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Abstract

This note refers to Chapter IIT of GTM7, A Course in Arithmetic by J.-P. Serre,
and the notes Introduction to the Local-Global Principle by Liang Xiao.

I presented Hilbert symbol in the Algebra & Number Theory seminar, organized
by Liang Xiao in Peking University on May 10th, 2026.
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1 PRELIMINARIES

1 Preliminaries

Let g be a power of a prime number p, and K be a field with ¢ elements.

Theorem 1.1 (Chevalley-Warning). Let f, € K[Xy1,---,X,] be polynomials such that
Y. deg fo <mn, and let V' be the set of their common zeros in K™. Then

V=0 (mod p).

Proof. P =T],(1— f&1) and z € K™. Then P is the characteristic function of V" and
denote S(f) = > ,cxn f(x). We have

V| =S(P) (mod p).

Since deg P < n(q — 1), P is a linear combination of X* = X" ... X! with > u; <
n(qg — 1). For every monomial X", we have S(X*) = 0 since at least one u; <g—1. O

Corollary 1.2. If >, deg fo < n and f, have no constant term, then f, have a nontrivial
common zero.

Proof. 0 is a solution. O
Corollary 1.3. All quadratic forms in at least 3 variables over K have a nontrivial zero.
Definition 1.4. Let p # 2 be a prime number, and let z € F;. The Legendre symbol

of x, denoted by <£>, is the integer o' = +1.

If n is an odd integer, let £(n) and w(n) be the elements of Z/27Z defined by

ifn=1 d4
g(n) = D mod 2= fn=1 (modd4),
2 ifn=-1 (mod4),

(mod 2) ifn=+41 (mod ),
mo
1 ifn=45 (mod 8).

Theorem 1.5 (Gauss’s Quadratic Reciprocity Law). Let [,p be distinct odd primes dif-

p p

1.1 The Ring Z, and the Field Q,

Let A, = Z/p"Z, and ¢,, : A, — A,_1 be the natural projection.

The ring of p-adic integers Z, = lim(A,, ¢,) and we let &, : Z, — A, be the natural
projection.

The field of p-adic numbers Q) is the field of fractions of 7Z,.

Proposition 1.6. Let U denotes the group of invertible elements in Z,. Then every
nonzero element of Z, can be written uniquely as p"u withn >0 and ue U.
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1.2 p-adic Equations

Lemma 1.7. Let --- - D, — D, 1 — --- — Dy be a projective system. If D, are
nonempty finite sets, then D = lim D,, is nonempty.
Proof. ]

If feZ,[X1, - ,X,] is a polynomial with p-adic integer coefficients, we denote by
fn the image of f in A,[Xy, -, X,

Proposition 1.8. Let f®) e Zp| X1, -+, Xm] be polynomials with p-adic integer coeffi-
cients. The following are equivalent:

1. The f9 have a common zero in (Z,)™

2. For everyn > 1, the f,gi) have a common zero in (A,)™.

Proof. Let D(D,,) be the set of common zeros of the £ (f,gi)) in (Z,)™ ((A,)™). D, are

finite and D = @Dn. By Lemma , D+ & < D, # & for all n. O
Definition 1.9. A point © = (z1,--- ,2,,) € (Z,)™ is primitive if one of the z; is a

invertible, i.e. if x; are not all divisible by p.

Proposition 1.10. Let f) e Zp| X1, -+, Xm] be homogeneous polynomials with p-adic
integer coefficients. The following are equivalent:

1. The %9 have a nontrivial common zero in (Q,)™.

2. The fO have a common primitive zero in (Z,)™.

3. For everyn > 1, the f,(f) have a common primitive zero in (Ay,)™

Theorem 1.11. Let f € Zy[ X1, -, Xm],x = (x;) € (Z,)" ,n,k,j € Z and 0 < j < m.
Suppose that 0 < 2k <n and that

F@)=0 (mod ). v, (55 0) =k

Then there exists a zero y of f in (Z,)™ such that y =z (mod p"").

Corollary 1.12. Suppose p # 2. Let f(X) = > a;; X;X; with a;; = aj; be a quadratic
form with coefficient in Z, with det(a;;) invertible. Let a € Z,. Every primitive solution
of the equation f(x) = a (mod p) lifts to a true solution.

1.3 Q

Let U = Z; be the group of p-adic units and U, = 1 + p"Z,, which is the kernel of
en 1 U — (Z/p"Z)*. Then U/U, = F7. U, form a decreasing sequence of open subgroups
of U and U = lim U /U,.

Theorem 1.13. Suppose p # 2 and let x = p"u be an element of Q5, with u € U and
n € Z. Then x is a square <= n is even and the image u of u in ¥, = U/U; is a square.

Corollary 1.14. If p # 2, Q;/Q;z is a group of type (2,2). It has for representatives
{1,p,u,up} where u e U is such that (%) = —1.

Theorem 1.15. z = p"u € Q3 to be a square < n is even and u =1 (mod 8).
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2 Local Properties

2.1 Definition and First Properties

k denotes either R or QQ, for some prime p.

Definition 2.1. For a,b € k*, the Hilbert symbol (a,b) is defined as

(a.b) 1 if 22 = ax® + by? has a nontrivial solution in k3,
a” = .
—1 otherwise.

(a,b) does not change when a and b are multiplied by squares, so it defines a map

k*JB*2 bt k2 > {£1).

Proposition 2.2. Let ky, = k(\/b). Then (a,b) = 1 <= a € Nk, the group of norms of
elements of k.

Proof. If b = ¢2, then (z,7,y) = (c,0,1) is a solution. And the proposition holds since
ky = k.

Otherwise, [ denotes a square root of b, then every element & € k; can be written
m + Bn with m,n € k and the norm N(£) = m? — bn?.

If a = 22 — by? € Nk}, then (z,z,y) = (z,1,y) is a solution. Coversely, if (a,b) = 1,
then x # 0 since b is not a square. Then a = (%)2 —b (%)2 =N (% + /B%) O

Proposition 2.3. The Hilbert symbol satisfies:
1. (a,b) = (b,a) and (a,c?) = 1;
2. (a,—a) =1 and (a,1 —a) = 1;
3. (a,b) =1 = (ad’,b) = (d’,b). Actually, we will show (ad’,b) = (a,b)(a’,b) later.
4. (a,b) = (a,—ab) = (a, (1 — a)b).
(Suppose a # 1 when the formula contains 1 — a.)

Proof. For (3), (a,b) =1 = a€ Nkj = (d’ € Nkjf < ad’ € Nk}).
For (4), (a,—a) = 1 = (a,b) = (a,—ab). (a,1—a) =1 = (a,b) = (a,(1 —a)b). O

2.2 Computation of (a,b)

Lemma 2.4. Let v e U be a p-adic unit. If 2> — px? — vy? = 0 has a nontrivial solution
in Q,, it has a solution such that z,y € U and x € Z,.

Proof. By Proposition , there exists a primitive solution (z,z,y) in Z,. If it did not
have the desired property, then y = 0 (mod p) or z = 0 (mod p). Since z? — vy? = 0
(mod p) and v # 0 (mod p), we have 2 = y = 0 (mod p), hence pr?> = 0 (mod p?) =
x =0 (mod p), contradicting the primitivity of the solution. ]

Theorem 2.5. If k =R, then (a,b) =1 <= a orb> 0, and (a,b) = —1 otherwise.
If k =Q, and a = p®u,b = p°v with u,v € U, the group of p-adic units, then

=i (0 ()

(a7 b) — (_1)s(u)e(v)+aw(v)+ﬁw(u)7 pr _9
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Proof. k = R is easy. Suppose now that k = Q,,.
Suppose p # 2. There are only three cases of «, § to consider:

a = 8 = 0. It suffices to show that (u,v) = 1. By Corollary , 22 —ux? —vy? =0
has a nontrivial solution modulo p. Since the discriminant is a p-adic unit, by
Corollary [L.12, the above solution lifts to a p-adic solution. Hence (u,v) = 1.

a = 1,8 = 0. It suffices to show that (pu,v) = (p,v) = (%) By Theorem , if
v is a square, (p,v) = (%) = 1. Otherwise, (%) = —1.

B = 1. Tt suffices to show that (pu, pv) = (pu, —p?uv) = (pu, —uv) = (‘T“”) -

() () — () -7

p = 2 similarly.

a = = 0. It suffices to show that (u,v) = 1 if u or v is congruent to 1 (mod 4)
and (u,v) = —1 otherwise.

Suppose first that « = 1 (mod 4). Then by Theorem , ifu=1 (mod 8), u is a
square and (u,v) = 1. Otherwise, u + 4v = 1 (mod 8) and then there exists w € U
such that w? = u + 4v. Hence (u,v) = 1.

Now suppose u =v = —1 (mod 4). If (z,z,y) is a primitive solution of 2? — uz?* —
vy? = 0, then 22 + 22 + 94> = 0 (mod 4) = z = y = 2z = 0 (mod 2), which
contradicts the primitivity of the solution. Hence (u,v) = —1.

a=1,3=0. It suffices to show that (2u,v) = (—1)5®e@+<()  First we show that
(2,v) = (—=1)“® ie. (2,0) =1 <= v =41 (mod 8). By Lemma @, if (2,v) =1
there exists z,y, z € Zy such that 22 — 222 —vy? = 0 and y,2 # 0 (mod 2). Then
y?’=22=1 (mod 8) = 1— 222 —v =0 (mod 8). Since the only square modulo
8 are 0,1,4, we have v = +1 (mod 8).

Conversely, if v = 1 (mod 8), v is a square and (2,v) = 1. If v = —1 (mod 8),
22— 222 —vy? = 0 has (z,z,y) = (1,1,1) for a solution modulo 8 and by Corollary
IL.12, it lifts to a true solution. Hence (2,v) = 1.

Now we show that (2u,v) = (2,v)(u,v). It’s true if (2,v) = 1 or (u,v) = 1. Hence
suppose that (2,v) = (u,v) = —1, i.e. v =3 (mod 8) and u = 3 or —1 (mod 8).
Since 3 and g or —u are squares, we suppose that u = —1,v =3 or u = 3,v = —5.
Now 22 + 222 — 3y* = 0 and 2% — 622 + 5y*> = 0 have solution (1,1,1), hence
(2,v) = 1.

a = f = 1. Tt suffices to show that (2u,2v) = (2u,—4dww) = (2u,—uv) =
(1)) Felu) — (_q)elelo) et +a) Since (~1) — 1,w(—1) = 0 and £(u)(1
+¢e(u)) = 0, this is true.

O

Theorem 2.6. The Hilbert symbol is a nondegenerate bilinear form on the Fq-vector
space k*/k*2.
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Proof. If k = R, k*/k** is a vector space of dimension 1 (over Fy) having {+1} for
representatives.
If k = Qp,p # 2, for any a € k*/k**,a # 1, we find b such that (a,b) = —1. By

Corollary , we can take a = p,u or up with v € U such that (%) = —1, then we

choose b = u, p and up respectively.
If £ = Qq, check on the representatives {u,2u} with v = +1,+5. Indeed we have
(5,2u) = (-1,-1) = (-1,-5) = —1. ]

Remark: Write (a,b) = (—1)!** with [a,b] € Z/2Z. Then [a,b] is a symmetric
bilinear form on the k*/k*?. Theorem gives its matrix:

o For k =R, it is the matrix (1).
. : w o (0 1Y\ .
e For k = Q,,p # 2, with basis p,u where (5) = —1, it is the matrix (1 O) if

p=1 (mod 4) and <1 (1)> if p=—1 (mod 4).

0
o For k = Qq, with basis {2, —1, 5}, it is the matrix | 0
1

O = O
OO =

Corollary 2.7. If b is not a square, Nk is a subgroup of index 2 in k*.

Proof. By Proposition @, ¢p © k* — {£1} defined by ¢y(a) = (a,b) has kernel Nk;.
Since (a, b) is nondegenerate, ¢y, is surjective. Hence ¢, defines an isomorphism k*/ Nk} =~
{£1}. [

Remark: By local class field theory, let L be a finite Galois extension of k£ and whose
Galois group G is commutative. Then k*/Nk*L ~ G and NL* determines L.
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3 Global Properties

(a,b), denotes the Hilbert symbol of their images in Q,. Define V' to be the set of
prime numbers together with oo.

3.1 Product Formula
Theorem 3.1 (Hilbert). If a,b e Q*, we have (a,b), =1 for almost allveV and

[ J(a.0)., =1

veV

Proof. Since the Hilbert symbols are bilinear, it suffices to prove the theorem when a or
b are equal to —1 or to a prime number. We use Theorem to compute.

e« a=b=—1(=1,—1)p = (=1,=1)y = —Land (—1,—1), = 1 if p # 2.

e a=—-1b=101f1=2,(-1,2), =1forallve V. If | # 2, (=1,1), = 1 if v # 2,1
and (—1,1)y = (=1,1); = (—1)=®.

ca=1b=0T1=0. (1,1} = (~1,0),.
Ifl#10=2(,2),=1ifv#21land (,2); = (-1)*D,(1,2), = (3) = (-1)~0.
Otherwise, ({,1'), = 1if v # 2,1,1' and

(1,1 = (1700, (1,1, = (%) Wl - G) |

) = (—1)s0),

|~

By Gauss quadratic reciprocity law, (—) (

o~

]
3.2 Existence with Given Hilbert Symbols
Lemma 3.2 (Chinese Remainder Theorem). Let ay,- - ,a,, my, - ,m, be integers with
m; being pairwise relatively prime. There ezists an integer a such that a = a; (mod m;)
for all i.  Moreover, if a' is another integer with the same property, then a = a

mod myms - - My,.

Lemma 3.3 (Approximation Theorem). Let S be a finite subset of V.. The image of Q
in [ ],es Qo is dense.

Proof. Suppose that S = {0, py,--- ,p,} and let (2, 21, -+ , ;) be a point of [, ¢ Q.
After multiplying by some integer, we may suppose x; € Z,, for 1 < < n.

For all integers N > 0, by the Chinese remainder theorem applied to m; = p¥, there
exists o € Z such that v,,(xg — x;) = N for all 7.

Choose an integer ¢ > 2 which is prime to all the p;. The rational numbers of the
form q%, a € Z,m = 0 are dense in R. For every € > 0, choose u = qim with

|20 — 2o +upy - pi| <e.
Then z = ¢ + up - - p has the property

|zt — 2| <e, w,(z—1z;) = N.
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Lemma 3.4 (Dirichlet Theorem). If a and m are relatively prime positive integers, there
are infinitely many primes p such that p=a (mod m).

Theorem 3.5. Let (a;)icr be a finite family of elements in Q*, and let (¢;4)icrvev e a
family of numbers in {£1}. Then there exists x € Q* such that (a;,x), = €;, for all ie I
and v € V <= the following conditions are satisfied:

1. Almost all &;,, are equal to 1;
2. Foralliel, [[,oy€iw=1,
3. For allv eV, there exists x, € QX such that (a;,x,), = €ip for allie I.

Proof. The necessity is trivial. Let (e;,) satisfy the three conditions. After multiplying
a; by the square of some integer, we can suppose that all the a; are integers. Let S =
{00,2} U { prime factors of ¢;} €V and T'= {ve V|Jie I,&, = —1}.

First suppose that S "' T = &. Let

a=[]1, m=8 [] &

leT leS,1#2,00

Since SNT = @, a and m are relatively prime. By Dirichlet theorem, there exists a prime
p¢ S uT such that p=a (mod m). We show that = = ap has the desired property.
IfvesS, e, =1, and it suffices to show that (a;,z), = 1. > 0 = (a;,2)s = 1.
If v = [ a prime number, z = a* (mod m) = z = a* (mod 8) and z = a* (mod [) for
[ # 2. Since a and z are l-adic units, z is a square in Qj, hence (a;, x); = 1.
Ifv=1¢S5, a;is an [-adic unit, and since [ # 2,
(ai,b); = (%)W(b) for all b e QF.
If 1 ¢ T u{p}, is an l-adic unit and v;(z) = 0 = (a;,x); =1 =¢;;. fle T, vy(z) = 1.
(3) shows that there exists x; € Qf such that (a;,x;); = €;;. Since one of ¢;; = —1,
v(z;) =1 (mod 2), hence

a;

(ai, ) = <7> = (ai, z1)1 = €.

Ifl=p,

(a;,x), = n(ai,x)y = nsi,v = Eip.
VED vFED
The squares of Q¥ form an open subgroup of Q*. By Approximation Theorem, there
exists ' € Q* such that 2’/x, is a square in Q¥ for v € S. In particular (a;,2'), =
(a;,Ty)y = €ip for v e S. Let m;, = €i4(a;,2'),, then (n;,) satisfies (1), (2), (3) and
moreover 7,, = 1 for v € S. By the first part of the proof, there exists y € Q* such that
(ai,y)y = Mip and we take x = 2'y. O
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4 Quaternion Algebras
One simple presentation of H is
H = R{, j)/(¢* + 1,57 + 1,ij + ji).
Definition 4.1. For any field £ and a,b € k*, the quaternion algebra is
Dyap = ki, )/ (i = a, j? = b,ij + ji).
Lemma 4.2. Ifa = ¢* € k* is a square, then for any b € k*, Dy, . = M(k).
Proof. ¢ : Dy qp — Ma(k) defined by

= (5 %) wi= (7 o)

is an isomorphism. O

Proposition 4.3. Dy ., for b € k* is isomorphic to My(k) <= b is a norm of from
k(y/a), i.e.

b= N((z++ay)) =2 —ay?, for somex,yek.

Proof. Tt suffices to show when a is not a square. If b = 2* —ay?, then ¢ : Dy, — Ma(k)

defined by
~_ (0 a N [T ay
(p(Z) - <1 0> ) 90(.7) - (_y —IL') )
gives an isomorphism.

Conversely, assume that there is an isomorphism ¢ : Dy ., — Ma(k). Since ¢(i)* = a,
there exists g € GLo(k) such that

ge(i)g™' = <(1) g) :

Consider a new k-algebra isomorphism ¢’ : Dy ., — Ma(k) defined by ¢'(q) = g¢(q)g
We put

-1

@/(j)=($ y):>y=—az, r=-w, b=uw’—az’eNk(a).

z w
[
Hence we have a equivalent definition of the Hilbert symbol
Definition 4.4. For a,b € k*, the Hilbert symbol (a,b) is defined as
)= {1, s 40
Proposition 4.5. All quaternion algebras Dy, qp with (a,b) = —1 are division rings and

are isomorphic to each other. So the isomorphism classes of quaternion algebras over k
is uniquely determined by the Hilbert symbol.
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