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1 PRELIMINARIES

1 Preliminaries
Let q be a power of a prime number p, and K be a field with q elements.

Theorem 1.1 (Chevalley-Warning). Let fα P KrX1, ¨ ¨ ¨ , Xns be polynomials such that
ř

α deg fα ă n, and let V be the set of their common zeros in Kn. Then

|V | ” 0 pmod pq.

Proof. P “
ś

αp1 ´ f q´1
α q and x P Kn. Then P is the characteristic function of V and

denote Spfq “
ř

xPKn fpxq. We have

|V | ” SpP q pmod pq.

Since degP ă npq ´ 1q, P is a linear combination of Xu “ Xu1
1 ¨ ¨ ¨Xun

n with
ř

ui ă

npq ´ 1q. For every monomial Xu, we have SpXuq “ 0 since at least one ui ă q ´ 1.

Corollary 1.2. If
ř

α deg fα ă n and fα have no constant term, then fα have a nontrivial
common zero.

Proof. 0 is a solution.

Corollary 1.3. All quadratic forms in at least 3 variables over K have a nontrivial zero.

Definition 1.4. Let p ‰ 2 be a prime number, and let x P F˚
p . The Legendre symbol

of x, denoted by
´

x
p

¯

, is the integer x
p´1
2 “ ˘1.

If n is an odd integer, let εpnq and ωpnq be the elements of Z{2Z defined by

εpnq ”
n ´ 1

2
mod 2 “

#

0 if n ” 1 pmod 4q,

1 if n ” ´1 pmod 4q,

ωpnq ”
n2 ´ 1

8
pmod 2q “

#

0 if n ” ˘1 pmod 8q,

1 if n ” ˘5 pmod 8q.

Theorem 1.5 (Gauss’s Quadratic Reciprocity Law). Let l, p be distinct odd primes dif-
ferent from 2.

ˆ

l

p

˙

“ p´1qεppqεplq

ˆ

l

p

˙

.

1.1 The Ring Zp and the Field Qp

Let An “ Z{pnZ, and ϕn : An Ñ An´1 be the natural projection.
The ring of p-adic integers Zp “ lim

ÐÝ
pAn, ϕnq and we let εn : Zp Ñ An be the natural

projection.
The field of p-adic numbers Qp is the field of fractions of Zp.

Proposition 1.6. Let U denotes the group of invertible elements in Zp. Then every
nonzero element of Zp can be written uniquely as pnu with n ě 0 and u P U .

2



1.2 p-adic Equations 1 PRELIMINARIES

1.2 p-adic Equations
Lemma 1.7. Let ¨ ¨ ¨ Ñ Dn Ñ Dn´1 Ñ ¨ ¨ ¨ Ñ D1 be a projective system. If Dn are
nonempty finite sets, then D “ lim

ÐÝ
Dn is nonempty.

Proof.

If f P ZprX1, ¨ ¨ ¨ , Xms is a polynomial with p-adic integer coefficients, we denote by
fn the image of f in AnrX1, ¨ ¨ ¨ , Xms.
Proposition 1.8. Let f piq P ZprX1, ¨ ¨ ¨ , Xms be polynomials with p-adic integer coeffi-
cients. The following are equivalent:

1. The f piq have a common zero in pZpqm.

2. For every n ą 1, the f
piq
n have a common zero in pAnqm.

Proof. Let DpDnq be the set of common zeros of the f piq (f piq
n ) in pZpqm (pAnqm). Dn are

finite and D “ lim
ÐÝ

Dn. By Lemma 1.7, D ‰ H ðñ Dn ‰ H for all n.
Definition 1.9. A point x “ px1, ¨ ¨ ¨ , xmq P pZpqm is primitive if one of the xi is a
invertible, i.e. if xi are not all divisible by p.
Proposition 1.10. Let f piq P ZprX1, ¨ ¨ ¨ , Xms be homogeneous polynomials with p-adic
integer coefficients. The following are equivalent:

1. The f piq have a nontrivial common zero in pQpqm.

2. The f piq have a common primitive zero in pZpqm.

3. For every n ą 1, the f
piq
n have a common primitive zero in pAnqm.

Theorem 1.11. Let f P ZprX1, ¨ ¨ ¨ , Xms, x “ pxiq P pZpq
m , n, k, j P Z and 0 ď j ď m.

Suppose that 0 ă 2k ă n and that

fpxq ” 0 pmod pnq, vp

ˆ

Bf

BXi

pxq

˙

“ k.

Then there exists a zero y of f in pZpq
m such that y ” x pmod pn´kq.

Corollary 1.12. Suppose p ‰ 2. Let fpXq “
ř

aijXiXj with aij “ aji be a quadratic
form with coefficient in Zp with detpaijq invertible. Let a P Zp. Every primitive solution
of the equation fpxq ” a pmod pq lifts to a true solution.

1.3 Q˚
p

Let U “ Z˚
p be the group of p-adic units and Un “ 1 ` pnZp, which is the kernel of

εn : U Ñ pZ{pnZq˚. Then U{U1 – F˚
p . Un form a decreasing sequence of open subgroups

of U and U “ lim
ÐÝ

U{Un.
Theorem 1.13. Suppose p ‰ 2 and let x “ pnu be an element of Q˚

p, with u P U and
n P Z. Then x is a square ðñ n is even and the image u of u in F˚

p “ U{U1 is a square.
Corollary 1.14. If p ‰ 2, Q˚

p{Q˚2
p is a group of type p2, 2q. It has for representatives

t1, p, u, upu where u P U is such that
´

u
p

¯

“ ´1.

Theorem 1.15. x “ pnu P Q˚
2 to be a square ðñ n is even and u ” 1 pmod 8q.
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2 LOCAL PROPERTIES

2 Local Properties
2.1 Definition and First Properties

k denotes either R or Qp for some prime p.

Definition 2.1. For a, b P k˚, the Hilbert symbol pa, bq is defined as

pa, bq “

#

1 if z2 “ ax2 ` by2 has a nontrivial solution in k3,

´1 otherwise.

pa, bq does not change when a and b are multiplied by squares, so it defines a map
k˚{k˚2 ˆ k˚{k˚2 Ñ t˘1u.

Proposition 2.2. Let kb “ kp
?
bq. Then pa, bq “ 1 ðñ a P Nk˚

b , the group of norms of
elements of k˚

b .

Proof. If b “ c2, then pz, x, yq “ pc, 0, 1q is a solution. And the proposition holds since
kb “ k.

Otherwise, β denotes a square root of b, then every element ξ P kb can be written
m ` βn with m,n P k and the norm Npξq “ m2 ´ bn2.

If a “ z2 ´ by2 P Nk˚
b , then pz, x, yq “ pz, 1, yq is a solution. Coversely, if pa, bq “ 1,

then x ‰ 0 since b is not a square. Then a “
`

z
x

˘2
´ b

`

y
x

˘2
“ N

`

z
x

` β y
x

˘

.

Proposition 2.3. The Hilbert symbol satisfies:

1. pa, bq “ pb, aq and pa, c2q “ 1;

2. pa,´aq “ 1 and pa, 1 ´ aq “ 1;

3. pa, bq “ 1 ùñ paa1, bq “ pa1, bq. Actually, we will show paa1, bq “ pa, bqpa1, bq later.

4. pa, bq “ pa,´abq “ pa, p1 ´ aqbq.

(Suppose a ‰ 1 when the formula contains 1 ´ a.)

Proof. For (3), pa, bq “ 1 ùñ a P Nk˚
b ùñ pa1 P Nk˚

b ðñ aa1 P Nk˚
b q.

For (4), pa,´aq “ 1 ùñ pa, bq “ pa,´abq. pa, 1´ aq “ 1 ùñ pa, bq “ pa, p1´ aqbq.

2.2 Computation of pa, bq

Lemma 2.4. Let v P U be a p-adic unit. If z2 ´ px2 ´ vy2 “ 0 has a nontrivial solution
in Qp, it has a solution such that z, y P U and x P Zp.

Proof. By Proposition 1.10, there exists a primitive solution pz, x, yq in Zp. If it did not
have the desired property, then y ” 0 pmod pq or z ” 0 pmod pq. Since z2 ´ vy2 ” 0
pmod pq and v ‰ 0 pmod pq, we have z ” y ” 0 pmod pq, hence px2 ” 0 pmod p2q ùñ

x ” 0 pmod pq, contradicting the primitivity of the solution.

Theorem 2.5. If k “ R, then pa, bq “ 1 ðñ a or b ą 0, and pa, bq “ ´1 otherwise.
If k “ Qp and a “ pαu, b “ pβv with u, v P U , the group of p-adic units, then

pa, bq “ p´1qαβεppq

ˆ

u

p

˙β ˆ

v

p

˙α

, if p ‰ 2

pa, bq “ p´1qεpuqεpvq`αωpvq`βωpuq, if p “ 2
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2.2 Computation of pa, bq 2 LOCAL PROPERTIES

Proof. k “ R is easy. Suppose now that k “ Qp.
Suppose p ‰ 2. There are only three cases of α, β to consider:

• α “ β “ 0. It suffices to show that pu, vq “ 1. By Corollary 1.3, z2 ´ux2 ´ vy2 “ 0
has a nontrivial solution modulo p. Since the discriminant is a p-adic unit, by
Corollary 1.12, the above solution lifts to a p-adic solution. Hence pu, vq “ 1.

• α “ 1, β “ 0. It suffices to show that ppu, vq “ pp, vq “

´

v
p

¯

. By Theorem 1.13, if

v is a square, pp, vq “

´

v
p

¯

“ 1. Otherwise,
´

v
p

¯

“ ´1.

• α “ β “ 1. It suffices to show that ppu, pvq “ ppu,´p2uvq “ ppu,´uvq “

´

´uv
p

¯

“

p´1q
p´1
2

´

u
p

¯ ´

v
p

¯

ðñ

´

´1
p

¯

“ p´1q
p´1
2 .

p “ 2 similarly.

• α “ β “ 0. It suffices to show that pu, vq “ 1 if u or v is congruent to 1 pmod 4q

and pu, vq “ ´1 otherwise.
Suppose first that u ” 1 pmod 4q. Then by Theorem 1.15, if u ” 1 pmod 8q, u is a
square and pu, vq “ 1. Otherwise, u ` 4v ” 1 pmod 8q and then there exists w P U
such that w2 “ u ` 4v. Hence pu, vq “ 1.
Now suppose u ” v ” ´1 pmod 4q. If pz, x, yq is a primitive solution of z2 ´ ux2 ´

vy2 “ 0, then z2 ` x2 ` y2 ” 0 pmod 4q ùñ x ” y ” z ” 0 pmod 2q, which
contradicts the primitivity of the solution. Hence pu, vq “ ´1.

• α “ 1, β “ 0. It suffices to show that p2u, vq “ p´1qεpuqεpvq`ωpvq. First we show that
p2, vq “ p´1qωpvq, i.e. p2, vq “ 1 ðñ v ” ˘1 pmod 8q. By Lemma 2.4, if p2, vq “ 1
there exists x, y, z P Z2 such that z2 ´ 2x2 ´ vy2 “ 0 and y, z ı 0 pmod 2q. Then
y2 ” z2 ” 1 pmod 8q ùñ 1 ´ 2x2 ´ v ” 0 pmod 8q. Since the only square modulo
8 are 0, 1, 4, we have v ” ˘1 pmod 8q.
Conversely, if v ” 1 pmod 8q, v is a square and p2, vq “ 1. If v ” ´1 pmod 8q,
z2 ´ 2x2 ´ vy2 “ 0 has pz, x, yq “ p1, 1, 1q for a solution modulo 8 and by Corollary
1.12, it lifts to a true solution. Hence p2, vq “ 1.
Now we show that p2u, vq “ p2, vqpu, vq. It’s true if p2, vq “ 1 or pu, vq “ 1. Hence
suppose that p2, vq “ pu, vq “ ´1, i.e. v ” 3 pmod 8q and u ” 3 or ´1 pmod 8q.
Since v

3
and u

3
or ´u are squares, we suppose that u “ ´1, v “ 3 or u “ 3, v “ ´5.

Now z2 ` 2x2 ´ 3y2 “ 0 and z2 ´ 6x2 ` 5y2 “ 0 have solution p1, 1, 1q, hence
p2, vq “ 1.

• α “ β “ 1. It suffices to show that p2u, 2vq “ p2u,´4uvq “ p2u,´uvq “

p´1qεpuqεp´uvq`ωp´uvq “ p´1qεpuqεpvq`ωpuq`ωpvq. Since εp´1q “ 1, ωp´1q “ 0 and εpuqp1
`εpuqq “ 0, this is true.

Theorem 2.6. The Hilbert symbol is a nondegenerate bilinear form on the F2-vector
space k˚{k˚2.
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2.2 Computation of pa, bq 2 LOCAL PROPERTIES

Proof. If k “ R, k˚{k˚2 is a vector space of dimension 1 (over F2) having t˘1u for
representatives.

If k “ Qp, p ‰ 2, for any a P k˚{k˚2, a ‰ 1, we find b such that pa, bq “ ´1. By
Corollary 1.14, we can take a “ p, u or up with u P U such that

´

u
p

¯

“ ´1, then we
choose b “ u, p and up respectively.

If k “ Q2, check on the representatives tu, 2uu with u “ ˘1,˘5. Indeed we have
p5, 2uq “ p´1,´1q “ p´1,´5q “ ´1.

Remark: Write pa, bq “ p´1qra,bs with ra, bs P Z{2Z. Then ra, bs is a symmetric
bilinear form on the k˚{k˚2. Theorem 2.5 gives its matrix:

• For k “ R, it is the matrix p1q.

• For k “ Qp, p ‰ 2, with basis p, u where
´

u
p

¯

“ ´1, it is the matrix
ˆ

0 1
1 0

˙

if

p ” 1 pmod 4q and
ˆ

1 1
1 0

˙

if p ” ´1 pmod 4q.

• For k “ Q2, with basis t2,´1, 5u, it is the matrix

¨

˝

0 0 1
0 1 0
1 0 0

˛

‚.

Corollary 2.7. If b is not a square, Nk˚
b is a subgroup of index 2 in k˚.

Proof. By Proposition 2.2, ϕb : k˚ Ñ t˘1u defined by ϕbpaq “ pa, bq has kernel Nk˚
b .

Since pa, bq is nondegenerate, ϕb is surjective. Hence ϕb defines an isomorphism k˚{Nk˚
b –

t˘1u.

Remark: By local class field theory, let L be a finite Galois extension of k and whose
Galois group G is commutative. Then k˚{Nk˚L – G and NL˚ determines L.
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3 GLOBAL PROPERTIES

3 Global Properties
pa, bqp denotes the Hilbert symbol of their images in Qp. Define V to be the set of

prime numbers together with 8.

3.1 Product Formula
Theorem 3.1 (Hilbert). If a, b P Q˚, we have pa, bqv “ 1 for almost all v P V and

ź

vPV

pa, bqv “ 1.

Proof. Since the Hilbert symbols are bilinear, it suffices to prove the theorem when a or
b are equal to ´1 or to a prime number. We use Theorem 2.5 to compute.

• a “ b “ ´1. p´1,´1q8 “ p´1,´1q2 “ ´1 and p´1,´1qp “ 1 if p ‰ 2.

• a “ ´1, b “ l. If l “ 2, p´1, 2qv “ 1 for all v P V . If l ‰ 2, p´1, lqv “ 1 if v ‰ 2, l
and p´1, lq2 “ p´1, lql “ p´1qεplq.

• a “ l, b “ l1. If l “ l1. pl, lqv “ p´1, lqv.
If l ‰ l1 “ 2, pl, 2qv “ 1 if v ‰ 2, l and pl, 2q2 “ p´1qωplq, pl, 2ql “

`

2
l

˘

“ p´1qωplq.
Otherwise, pl, l1qv “ 1 if v ‰ 2, l, l1 and

pl, l1q2 “ p´1qεplqεpl1q, pl, l1ql “

ˆ

l1

l

˙

, pl, l1ql1 “

ˆ

l

l1

˙

.

By Gauss quadratic reciprocity law,
`

l1

l

˘ `

l
l1

˘

“ p´1qεplqεpl1q.

3.2 Existence with Given Hilbert Symbols
Lemma 3.2 (Chinese Remainder Theorem). Let a1, ¨ ¨ ¨ , an,m1, ¨ ¨ ¨ ,mn be integers with
mi being pairwise relatively prime. There exists an integer a such that a ” ai pmod miq

for all i. Moreover, if a1 is another integer with the same property, then a1 ” a
mod m1m2 ¨ ¨ ¨mn.
Lemma 3.3 (Approximation Theorem). Let S be a finite subset of V . The image of Q
in

ś

vPS Qv is dense.
Proof. Suppose that S “ t8, p1, ¨ ¨ ¨ , pnu and let px8, x1, ¨ ¨ ¨ , xnq be a point of

ś

vPS Qv.
After multiplying by some integer, we may suppose xi P Zpi for 1 ď i ď n.

For all integers N ą 0, by the Chinese remainder theorem applied to mi “ pNi , there
exists x0 P Z such that vpipx0 ´ xiq ě N for all i.

Choose an integer q ě 2 which is prime to all the pi. The rational numbers of the
form a

qm
, a P Z,m ě 0 are dense in R. For every ε ą 0, choose u “ a

qm
with

|x0 ´ x8 ` upN1 ¨ ¨ ¨ pNn | ď ε.

Then x “ x0 ` upN1 ¨ ¨ ¨ pNn has the property

|x ´ x8| ď ε, vpipx ´ xiq ě N.
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3.2 Existence with Given Hilbert Symbols 3 GLOBAL PROPERTIES

Lemma 3.4 (Dirichlet Theorem). If a and m are relatively prime positive integers, there
are infinitely many primes p such that p ” a pmod mq.

Theorem 3.5. Let paiqiPI be a finite family of elements in Q˚, and let pεi,vqiPI,vPV be a
family of numbers in t˘1u. Then there exists x P Q˚ such that pai, xqv “ εi,v for all i P I
and v P V ðñ the following conditions are satisfied:

1. Almost all εi,v are equal to 1;

2. For all i P I,
ś

vPV εi,v “ 1;

3. For all v P V , there exists xv P Q˚
v such that pai, xvqv “ εi,v for all i P I.

Proof. The necessity is trivial. Let pεi,vq satisfy the three conditions. After multiplying
ai by the square of some integer, we can suppose that all the ai are integers. Let S “

t8, 2u Y t prime factors of aiu Ď V and T “ tv P V |Di P I, εi,v “ ´1u.
First suppose that S X T “ ∅. Let

a “
ź

lPT

l, m “ 8
ź

lPS,l‰2,8

l.

Since SXT “ ∅, a and m are relatively prime. By Dirichlet theorem, there exists a prime
p R S Y T such that p ” a pmod mq. We show that x “ ap has the desired property.

If v P S, εi,v “ 1, and it suffices to show that pai, xqv “ 1. x ą 0 ùñ pai, xq8 “ 1.
If v “ l a prime number, x ” a2 pmod mq ùñ x ” a2 pmod 8q and x ” a2 pmod lq for
l ‰ 2. Since a and x are l-adic units, x is a square in Q˚

l , hence pai, xql “ 1.
If v “ l R S, ai is an l-adic unit, and since l ‰ 2,

pai, bql “

´ai
l

¯vlpbq

for all b P Q˚
l .

If l R T Y tpu, x is an l-adic unit and vlpxq “ 0 ùñ pai, xql “ 1 “ εi,l. If l P T , vlpxq “ 1.
(3) shows that there exists xl P Q˚

l such that pai, xlql “ εi,l. Since one of εi,l “ ´1,
vlpxlq ” 1 pmod 2q, hence

pai, xql “

´ai
l

¯

“ pai, xlql “ εi,l.

If l “ p,
pai, xqp “

ź

v‰p

pai, xqv “
ź

v‰p

εi,v “ εi,p.

The squares of Q˚
v form an open subgroup of Q˚

v . By Approximation Theorem, there
exists x1 P Q˚ such that x1{xv is a square in Q˚

v for v P S. In particular pai, x
1qv “

pai, xvqv “ εi,v for v P S. Let ηi,v “ εi,vpai, x
1qv, then pηi,vq satisfies (1), (2), (3) and

moreover ηi,v “ 1 for v P S. By the first part of the proof, there exists y P Q˚ such that
pai, yqv “ ηi,v and we take x “ x1y.
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4 QUATERNION ALGEBRAS

4 Quaternion Algebras
One simple presentation of H is

H “ Rxi, jy{pi2 ` 1, j2 ` 1, ij ` jiq.

Definition 4.1. For any field k and a, b P k˚, the quaternion algebra is

Dk,a,b “ kxi, jy{pi2 ´ a, j2 ´ b, ij ` jiq.

Lemma 4.2. If a “ c2 P k˚ is a square, then for any b P k˚, Dk,a,b – M2pkq.

Proof. φ : Dk,a,b Ñ M2pkq defined by

φpiq “

ˆ

c 0
0 ´c

˙

, φpjq “

ˆ

0 b
1 0

˙

is an isomorphism.

Proposition 4.3. Dk,a,b for b P k˚ is isomorphic to M2pkq ðñ b is a norm of from
kp

?
aq, i.e.

b “ Nppx `
?
ayqq “ x2 ´ ay2, for some x, y P k.

Proof. It suffices to show when a is not a square. If b “ x2 ´ay2, then φ : Dk,a,b Ñ M2pkq

defined by
φpiq “

ˆ

0 a
1 0

˙

, φpjq “

ˆ

x ay
´y ´x

˙

,

gives an isomorphism.
Conversely, assume that there is an isomorphism φ : Dk,a,b Ñ M2pkq. Since φpiq2 “ a,

there exists g P GL2pkq such that

gφpiqg´1 “

ˆ

0 a
1 0

˙

.

Consider a new k-algebra isomorphism φ1 : Dk,a,b Ñ M2pkq defined by φ1pqq “ gφpqqg´1.
We put

φ1pjq “

ˆ

x y
z w

˙

ùñ y “ ´az, x “ ´w, b “ w2 ´ az2 P Nkp
?
aq.

Hence we have a equivalent definition of the Hilbert symbol

Definition 4.4. For a, b P k˚, the Hilbert symbol pa, bq is defined as

pa, bq “

#

1 Dk,a,b – M2pkq,

´1 otherwise.

Proposition 4.5. All quaternion algebras Dk,a,b with pa, bq “ ´1 are division rings and
are isomorphic to each other. So the isomorphism classes of quaternion algebras over k
is uniquely determined by the Hilbert symbol.
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