?



3.3 Langevin Dynamics 3 LOG-CONCAVE MEASURES

Let
pe = Law (X, | Xo ~ po),

and view (ut)i=0 as a curve in P(R™). The invariant measure is
foo(d) = Ee_v(m) de,

and one has

A key fact is entropy dissipation:

d
EH(M | o) = =1 (pe | poo)-

With the convention used in this note,

Hw | i) < S92 1 ),
SO 9
I | peo) 2 mH(V | pico)-
Therefore q
e | o) < —mH(ut | fio)-

By Gronwall’s inequality,

H(p | poo) < H(po | pioo) exp <—#&w>> :

Equivalently, if the log-Sobolev inequality is written in rate form

Hv | po) < I(v | pioo),

201,81

then
H(py | pron) < H(pao | prop)e™ 20T
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