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Abstract

This note is based on Joe Jackson’s lecture in 2026 summer at University of
Chicago. We introduce some functional inequalities for probability measures on
Euclidean space, such as the Poincare inequality and the log-Sobolev inequality.
We also sketch some applications to concentration of measure and the long-time
behavior of diffusion processes. Finally, we prove these inequalities in the Gaussian
case, and show that some broader classes of measures also satisfy these inequalities.
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1 POINCARE INEQUALITY

1 Poincare Inequality

Let PpRnq denote the set of Borel probability measures on Rn. Given a random vector
X in Rn, we write X „ µ to mean that X has distribution µ, i.e.

µpAq “ PtX P Au

for every Borel set A Ď Rn. If X has probability density function p : Rn Ñ r0,`8q, then

µpAq “

ż

A

ppxq dx.

For a measurable function f : Rn Ñ R, define

Varµpfq “

ż

Rn

f 2 dµ ´

ˆ
ż

Rn

f dµ

˙2

“

ż

Rn

ˆ

fpxq ´

ż

Rn

f dµ

˙2

dµpxq.

If X „ µ, then Varµpfq “ VarpfpXqq.

Definition 1.1 (Poincare inequality). A probability measure µ P PpRnq satisfies a
Poincare inequality if there exists a constant CPI ą 0 such that

Varµpfq ď CPIpµq

ż

Rn

|∇fpxq|
2 dµpxq, @f P C8

c pRn
q.

The best possible constant is denoted by CPIpµq.

Example 1.2. In dimension one, let X be the random variable satisfying

PtX “ 1u “ PtX “ ´1u “
1

2
.

Then X „ µ, where

µ “
1

2
δ1 `

1

2
δ´1.

This is a simple discrete probability measure. The main definitions above are written for
measures on Euclidean spaces, and for absolutely continuous measures the gradient term
has the usual differential interpretation.

A fundamental question in probability is the following. Given independent random
variables

X1, . . . , Xn
i.i.d.
„ µ,

and a function f : Rn Ñ R, set

Z “ fpX1, . . . , Xnq.

Under what conditions on µ and f does Z concentrate around its mean? Equivalently,
when is

Pt|Z ´ EZ| ą tu

small? If f is linear, this is classical. For example,

fpX1, . . . , Xnq “
1

n

n
ÿ

i“1

Xi

is controlled by the usual laws of large numbers and concentration bounds.
The key point is that the Poincare inequality tensorizes.
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1 POINCARE INEQUALITY

Proposition 1.3 (Tensorization of the Poincare inequality). Let µ P PpRnq and ν P

PpRdq. Their product measure µ b ν P PpRn`dq is defined by

pµ b νqp dx, dyq “ µp dxqνp dyq.

Equivalently, if X „ µ, Y „ ν, and X,Y are independent, then

pX, Y q „ µ b ν.

If µ and ν both satisfy Poincare inequalities, then µbν also satisfies a Poincare inequality.
More precisely,

CPIpµ b νq “ maxtCPIpµq, CPIpνqu.

In particular,
CPIpµ

bn
q “ CPIpµq.

Therefore, if µ satisfies a Poincare inequality and X1, . . . , Xn
i.i.d.
„ µ, then for every

smooth f : Rn Ñ R,

Var
`

fpX1, . . . , Xnq
˘

ď CPIpµqE
“

|∇fpX1, . . . , Xnq|
2
‰

.

By Chebyshev’s inequality,

P t|fpX1, . . . , Xnq ´ EfpX1, . . . , Xnq| ą tu ď
CPIpµqE|∇fpX1, . . . , Xnq|2

t2
.

For the simplest example

fpX1, . . . , Xnq “
1

n

n
ÿ

i“1

Xi,

we have

|∇f |
2

“

n
ÿ

i“1

ˆ

1

n

˙2

“
1

n
.

Thus the Poincare inequality gives the polynomial concentration estimate

P

#
ˇ

ˇ

ˇ

ˇ

ˇ

1

n

n
ÿ

i“1

Xi ´
1

n

n
ÿ

i“1

EXi

ˇ

ˇ

ˇ

ˇ

ˇ

ą t

+

ď
CPIpµq

nt2
.

Let γ P PpRq be the standard Gaussian measure,

γp dxq “
1

?
2π
e´x2{2 dx,

and let
γn “ γbn

be the standard Gaussian measure on Rn.

Theorem 1.4. The standard Gaussian measure satisfies

CPIpγq “ 1.

Consequently, by tensorization, CPIpγnq “ 1 for every n.
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1 POINCARE INEQUALITY

Proof. Let pBtq0ďtď1 be a one-dimensional Brownian motion. In particular,

B1 „ γ.

For a smooth compactly supported function f , define the martingale

Mt “ E
“

fpB1q | FB
t

‰

,

where pFB
t q is the filtration generated by the Brownian motion. Notice that

M0 “ EfpB1q, M1 “ fpB1q.

Hence
Varγpfq “ E

“

pM1 ´ M0q
2
‰

.

By the Feynman–Kac formula,

Mt “ upt, Btq,

where u solves the backward heat equation
#

`

Bt ` 1
2
Bxx

˘

upt, xq “ 0, pt, xq P p0, 1q ˆ R,
up1, xq “ fpxq, x P R.

Applying Ito’s formula gives

dMt “ dupt, Btq

“

ˆ

Btu `
1

2
Bxxu

˙

pt, Btq dt ` Bxupt, Btq dBt

“ Bxupt, Btq dBt.

Therefore
dM2

t “ 2Mt dMt ` |Bxupt, Btq|
2 dt,

and hence
d

dt
ErM2

t s “ E|Bxupt, Btq|
2.

It follows that

Varγpfq “

ż 1

0

E|Bxupt, Btq|
2 dt.

Finally, the process pBxupt, Btqq0ďtď1 is also a martingale. Therefore its second moment
is increasing in t, and

E|Bxupt, Btq|
2

ď E|Bxup1, B1q|
2

“ E|f 1
pB1q|

2.

Thus

Varγpfq ď

ż 1

0

E|f 1
pB1q|

2 dt “ E|f 1
pB1q|

2
“

ż

R
|f 1

pxq|
2 dγpxq.

This proves CPIpγq ď 1. Equality follows by testing the inequality on fpxq “ x, for which

Varγpxq “ 1,

ż

R
|f 1

pxq|
2 dγpxq “ 1.

Therefore CPIpγq “ 1.
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2 LOG-SOBOLEV INEQUALITY

2 Log-Sobolev Inequality

For a nonnegative function f : Rn Ñ Rě0, define its entropy with respect to µ P PpRnq

by

Entµpfq “

ż

f log f dµ ´

ˆ
ż

f dµ

˙

log

ˆ
ż

f dµ

˙

“

ż

φpfq dµ ´ φ

ˆ
ż

f dµ

˙

,

where

φpzq “

#

z log z, z ą 0,

0, z “ 0.

Definition 2.1 (Log-Sobolev inequality). A probability measure µ P PpRnq satisfies a
log-Sobolev inequality with constant CLSIpµq if

Entµpf 2
q ď 2CLSIpµq

ż

Rn

|∇f |
2 dµ

for all sufficiently regular functions f .

Remark 2.2. The log-Sobolev inequality implies the Poincare inequality. More precisely,

CPIpµq ď CLSIpµq.

This can be seen by applying the log-Sobolev inequality to 1 ` εf and taking the limit
as ε Ñ 0.

There is also an equivalent information-theoretic formulation. If ν ! µ and

h “
dν

dµ
,

define the relative entropy and relative Fisher information by

Hpν | µq “

ż

log

ˆ

dν

dµ

˙

dν “

ż

h log h dµ,

and

Ipν | µq “

ż

ˇ

ˇ

ˇ

ˇ

∇ log

ˆ

dν

dµ

˙
ˇ

ˇ

ˇ

ˇ

2

dν “

ż

|∇h|2

h
dµ.

Then the log-Sobolev inequality is equivalent to

Hpν | µq ď
CLSIpµq

2
Ipν | µq.

Indeed, one applies the functional form to f “
?
h.

The log-Sobolev inequality also tensorizes. This comes from the tensorization of
entropy. Thus, if µ satisfies a log-Sobolev inequality, then

CLSIpµ
bn

q “ CLSIpµq.
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2 LOG-SOBOLEV INEQUALITY

Let Z be a real-valued random variable with EZ “ 0. Define the log-Laplace transform

ψpλq “ ψZpλq “ logEeλZ .

Equivalently, if Z has law µ, then

ψZpλq “ log

ż

R
eλz dµpzq.

Proposition 2.3 (Chernoff bound). Suppose that, for some ξ ą 0,

ψpλq ď
ξ2λ2

2
, @λ P R.

Then
PtZ ą tu ď e´t2{p2ξ2q.

By applying the same argument to ´Z, one also obtains the two-sided estimate

Pt|Z| ą tu ď 2e´t2{p2ξ2q.

Proof. For any λ ą 0,

PtZ ą tu “ PteλZ ą eλtu

ď e´λtEeλZ

“ e´λt`ψpλq

ď exp

ˆ

´λt `
ξ2λ2

2

˙

.

Optimizing in λ gives λ “ t{ξ2, and therefore

PtZ ą tu ď e´t2{p2ξ2q.

The strategy is to use the log-Sobolev inequality to obtain a Chernoff bound for

Z “ fpXq, X „ µ.

Proposition 2.4 (Concentration from the log-Sobolev inequality). Assume that µ P

PpRnq satisfies a log-Sobolev inequality with constant CLSIpµq. Let f : Rn Ñ R be L-
Lipschitz. If X „ µ, then

Pt|fpXq ´ EfpXq| ą tu ď 2 exp

ˆ

´
t2

2CLSIpµqL2

˙

.

Proof sketch. Set
Z “ fpXq ´ EfpXq.

For notational simplicity, assume EfpXq “ 0, so Z “ fpXq. We want an upper bound
on

ψpλq “ logEeλfpXq.
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2 LOG-SOBOLEV INEQUALITY

Note that

ψ1
pλq “

ErfpXqeλfpXqs

EeλfpXq
, ψ1

p0q “ EfpXq “ 0.

The key computation is

d

dλ

ˆ

ψpλq

λ

˙

“
λψ1pλq ´ ψpλq

λ2

“
λErfeλf s ´ Epeλf q logEpeλf q

λ2Epeλf q

“
Entµpeλf q

λ2Epeλf q
.

Apply the log-Sobolev inequality to

g “ eλf{2.

Since g2 “ eλf ,

Entµpeλf q “ Entµpg2q

ď 2CLSIpµq

ż

|∇g|
2 dµ

“ 2CLSIpµq

ż

ˇ

ˇ

ˇ

ˇ

λ

2
eλf{2∇f

ˇ

ˇ

ˇ

ˇ

2

dµ

ď
λ2CLSIpµqL2

2

ż

eλf dµ.

Therefore
d

dλ

ˆ

ψpλq

λ

˙

ď
CLSIpµqL2

2
.

Since limλÑ0 ψpλq{λ “ EfpXq “ 0, we get

ψpλq ď
CLSIpµqL2

2
λ2.

The Chernoff bound then gives

PtfpXq ´ EfpXq ą tu ď exp

ˆ

´
t2

2CLSIpµqL2

˙

,

and applying the same argument to ´f gives the two-sided bound.

Corollary 2.5. Let X1, . . . , Xn
i.i.d.
„ µ, and assume that µ satisfies a log-Sobolev inequal-

ity. If f : Rn Ñ R is L-Lipschitz, then

P t|fpX1, . . . , Xnq ´ EfpX1, . . . , Xnq| ą tu ď 2 exp

ˆ

´
t2

2CLSIpµqL2

˙

,

where we used CLSIpµ
bnq “ CLSIpµq. In particular, for

fpx1, . . . , xnq “
1

n

n
ÿ

i“1

xi,

we have L “ 1{
?
n, hence

P

#ˇ

ˇ

ˇ

ˇ

ˇ

1

n

n
ÿ

i“1

Xi ´ E
1

n

n
ÿ

i“1

Xi

ˇ

ˇ

ˇ

ˇ

ˇ

ą t

+

ď 2 exp

ˆ

´
nt2

2CLSIpµq

˙

.
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3 LOG-CONCAVE MEASURES

3 Log-Concave Measures

A natural question is: which measures, other than the standard Gaussian measure,
satisfy Poincare inequalities and log-Sobolev inequalities?

Definition 3.1 (Log-concave measure). A probability measure µ P PpRnq is log-concave
if it has the form

µp dxq “
1

Z
e´V pxq dx,

where V : Rn Ñ R is convex and

Z “

ż

Rn

e´V pxq dx ą 0.

It is called C-log-concave if V is C-convex, i.e.

x ÞÝÑ V pxq ´
C

2
|x|

2

is convex. If V is twice continuously differentiable, this is equivalent to

D2V pxq ľ CIn, @x P Rn.

Theorem 3.2 (Bakry–Emery). If µ is C-log-concave with C ą 0, then

CPIpµq ď
1

C
, CLSIpµq ď

1

C
.

3.1 Pushforwards and Lipschitz Maps

Let T : Rn Ñ Rk be a measurable map and let µ P PpRnq. The pushforward measure
T#µ P PpRkq is defined by

T#µpAq “ µpT´1
pAqq.

Equivalently, if X „ µ, then
T pXq „ T#µ.

The guiding question is whether Poincare inequalities or log-Sobolev inequalities for
µ imply corresponding inequalities for T#µ.

Assume that µ satisfies a Poincare inequality. For a smooth function f : Rk Ñ R,

VarT#µpfq “ Varµpf ˝ T q

ď CPIpµq

ż

|∇pf ˝ T qpxq|
2 dµpxq

ď CPIpµqLippT q
2

ż

|∇fpT pxqq|
2 dµpxq

“ LippT q
2CPIpµq

ż

|∇fpyq|
2 dpT#µqpyq.

Thus we have the following result.
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3.2 Optimal Transport 3 LOG-CONCAVE MEASURES

Proposition 3.3. If µ satisfies a Poincare inequality and T : Rn Ñ Rk is L-Lipschitz,
then T#µ also satisfies a Poincare inequality, with

CPIpT#µq ď L2CPIpµq.

The same proof, applied to the entropy functional, also gives the analogous statement for
log-Sobolev inequalities:

CLSIpT#µq ď L2CLSIpµq.

The idea is now clear. Given a C-log-concave measure µ, one tries to construct a
Lipschitz map

T : Rn
Ñ Rn

such that
T#γn “ µ.

If T is sufficiently contracting, the functional inequalities for γn transfer to µ.

3.2 Optimal Transport

The relevant construction comes from optimal transport. Given µ, ν P PpRnq, the
Monge problem with quadratic cost is

inf
T#µ“ν

ż

Rn

|T pxq ´ x|
2 dµpxq.

Theorem 3.4 (Caffarelli contraction theorem). Suppose the source measure is γn and
the target measure is

µp dxq “
1

Z
e´V pxq dx,

where µ is C-log-concave. Then there exists an optimal transport map T ˚ with

T ˚
#γn “ µ,

and T ˚ is 1{
?
C-Lipschitz.

Combining this contraction estimate with the pushforward principle above gives an-
other route to the bounds

CPIpµq ď
1

C
, CLSIpµq ď

1

C
,

starting from the Gaussian inequalities

CPIpγnq “ 1, CLSIpγnq “ 1.

3.3 Langevin Dynamics

Fix a convex function V : Rn Ñ R and consider the stochastic differential equation

dXt “ ´∇V pXtq dt `
?
2 dWt,

where Wt is an n-dimensional Brownian motion. The main question is: what is the
long-time behavior of Xt?
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3.3 Langevin Dynamics 3 LOG-CONCAVE MEASURES

Let
µt “ LawpXt | X0 „ µ0q,

and view pµtqtě0 as a curve in PpRnq. The invariant measure is

µ8p dxq “
1

Z
e´V pxq dx,

and one has
µt

tÑ8
ÝÝÝÑ µ8.

A key fact is entropy dissipation:

d

dt
Hpµt | µ8q “ ´Ipµt | µ8q.

With the convention used in this note,

Hpν | µ8q ď
CLSIpµ8q

2
Ipν | µ8q,

so

Ipν | µ8q ě
2

CLSIpµ8q
Hpν | µ8q.

Therefore
d

dt
Hpµt | µ8q ď ´

2

CLSIpµ8q
Hpµt | µ8q.

By Gronwall’s inequality,

Hpµt | µ8q ď Hpµ0 | µ8q exp

ˆ

´
2t

CLSIpµ8q

˙

.

Equivalently, if the log-Sobolev inequality is written in rate form

Hpν | µ8q ď
1

2αLSI

Ipν | µ8q,

then
Hpµt | µ8q ď Hpµ0 | µ8qe´2αLSIt.
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