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1 DYNAMICAL PICTURE OF QUANTUM MECHANICS

1 Dynamical Picture of Quantum Mechanics
1.1 Wave-Particle Duality

There are three experiments that shows the wave-particle duality:

• Double-slit experiment with electrons

• Photoelectric effect

• Planck’s law of blackbody radiation

Example 1.1. Planck’s law of blackbody radiation is given by

I pν, T q “
2hν3

c3
1

e
hν

kBT ´ 1
(1.1)

We can rewrite it as
I pλ, T q “

2hc2

λ5
1

e
hc

λkBT ´ 1

Proof. Notice that
|f2pλqdλ| “ |f1pνqdν|

and ν “ c
λ
, we have dν “ ´ c

λ2
dλ. Hence, we have

I pλ, T q “ I pν, T q

ˇ

ˇ

ˇ

ˇ

dν

dλ

ˇ

ˇ

ˇ

ˇ

“
2hν3

c3
1

e
hν

kBT ´ 1

c

λ2
“

2hc2

λ5
1

e
hc

λkBT ´ 1

The corresponding relations are:

E “ hν “ h
ω

2π
” ℏω (1.2)

p “
h

λ
“ ℏk (1.3)

1.2 Quantum Mechanical Description of Motion
The first postulate of quantum mechanics states that the state of a quantum mechan-

ical system is completely specified by a wave function ψpx, tq in Hilbert space.

Proposition 1.2 (Born). The probability density of finding a particle at position x and
time t is given by

ρpr , tq “ |ψpr , tq|2 (1.4)
Hence, we have

ż `8

´8

|ψpr , tq|2d3r “ 1 (1.5)
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1 DYNAMICAL PICTURE OF QUANTUM MECHANICS

We give the double-slit experiment as an example to illustrate the probability wave
function. Assume the original wave function is ψpxq “ Rprqeiϕprq, then the wave function
after passing through the double-slit is ψpxq “ ψ1pxq`ψ2pxq “ R1prqeiϕ1prq`R2prqeiϕ2prq.
Then the brightness on the screen is proportional to the probability density:

Iprq9|ψpxq|2 “ R2
1prq ` R2

2prq ` 2R1prqR2prq cospϕ1prq ´ ϕ2prqq

The last term is the interference term.

Proposition 1.3. Assume that ψprq is normalized, then we have

r “

ż `8

´8

r |ψprq|2d3r (1.6)

p∆rq2 “

ż `8

´8

pr ´ rq2|ψprq|2d3r (1.7)

The second postulate of quantum mechanics states that the time evolution of the
wave function is governed by the Schrödinger equation:

iℏ
B

Bt
ψpr , tq “ Ĥψpr , tq (1.8)

Example 1.4. Verify that the plane wave function ψpx, tq “ Aeipk¨x´ωtq satisfies the
Schrödinger equation.

Proof. By the wave-particle duality, we have ψpx, tq “ Aeip
p
ℏ ¨x´E

ℏ tq. Then we have

iℏ
B

Bt
ψpx, tq “ Eψpx, tq “ Ĥψpx, tq (1.9)

Proposition 1.5. Every wave function can be expressed as a superposition of plane
waves:

ψprq “
1

p2πq3{2

ż `8

´8

ϕpkqeipk ¨rqd3k (1.10)

where ϕpkq is the Fourier transform of ψprq:

ϕpkq “
1

p2πq3{2

ż `8

´8

ψprqe´ipk ¨rqd3r (1.11)

Proposition 1.6. The Fourier transformation between r and p is given by

φppq “
1

ℏ 3
2

ϕpkq “
1

p2πℏq3{2

ż `8

´8

ψprqe´ip p
ℏ ¨rqd3r

ψprq “
1

p2πℏq3{2

ż `8

´8

φppqeip
p
ℏ ¨rqd3p
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1 DYNAMICAL PICTURE OF QUANTUM MECHANICS

Definition 1.7. A set of functions tϕnpxqu is called a set of basis functions in a
Hilbert space H if any function ψpxq P H can be expressed as a linear combination of
these functions. If the basis functions are orthonormal, they satisfy

ż

ϕ˚
npxqϕmpxq dx “ δnm (1.12)

Another fewer used definition of orthonormality is
ż

ϕ˚
αpxqϕβpxq dx “ δpα ´ βq (1.13)

For example, the set of the plane waves teikxu, δ functions tδpx ´ aqu, and spherical
harmonics tYlmpθ, ϕqu are all basis functions in their respective Hilbert spaces.
Definition 1.8. If the superposition is expressed as an integral, the basis functions are
called a continuous basis. If the superposition is expressed as a sum, the basis functions
are called a discrete basis.
Definition 1.9. The inner product of two functions fprq and gprq in a Hilbert space
H is defined as

pfprq, gprqq “

ż

f˚prqgprqd3r (1.14)

We have some orthonormal basis functions, like the plane waves, the spherical harmon-
ics, δ functions, Legendre polynomials Plpxq “ 1

2ll!
dl

dxl
px2´1ql and Chebyshev polynomials

Tnpxq “ cospn arccos xq. When we normalize the wave functions, there always exists an
uncertainty of constant phase factor.

1.3 Mechanical Quantities
Definition 1.10. Repeat a mechanical quantity A for N times and the average value is
Ā. The results of measurement of A are A1, A2, ¨ ¨ ¨ , AN . The statistical fluctuation
of A is defined as

p∆Aq
2

“
1

N

N
ÿ

i“1

pAi ´ Āq2 (1.15)

Definition 1.11. Given a wave function ψprq, Â is called an operator of mechanical
quantity A if the expectation value of A is given by

A “

ż

ψ˚prqÂψprqd3r “

´

ψ, Âψ
¯

(1.16)

Example 1.12. The operators of momentum p is given by

p̂ “
ℏ
i
∇. (1.17)

The operator of kinetic energy T is given by

T̂ “
p̂2

2m
“ ´

ℏ2

2m
∇2. (1.18)

The operator of angular momentum l is given by

l̂ “ r̂ ˆ p̂ “

ˇ

ˇ

ˇ

ˇ

ˇ

ˇ

ex ey ez
x y z
p̂x p̂y p̂z

ˇ

ˇ

ˇ

ˇ

ˇ

ˇ

“ ex pyp̂z ´ zp̂yq ` ey pzp̂x ´ xp̂zq ` ez pxp̂y ´ yp̂xq (1.19)
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1 DYNAMICAL PICTURE OF QUANTUM MECHANICS

Proof.

p “

ż `8

´8

φ˚ppqpφppqdp “

ż `8

´8

ˆ
ż 8

´8

ψpxq
1

?
2πℏ

e´i pxℏ dx

˙˚

pφppqdp

“

ż `8

´8

ψ˚pxq

ˆ

1
?
2πℏ

ż `8

´8

φppq

ˆ

ℏ
i

d

dx
ei

px
ℏ

˙

dp

˙

dx

“

ż `8

´8

ψ˚pxq
ℏ
i

d

dx

ˆ
ż `8

´8

φppq
1

?
2πℏ

ei
px
ℏ dp

˙

dx “

ż `8

´8

ψ˚pxq
ℏ
i

d

dx
ψpxqdx

Definition 1.13. α is called an eigenvalue of operator Â if there exists a non-zero
function ψprq such that

Âψprq “ αψprq (1.20)
In this case, ψprq is called an eigenfunction of Â corresponding to eigenvalue α.

Any non-eigenfunction can be expressed as a superposition of eigenfunctions.

Example 1.14. The eigenfunctions of the momentum operator are the plane waves and
the eigenfunctions of the position operator are the δ functions.

Proof. For the momentum operator, we have
ℏ
i

d

dx
ψpxq “ pψpxq

The solution is ψpxq “ Aei
p
ℏx, which is a plane wave. For the position operator, we have

x̂ψpxq “ xψpxq “ x0ψpxq

The solution is ψpxq “ δpx ´ x0q.

The measurement of a mechanical quantity A under an eigenfunction is unique and
equals to the corresponding eigenvalue.

The third postulate of quantum mechanics states that the only possible result of the
measurement of a mechanical quantity A is one of the eigenvalues of the corresponding
operator Â.

Proposition 1.15 (Heisenberg’s Uncertainty Principle). For the standard deviations of
position and momentum, we have

∆x∆p ě
ℏ
2

(1.21)

1.4 Schrödinger Equation
If the Hamiltonian Ĥ does not depend on time, we can solve the Schrödinger equation

by separation of variables. Assume Ψpr , tq “ ψprqfptq, then we have

iℏ
1

fptq

dfptq

dt
“

1

ψprq
Ĥψprq “ E.

Then we have
fptq “ fp0qe´ i

ℏEt,

Ψpr , tq “ ψprqe´ i
ℏEt.
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1 DYNAMICAL PICTURE OF QUANTUM MECHANICS

Definition 1.16. The probability density ρpr , tq is defined as

ρpr , tq “ |Ψpr , tq|2.

The probability current density j pr , tq is defined as

j pr , tq “
ℏ

2mi
pΨ˚∇Ψ ´ Ψ∇Ψ˚q .

Proposition 1.17. The law of conservation of probability states that

d

dt

ż `8

´8

|Ψpr , tq|
2 dr “ 0. (1.22)

Proof.

d

dt

ż `8

´8

|Ψpr , tq|
2 dr “

ż `8

´8

ˆ

Ψ˚ BΨ

Bt
`

BΨ˚

Bt
Ψ

˙

dr

“
1

iℏ

ż `8

´8

ˆ

Ψ˚

ˆ

´
ℏ2

2m
∇2 ` V prq

˙

Ψ ´ Ψ

ˆ

´
ℏ2

2m
∇2 ` V prq

˙

Ψ˚

˙

dr

“
iℏ
2m

ż `8

´8

∇ ¨ pΨ˚∇Ψ ´ Ψ∇Ψ˚q dr “
iℏ
2m

¿

SÑ8

pΨ˚∇Ψ ´ Ψ∇Ψ˚q ¨ dS “ 0

The last step is because
ş

|Ψ|2dr is finite, so Ψ Ñ r´ 3
2

`s, s ą 0 as r Ñ 8.

Proposition 1.18. In the proof of Proposition 1.17, we notice that

Bρpr , tq

Bt
` ∇ ¨ j pr , tq “ 0 (1.23)

which is called the continuity equation.
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2 PARTICLE IN ONE-DIMENSIONAL POTENTIAL FIELD

2 Particle in One-Dimensional Potential Field
2.1 Basic Properties of Particle Energy States
Definition 2.1. ψ1, ψ2 are degenerate eigenstates, or degenerate states of operator
Ô if they correspond to the same eigenvalue o.

Proposition 2.2. If ψ1, ψ2 are two degenerate eigenstates of operator Ô, then any linear
combination of them is also an eigenstate of Ô corresponding to the same eigenvalue o.

Definition 2.3. Spatial Reflection Operator P̂ is defined as P̂ fprq “ fp´rq.

Definition 2.4. fprq has even parity if fp´rq “ fprq, and has odd parity if fp´rq “

´fprq.

Theorem 2.5. If ψpxq is an eigenstate of Ĥ, then ψ˚p´xq is also an eigenstate of Ĥ
corresponding to the same eigenvalue. Hence, we can always choose the eigenstates of Ĥ
to be real functions.

Theorem 2.6. If the potential V pxq satisfies V p´xq “ V pxq, then for every eigenstates
ψpxq of Ĥ, ψp´xq is also an eigenstate of Ĥ corresponding to the same eigenvalue. Hence,
we can always choose the eigenstates of Ĥ to have definite parity.

Theorem 2.7. If the potential V pxq is finite for any x P p´8,`8q, then ψ1pxq is
continuous whether V pxq is continuous or not.

Proof. By the Schrödinger equation, we have

d2ψpxq

dx2
“

2m

ℏ2
pV pxq ´ Eqψpxq ô ψ1px ` dxq ´ ψ1pxq “

2m

ℏ2
pV pxq ´ Eqψpxqdx „ 0.

Theorem 2.8. If eigenstates ψ1pxq, ψ2pxq are degenerate eigenstates, then we have

ψ1ψ
1
2 ´ ψ2ψ

1
1 “ Constant (2.1)

Proof. By ψ2 “ 2m
ℏ2 pV ´ Eqψ, we have ψ2

1ψ2 ´ ψ2
2ψ1 “ 0 ñ d

dx
pψ1

1ψ2 ´ ψ1
2ψ1q “ 0.

Definition 2.9. A bound state is the state of a particle, which is confined to a finite
region of space by the potential V pxq, i.e. whose wave function tends to zero as x Ñ ˘8.
The opposite of bound state is scattering state.

For bound states, we have ψ1ψ
1
2 ´ ψ2ψ

1
1 “ 0.

Theorem 2.10. The eigenvalues of bound states are non-degenerate in the one dimen-
sional typical case.

Proof. If ψ1, ψ2 are two degenerate eigenstates of bound states, then we have ψ1ψ
1
2 ´

ψ2ψ
1
1 “ 0. Hence, ψ1

1

ψ1
“

ψ1
2

ψ2
ñ ln |ψ1| “ ln |ψ2| ` C ñ ψ1 “ eCψ2.

However, if there exists a singular point in the potential, the eigenvalues can be
degenerate.
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2 PARTICLE IN ONE-DIMENSIONAL POTENTIAL FIELD

2.2 Solutions to Bound States in Square Potential Wells
The one-dimensional infinite potential well is defined as

V pxq “

#

0, 0 ă x ă a

8, x ď 0 or x ě a

For x ď 0 or x ě a, we have ψpxq “ 0. For 0 ă x ă a, we have

´
ℏ2

2m

d2ψpxq

dx2
“ Eψpxq ñ ψpxq “ Ceikx ` De´ikx, k “

?
2mE

ℏ
.

By the boundary condition ψp0q “ ψpaq “ 0, we have C`D “ 0 and C
`

eika ´ e´ika
˘

“ 0.
Hence, we have eika “ e´ika ñ k “ nπ

a
, n “ 1, 2, 3, ¨ ¨ ¨ . The solutions are

En “
n2π2ℏ2

2ma2
, ψnpxq “

c

2

a
sin

´nπ

a
x

¯

, n “ 1, 2, 3, ¨ ¨ ¨ . (2.2)

x “ 0 and x “ a are fixed, so this is a standing wave and the wave function has more
nodes as n increases.

The finite symmetric potential well is defined as

V pxq “

#

0, |x| ă a
2

V0, |x| ě a
2

By Theorem 2.6, it suffices to consider the even and odd parity solutions separately. We
only consider the bound states with 0 ă E ă V0. For |x| ě a

2
, we have

´
ℏ2

2m

d2ψpxq

dx2
` V0ψpxq “ Eψpxq ñ ψpxq “ Aeβx ` Be´βx, β “

a

2mpV0 ´ Eq

ℏ
.

Since ψpxq must be finite as x Ñ ˘8, we have

ψpxq “

$

’

&

’

%

Ceβx, x ď ´a
2

Aeikx ` Be´ikx, |x| ă a
2

De´βx, x ě a
2

,

˜

k “

?
2mE

ℏ
, β “

a

2mpV0 ´ Eq

ℏ

¸

.

For even parity, we have A “ B and C “ D. By the continuity of ψpxq and ψ1pxq at
x “ a

2
, we have A

´

ei
ka
2 ` e´i ka

2

¯

“ De´β a
2 , ikA

´

ei
ka
2 ´ e´i ka

2

¯

“ ´βDe´β a
2 . Hence, we

have β “ k tan
`

ka
2

˘

and β2`k2 “ 2mV0
ℏ2 . Let ξ “ ka

2
, η “

βa
2

. Then we have ξ2`η2 “ mV0a2

ℏ2
and η “ ξ tan ξ.

For odd parity, we have A “ ´B and C “ ´D. By the continuity of ψpxq and ψ1pxq

at x “ a
2
, we have A

´

ei
ka
2 ´ e´i ka

2

¯

“ De´β a
2 , ikA

´

ei
ka
2 ` e´i ka

2

¯

“ ´βDe´β a
2 . Hence, we

have cot
`

ka
2

˘

“ ´
β
k
. Similarly, we have η “ ´ξ cot ξ and ξ2 ` η2 “ mV0a2

ℏ2 .
From above, we know that even parity solutions always exist, while odd parity solu-

tions exist only when
b

mV0a2

ℏ2 ą π
2
. When V0 Ñ 8, the solutions converge to those of

the infinite potential well.
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2 PARTICLE IN ONE-DIMENSIONAL POTENTIAL FIELD

2.3 Scattering State Problem
Consider a particle incident from the left on a finite potential barrier:

V pxq “

#

V0 0 ď x ď a

0, x ă 0 or x ą a

Assume the energy of the particle 0 ă E ă V0, then we try to solve the reflection and
transmission coefficients. It’s easy to determine the general solutions:

ψpxq “

$

’

&

’

%

Ceikx ` De´ikx, x ă 0

Aeβx ` Be´βx, 0 ď x ď a

Eeikx, x ą a

,

˜

k “

?
2mE

ℏ
, β “

a

2mpV0 ´ Eq

ℏ

¸

.

Let ji, jr, jt be the incident, reflected and transmitted probability current densities
respectively, then we hope ji “ jr ` jt. Compared with the general solution, we have
ji Ø Ceikx, jr Ø De´ikx, jt Ø Eeikx.
Definition 2.11. The reflection coefficient R and the transmission coefficient T
are defined as

|R|2 “
jr
ji

“
|D|2

|C|2
, |T |2 “

jt
ji

“
|E|2

|C|2
. (2.3)

For convenience, we let C “ 1. By the continuity of ψpxq and ψ1pxq at x “ 0 and
x “ a, we have

S “
2iβk

pk2 ´ β2q sinhpβaq ` 2iβk coshpβaq
e´ika,

R “
pβ2 ` k2q

2
sinhpβaq

pk2 ´ β2q sinhpβaq ` 2iβk coshpβaq
.

And

|S|2 “

¨

˝1 `
1

4E
V0

´

1 ´ E
V0

¯ sinh2pβaq

˛

‚

´1

, |R|2 “
pβ2 ` k2q

2
sinh2pβaq

pk2 ` β2q sinh2pβaq ` 4β2k2
. (2.4)

We can verify that |R|2 ` |S|2 “ 1, which is what we hope.
Proposition 2.12 (Tunneling Effect). Even if a particle with energy smaller than the
potential barrier, there is still a finite probability that the particle will tunnel through the
barrier and appear on the other side.

Consider the weak scattering condition, i.e. E ! V0 and a is very large. Then we
have βa “ a

ℏ

a

2mpV0 ´ Eq " 1 and sinhpβaq « 1
2
eβa. Hence, the transmission coefficient

can be approximated as

|S|2 «
16EpV0 ´ Eq

V 2
0

e´ 2a
ℏ

?
2mpV0´Eq. (2.5)

This shows that the transmission coefficient decreases as a, m and V0 increase.
When E ą V0, the particle is still possible to be reflected. Let β “ iγ, γ “

?
2mpE´V0q

ℏ ,
then we have

|S|2 “

˜

1 `
1

4

ˆ

k

γ
´
γ

k

˙2

sin2pγaq

¸´1

. (2.6)

Definition 2.13. When sinpγaq “ 0, i.e. γa “ nπ, the transmission coefficient |S|2 “ 1.
This phenomenon is called resonant transmission.
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2 PARTICLE IN ONE-DIMENSIONAL POTENTIAL FIELD

2.4 Harmonic Oscillator
The energy of a classical harmonic oscillator is given by E “ T ` 1

2
kx2 with frequency

ω “

b

k
m

. The Hamiltonian of a one-dimensional quantum harmonic oscillator is given
by

Ĥ “ ´
ℏ2

2m

d2

dx2
`

1

2
mω2x2. (2.7)

Now we try to solve the bound states of the quantum harmonic oscillator.
Let

b

ℏ
mω

“ 1
α

and ξ “ αx, then the Schrödinger equation can be written as

d2Ψpξq

dξ2
´ pξ2 ´ λqΨpξq “ 0, λ “

2E

ℏω
.

First consider the asymptotic behavior of Ψpξq as ξ Ñ ˘8. We have d2Ψpξq

dξ2
´ ξ2Ψpξq “ 0,

one of whose solutions is Ψpξq „ Ae´
ξ2

2 . Hence, for general solutions, we suppose Ψpξq “

upξqe´
ξ2

2 . Then we have the Hermite equation

u2pξq ´ 2ξu1pξq ` pλ ´ 1qupξq “ 0.

Let upξq “
ř8

i“0 ciξ
i, then we have

8
ÿ

i“0

pi ` 2qpi ` 1qci`2ξ
i ´

8
ÿ

i“0

2iciξ
i `

8
ÿ

i“0

cipλ ´ 1qξi “ 0 ùñ ci`2 “
2i ` 1 ´ λ

pi ` 1qpi ` 2q
ci.

By c0 “ 0 and c1 “ 0, we have two linearly independent solutions with even parity and
odd parity respectively:

u1pξq “ c0 ` c2ξ
2 ` c4ξ

4 ` ¨ ¨ ¨ , u2pξq “ c1ξ ` c3ξ
3 ` c5ξ

5 ` ¨ ¨ ¨ .

Consider the Taylor series expansion of eξ2 , we have

eξ
2

“

8
ÿ

i“0

ξ2i

i!
.

When ξ Ñ 8, it suffices to consider the case when i is large enough, we have c2i`2 “
1
i`1
c2i „ 1

i
c2i, which is similar to the coefficient of u1pξq. Hence, u1pξq „ eξ

2 as ξ Ñ 8.
Similarly, u2pξq „ ξeξ

2 as ξ Ñ 8. Therefore, Ψ1pξq „ e
ξ2

2 and Ψ2pξq „ ξe
ξ2

2 as ξ Ñ 8,
which is divergent. To make Ψpξq convergent, the series must terminate, i.e. there exists
an integer n such that 2n` 1 ´ λ “ 0. It is called the n-th Hermite polynomial, denoted
by Hnpξq, when the series terminates at i “ n, i.e.

Hnpξq “

#

c1ξ ` c3ξ
3 ` ¨ ¨ ¨ ` cnξ

n, n is odd
c0 ` c2ξ

2 ` ¨ ¨ ¨ ` cnξ
n, n is even

. (2.8)

Therefore, we have

Ψpξq “ e´
ξ2

2 Hnpξq, ψnpxq “ Ψpαxq “

c

α
?
π2nn!

e´α2x2

2 Hnpαxq. (2.9)

By the boundary condition 2n ´ λ ` 1 “ 0 and E “ 1
2
λℏω, we have

En “

ˆ

n `
1

2

˙

ℏω, n “ 0, 1, 2, ¨ ¨ ¨ . (2.10)

11



2 PARTICLE IN ONE-DIMENSIONAL POTENTIAL FIELD

Definition 2.14. The zero point energy of the harmonic oscillator is defined as the
lowest energy E0 “ 1

2
ℏω.

Proposition 2.15 (Casimir Effect). Two uncharged, parallel, perfectly conducting plates
in vacuum will attract each other due to quantum vacuum fluctuations of the electromag-
netic field.

Now we briefly introduce the second quantization. Inspired by

Ĥ “ ℏω
ˆ

c

mω

2ℏ

˙2 ˆˆ

x̂ `
ip̂

mω

˙ ˆ

x̂ ´
ip̂

mω

˙˙

´
1

2
ℏω,

we have the following definition.

Definition 2.16. The annihilation operator â and the creation operator â: are
defined as

â “

c

mω

2ℏ

ˆ

x̂ `
ip̂

mω

˙

, â: “

c

mω

2ℏ

ˆ

x̂ ´
ip̂

mω

˙

. (2.11)

It’s easy to verify that râ, â:s “ 1 and Ĥ “ ℏω
`

â:â ` 1
2

˘

“ ℏω
´

N̂ ` 1
2

¯

, where
N̂ “ â:â. En “

`

n ` 1
2

˘

ℏω is the eigenvalue of Ĥ.

Ĥ|ny “

ˆ

n `
1

2

˙

ℏω|ny, N̂ |ny “ n|ny.

12



3 OPERATORS

3 Operators
3.1 Rules of Operators

The fourth postulate of quantum mechanics states that to every observable A there
corresponds a linear Hermitian operator Â that acts on the wave functions in the Hilbert
space.

Definition 3.1. The Hermitian conjugate operator A: of Â is defined as

Â: “

´

Â˚
¯T

. (3.1)

Definition 3.2. Given F pxq P C8pRq and the expansion F pxq “
ř8

n“0
1
n!

dnF pxq

dxn
|x“0x

n

convergent, we define the function F pÂq as

F pÂq “

8
ÿ

n“0

1

n!

dnF pxq

dxn
|x“0Â

n. (3.2)

Similarly, we can define F pÂ, B̂q for two operators Â, B̂ as

F pÂ, B̂q “

8
ÿ

n,m“0

1

n!m!

Bn

Bxn
BmF px, yq

Bym
|x“0,y“0Â

nB̂m. (3.3)

Definition 3.3. The commutator of two operators Â, B̂ is defined as

rÂ, B̂s “ ÂB̂ ´ B̂Â. (3.4)

For example, we have rx̂, p̂xs “ iℏ, which is called the canonical commutation rela-
tion.

We call Â and B̂ commute if rÂ, B̂s “ 0; otherwise, we call them non-commute.

Proposition 3.4. We have the following properties of commutators:

1. rÂ, B̂s “ ´rB̂, Âs;

2. rÂ, B̂ ` Ĉs “ rÂ, B̂s ` rÂ, Ĉs;

3. rÂ, B̂Ĉs “ rÂ, B̂sĈ ` B̂rÂ, Ĉs;

4. rÂB̂, Ĉs “ ÂrB̂, Ĉs ` rÂ, ĈsB̂;

5. rÂ, rB̂, Ĉss ` rB̂, rĈ, Âss ` rĈ, rÂ, B̂ss “ 0.

3.2 Hermitian Operators
Definition 3.5. Â is called a Hermitian operator if Â: “ Â.

In fact, all observable operators are Hermitian. Recall p̂ in Example 1.12, we have

Theorem 3.6. The mean value of a Hermitian operator is always real.

13



3 OPERATORS

Theorem 3.7. If Â is a Hermitian operator, then ∆Â2 ě 0.

Proof.

∆Â2 “

ż `8

´8

ψ˚pxqpÂ ´ Aq2ψpxqdx “

ż `8

´8

ppÂ ´ Aqψpxqq˚ppÂ ´ Aqψpxqqdx

“

ż `8

´8

|pÂ ´ Aqψpxq|2dx ě 0.

Theorem 3.8. The eigenvalues of a Hermitian operator are always real.

Theorem 3.9. If Â is a Hermitian operator, then Â ´ A is also a Hermitian operator.

Theorem 3.10. The eigenfunctions of a Hermitian operator corresponding to different
eigenvalues are orthogonal.

Proof. Assume ψm, ψn are two eigenfunctions of Â corresponding to different eigenvalues
Am, An, then we have

pAm ´ Anqpψm, ψnq “ pÂψm, ψnq ´ pψm, Âψnq “ 0 ùñ pψm, ψnq “ 0.

In general, the eigenfunctions of a Hermitian operator corresponding to the same
eigenvalue are not necessarily orthogonal. However, we can always use the Gram-Schmidt
process to orthogonalize them.

3.3 Non-Square Integrable Wave Functions
Example 3.11. The plane wave function and δ-function are not square integrable. Ac-
tually, all eigenfunctions of a continuous spectrum are not square integrable.

Proof. Let ψα be the eigenfunction of Â corresponding to the eigenvalue α. Suppose that
pψα, ψα1q “ δαα1 , then for any Ψ, we have Ψ “

ş

Cαψαprqdα.

pΨ,Ψq “

ż

C˚
α

ˆ
ż

Cα1δαα1dα1

˙

dα “

ż

C˚
α

ˆ

lim
εÑ0

ż α`ε

α´ε

Cα1dα1

˙

dα “ 0.

However, this is impossible.

For eigenfunctions of a continuous spectrum, we normalize them to the δ-function,
i.e.

pψα, ψα1q “ δpα ´ α1q. (3.5)
Then, we have

pΨ,Ψq “

ĳ

C˚
αCα1δpα ´ α1qdα1dα “

ż

|Cα|2dα. (3.6)

Theorem 3.12 (Completeness of Eigenfunctions of Hermitian Operators). Â is a Her-
mitian operator. If for any Ψ, pΨ,ÂΨq

pΨ,Ψq
has a lower bound but no upper bound, then the

eigenfunctions of Â form a complete set, i.e. any wave function can be expanded as a
linear combination of the eigenfunctions of Â.

14
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3.4 Common Eigenfunctions
Definition 3.13. ψmn is the common eigenfunction of Â and B̂ if Âψmn “ αmψmn
and B̂ψmn “ βnψmn, where m and n are the quantum numbers of Â and B̂ respectively.
Proposition 3.14. Hermitian operators with common eigenfunctions commute.
Proof.

´

ÂB̂ ´ B̂Â
¯

ψmn “ Âpβnψmnq ´ B̂pαmψmnq “ pβnαm ´ αmβnqψmn “ 0 ñ rÂ, B̂s “ 0.

Now we discuss the construction of common eigenfunctions of commutative operators.
First, all the non-degenerate eigenfunctions ψ of Â are also eigenfunctions of B̂, because
B̂ψ is also an eigenfunction of Â, which shows that B̂ψ “ βψ.

Next, for degenerate eigenfunctions ψn1, ψn2, ¨ ¨ ¨ , ψnm of Â corresponding to the same
eigenvalue α, we have B̂ψni “

řm
j“1Cijψnj. By the equations, we can determine the

eigenfunctions of B̂.
By the idea of common eigenfunctions and quantum numbers, we can distinguish all

the degenerate states.

Definition 3.15. Let
´

Â1, Â2, ¨ ¨ ¨

¯

be a set of commutative and independent Hermitian
operators and their common eigenfunctions be ψa1a2¨¨¨, where ai is the quantum number
of Âi. Then, pa1, a2, ¨ ¨ ¨ q determines the state of the particle completely and we called
pÂ1, Â2, ¨ ¨ ¨ q a complete set of commuting observables.
Example 3.16. The wave function of the electron in a hydrogen atom can be expressed as
ψnlmpr, θ, ϕq, which is the common eigenfunction of Ĥ, l̂2, l̂z. The three quantum numbers
determine the state of the electron completely. Therefore, pĤ, l̂2, l̂zq is a complete set of
commuting observables.
Definition 3.17. The complete set of commuting observables including the Hamiltonian
is called a complete set of conserved quantities.
Proposition 3.18 (Uncertainty Principle). For any wave function and Â, B̂, we have

∆A ¨ ∆B ě
1

2

ˇ

ˇ

ˇ
rÂ, B̂s

ˇ

ˇ

ˇ
. (3.7)

Proof. Let Ipαq “
ş

ˇ

ˇ

ˇ
αÂΨ ` iB̂Ψ

ˇ

ˇ

ˇ

2

dx ě 0, then we have

Ipαq “ α2∆A2 ` ∆B2 ` iαrÂ, B̂s.

Since Ipαq is real, we have irÂ, B̂s “ β P R. Hence

Ipαq “ α2∆A2 ` ∆B2 ` αβ “ Â2

ˆ

α2 `
β

2Â2

˙2

´
β2

4Â2
` B̂2.

For every α, Ipαq ě 0, so we have B̂2 ě
β2

4Â2
. Since rÂ ´ A, B̂ ´ Bs “ rÂ, B̂s, we have

∆A ¨ ∆B ě
1

2
|rÂ ´ A, B̂ ´ Bs “

1

2
|rÂ, B̂s|.

Specially, for x and p, we have ∆x ¨ ∆px ě ℏ
2
.
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3 OPERATORS

3.5 Angular Momentum Operator
The angular momentum operator is defined as l̂i “ εijkx̂j p̂k and we have rx̂i, p̂js “

iℏδij, rx̂i, x̂js “ rp̂i, p̂js “ 0.
Recall basic properties of Levi-Civita symbol εkijεklm “ εikjεlkm “ εijkεlmk “ δilδjm ´

δimδjl. Then we have the following commutation relations:

rl̂i, x̂js “ rεiabx̂ap̂b, x̂js “ εiabx̂arp̂b, x̂js “ iℏεijax̂a, rl̂α, p̂βs “ iℏεαβγ p̂γ, (3.8)

rl̂i, l̂js “ rεiabx̂ap̂b, εjcdx̂cp̂ds “ εiabεjcd px̂crx̂a, p̂dsp̂b ` x̂arp̂b, x̂csp̂dq “ iℏεijk l̂k. (3.9)
Therefore, we have

l̂ ˆ l̂ “ iℏl̂ . (3.10)
Since

rl̂j
2
, l̂is “ ljrl̂j, l̂is ` rl̂j, l̂isl̂j “ iℏεjikpl̂j l̂k ` l̂k l̂jq. (3.11)

we have
rl̂

2
, l̂is “ 0. (3.12)

In spherical coordinates, the angular momentum operator can be expressed as:

l̂x “ iℏ
ˆ

sinφ
B

Bθ
` cot θ cosφ

B

Bφ

˙

, (3.13)

l̂y “ iℏ
ˆ

´ cosφ
B

Bθ
` cot θ sinφ

B

Bφ

˙

, (3.14)

l̂z “ ´iℏ
B

Bφ
, (3.15)

l̂2 “ ´ℏ2
ˆ

1

sin θ

B

Bθ

ˆ

sin θ
B

Bθ

˙

`
1

sin2 θ

B2

Bφ2

˙

. (3.16)

The Schrödinger equation in spherical coordinates is given by

´
ℏ2

2m

1

r2

˜

B

Br

ˆ

r2
B

Br

˙

´
l̂2

ℏ2

¸

ψpr, θ, φq ` V pr, θ, φqψpr, θ, φq “ Eψpr, θ, φq. (3.17)

Since rl̂2, l̂zs “ 0, we can find their common eigenfunctions Y pθ, φq “ ΘpθqΦpφq. For l̂z,

ℏ
i

d

dφ
Φpφq “ αΦpφq ñ α “ mℏ, Φpφq “

1
?
2π
eimφ, m “ 0,˘1,˘2, ¨ ¨ ¨ . (3.18)

For l̂2, denote the eigenvalue by λℏ2, then we have

1

sin θ

d

dθ

ˆ

sin θ
dΘpθq

dθ

˙

`

ˆ

λ ´
m2

sin2 θ

˙

Θpθq “ 0.

Let x “ cos θ and ypxq “ Θpθq, then we have the associated Legendre equation

d

dx

ˆ

p1 ´ x2q
dy

dx

˙

`

ˆ

λ ´
m2

1 ´ x2

˙

y “ 0 ùñ y “

8
ÿ

k“0

ckx
k, ck`2 “

kpk ` 1q ´ λ

pk ` 1qpk ` 2q
ck.

(3.19)
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Since for ´1 ď x ď 1, y is not bounded, so the series must terminate, i.e. there exists an
integer l such that lpl ` 1q ´ λ “ 0. Therefore, we have

λ “ lpl ` 1q, l “ 0, 1, 2, ¨ ¨ ¨ . (3.20)

When λ “ lpl ` 1q, this polynomial is called the Legendre polynomial, denoted by
Plpxq “

řl
k“0 ckx

k. When l is odd, Plpxq is an odd function; when l is even, Plpxq is an
even function, i,e. Plp´xq “ p´1qlPlpxq. And we have Rodrigues’ formula:

Plpxq “
1

2ll!

dl

dxl
px2 ´ 1ql. (3.21)

Therefore, when m “ 0, we have

Ylmpθ, φq “ Plpcos θqeimφ, (3.22)

where l is called the azimuthal quantum number and m is called the magnetic
quantum number.

Using Dirac notation, we denote the eigenstate of l̂2 and l̂z by |l,my, then we have

l̂2|l,my “ lpl ` 1qℏ2|l,my, l̂z|l,my “ mℏ|l,my, xx|l,my “ Ylmpθ, φq. (3.23)

Definition 3.19. The rasing and lowering operators are defined as

l̂` “ l̂x ` il̂y, l̂´ “ l̂x ´ il̂y. (3.24)

We have the following properties:

1. l̂`, l̂´ are not Hermitian operators, but are Hermitian conjugate to each other.

2. rl̂˘, l̂zs “ ¯ℏl̂˘.

3. l̂˘|l,my “ |l,m ˘ 1y. Because rl̂˘, l̂zs|l,my “ pl̂˘l̂z ´ l̂z l̂˘q|l,my “ ¯ℏ|l,my.
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4 Time Evolution and Symmetries
4.1 Conserved Quantity and Virial Theorem
Definition 4.1. An observable A is called a conserved quantity if its mean value does
not change with time for any wave function, i.e.

d

dt
A “

d

dt

´

Ψ, ÂΨ
¯

“ 0. (4.1)

Proposition 4.2. The conservation condition of an observable A is given by

1. BÂ
Bt

“ 0;

2. rÂ, Ĥs “ 0.

Proof.

d

dt
A “

ˆ

BΨ

Bt
, ÂΨ

˙

`

˜

Ψ,
BÂ

Bt
Ψ

¸

`

ˆ

Ψ, Â
BΨ

Bt

˙

“
1

iℏ

´

pĤΨ, ÂΨq ´ pΨ, ÂĤΨq

¯

`

˜

Ψ,
BÂ

Bt
Ψ

¸

“
1

iℏ
rÂ, Ĥs `

BÂ

Bt
.

We call the complete set of commuting observables tĤ, Â1, Â2, ¨ ¨ ¨ u the complete
set of conserved quantities.

Theorem 4.3 (Virial Theorem). For a stationary state, we have

2T “ r ¨ ∇V prq. (4.2)

Proof. Since r̂ ¨ p̂ is independent of time, we have

d

dt
r̂ ¨ p̂ “

1

iℏ
rr̂ ¨ p̂, Ĥs “ 0.

Now we calculate rr̂ ¨ p̂, p2

2m
s and rr̂ ¨ p̂, V prqs respectively:

rr̂ ¨ p̂,p2s “ rx̂p̂x, p̂
2
xs ` rŷp̂y, p̂

2
ys ` rẑp̂z, p̂

2
zs “ 2iℏp̂2x ` 2iℏp̂2y ` 2iℏp̂2z “ 2iℏp̂2.

Since rx̂p̂x, V prqs “ x̂rp̂x, V prqs “ ´iℏx̂BV
Bx

, we have

rr̂ ¨ p̂, V prqs “ ´iℏ
ˆ

x̂
BV

Bx
` ŷ

BV

By
` ẑ

BV

Bz

˙

“ ´iℏr ¨ ∇V prq.

By rr̂ ¨ p̂, Ĥs “ 0, we showed the theorem.

Example 4.4. If the potential is spherically symmetric, i.e. V pr, θ, φq “ V prq, then the
angular momentum of the particle is conserved.
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Proof. It suffices to show that rl̂x, p̂
2
s “ 0.

rl̂x,p
2s “ rl̂x, p̂

2
xs ` rl̂x, p̂

2
ys ` rl̂x, p̂

2
zs “ 0 ` iℏpp̂yp̂z ` p̂zp̂yq ´ iℏpp̂zp̂y ` p̂yp̂zq “ 0.

Consider a infinitely small displacement x1 “ x ` δ and Ĥpx1q “ Ĥpxq, then we have

Ψpx ` δq “ Ψpxq `
i

ℏ
δp̂xΨpxq ` Opδ2q.

By Schrödinger equation, we have

p̂x

ˆ

iℏ
B

Bt
Ψpx, tqδ

˙

“ iℏ
B

Bt
p̂xΨpx, tqδ “ Ĥp̂xΨpx, tqδ.

Since Ψ is arbitrary, we have
rp̂x, Ĥs “ 0. (4.3)

Therefore, under an infinitely small displacement, the momentum is conserved. Similarly,
we can show that under an infinitely small rotation, the angular momentum is conserved.

4.2 Quantum Many-Body Problem 1: Distinguishable Particles
For N particles, the wave function is given by Ψpr 1, r 2, ¨ ¨ ¨ , rN , tq and if the Hamil-

tonian is independent of time, we have the stationary state

Ψnpr 1, r 2, ¨ ¨ ¨ , rN , tq “ ψnpr 1, r 2, ¨ ¨ ¨ , rNqe´ i
ℏEnt. (4.4)

The normalization condition is given by
ż

|ψnpr 1, r 2, ¨ ¨ ¨ , rNq|2dr 1dr 2 ¨ ¨ ¨ drN “ 1. (4.5)

The total momentum is given by

P̂ “

N
ÿ

i“1

p̂ i “ ´iℏ
N
ÿ

i“1

B

Br i
, (4.6)

where every item is a single particle operator and the summation is a one-body
operator. Similarly, the total angular momentum and kinetic energy are given by

L̂ “

N
ÿ

i“1

l̂ i “

N
ÿ

i“1

r i ˆ p̂ i, T̂ “

N
ÿ

i“1

T̂i “

N
ÿ

i“1

ˆ

´
ℏ2

2mi

B2

Br2i

˙

(4.7)

The operator related to the interaction between two particles is called a two-body
operator, such as vpr 1, r 2q “

q1q2
|r1´r2|

.
If the particles are non-interacting, then the Hamiltonian is given by

Ĥpr 1, r 2, ¨ ¨ ¨ , rNq “

N
ÿ

i“1

ĥipr iq “

N
ÿ

i“1

ˆ

´
ℏ2

2mi

B2

Br 2
i

` Vipr iq

˙

. (4.8)

After respectively solving the single-particle equation, we can construct the wave function
of the whole system as

Ψn1,n2,¨¨¨ ,nN
pr 1, r 2, ¨ ¨ ¨ , rNq “ ϕn1pr 1qχn2pr 2q ¨ ¨ ¨µnN

prNq. (4.9)
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Proposition 4.5.

Ĥϕn1pr 1qχn2pr 2q ¨ ¨ ¨µnN
prNq “

N
ÿ

i“1

ĥipr iq pϕn1pr 1qχn2pr 2q ¨ ¨ ¨µnN
prNqq

“

N
ÿ

i“1

Eni
ϕn1pr 1qχn2pr 2q ¨ ¨ ¨µnN

prNq “ Eϕn1pr 1qχn2pr 2q ¨ ¨ ¨µnN
prNq,

(4.10)

Consider a two-particle system, where the potential only depends on the distance
between the two particles, i.e. V pr 1, r 2q “ V p|r 1 ´ r 2|q. Let R “ m1r1`m2r2

m1`m2
be the

center of mass coordinate and r “ r 1 ´ r 2 be the relative coordinate.

Proposition 4.6. In the new coordinates, the Hamiltonian is given by

ĤpR, rq “ ´
ℏ2

2M

B2

BR2 ´
ℏ2

2µ

B2

Br 2
` V prq. (4.11)

We can separate the variables as ψpR, rq “ ϕpRqφprq, where
ˆ

´
ℏ2

2M

B2

BR2

˙

ϕpRq “ EMϕpRq,

ˆ

´
ℏ2

2µ

B2

Br 2
` V prq

˙

φprq “ Eµφprq, (4.12)

Generally, we can not separate the variables in the wave function, such as ψpx1, x2, x3q

= sin
nπpx21`x2x3q

a
. These variables are called entangled.

4.3 Quantum Many-Body Problem 2: Identical Particles
Definition 4.7. Identical particles are particles with same intrinsic properties, such
as mass, charge, and spin.

The exchange of two identical particles should not lead to any observable change in
the system.

The fifth postulate of quantum mechanics states that identical particles can not be
distinguished by any physical means.

Define the exchange operator P̂ij as

P̂ijΨp¨ ¨ ¨ , r i, ¨ ¨ ¨ , r j, ¨ ¨ ¨ q “ Ψp¨ ¨ ¨ , r j, ¨ ¨ ¨ , r i, ¨ ¨ ¨ q. (4.13)

Since Ψp¨ ¨ ¨ , r i, ¨ ¨ ¨ , r j, ¨ ¨ ¨ q and Ψp¨ ¨ ¨ , r j, ¨ ¨ ¨ , r i, ¨ ¨ ¨ q differs only by a complex constant
factor, we have

P̂ijΨp¨ ¨ ¨ , r i, ¨ ¨ ¨ , r j, ¨ ¨ ¨ q “ λΨp¨ ¨ ¨ , r i, ¨ ¨ ¨ , r j, ¨ ¨ ¨ q. (4.14)

Since

P̂ 2
ijΨp¨ ¨ ¨ , r i, ¨ ¨ ¨ , r j, ¨ ¨ ¨ q “ λ2Ψp¨ ¨ ¨ , r i, ¨ ¨ ¨ , r j, ¨ ¨ ¨ q ” Ψp¨ ¨ ¨ , r i, ¨ ¨ ¨ , r j, ¨ ¨ ¨ q,

we have λ2 “ 1, i.e. λ “ ˘1.

Definition 4.8. If λ “ 1, the particles are called bosons, whose spin is integer times ℏ.
If λ “ ´1, the particles are called fermions, whose spin is half-integer times ℏ.
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Proposition 4.9. The Bose-Einstein distribution and Fermi-Dirac distribution
are given by

xNλy “
1

eβpEλ´µq´1
, xNλy “

1

eβpEλ´µq ` 1
. (4.15)

When T " 1, we have xNλy ! 1, hence both distributions reduce to the classical
Maxwell-Boltzmann distribution:

xNλy “ e´βpEλ´µq.

Consider a identical fermion system. Let Pα be a permutation operator, which per-
mutes the coordinates of particles according to the permutation α.

Ψ “ A
N !
ÿ

α“1

µpαqPα pψk1pr 1qψk2pr 2q ¨ ¨ ¨ψkN prNqq , µpαq “

#

`1, even permutation,
´1, odd permutation.

The normalization constant A can be determined by

pΨ,Ψq “ |A|2
N !
ÿ

α“1

µpαq

N !
ÿ

β“1

µpβq

pPα pψk1pr 1qψk2pr 2q ¨ ¨ ¨ψkN prNqq , Pβ pψk1pr 1qψk2pr 2q ¨ ¨ ¨ψkN prNqqq

“ |A|2
N !
ÿ

α“1

µpαq

N !
ÿ

β“1

µpβqδαβ “ |A|2N !.

Hence, we have the normalized wave function and Slater determinant:

Ψ “
1

?
N !

N !
ÿ

α“1

µpαqPα pψk1pr 1qψk2pr 2q ¨ ¨ ¨ψkN prNqq

“
1

N !

ˇ

ˇ

ˇ

ˇ

ˇ

ˇ

ˇ

ˇ

ˇ

ψk1pr 1q ψk1pr 2q ¨ ¨ ¨ ψk1prNq

ψk2pr 1q ψk2pr 2q ¨ ¨ ¨ ψk2prNq
... ... . . . ...

ψkN pr 1q ψkN pr 2q ¨ ¨ ¨ ψkN prNq

ˇ

ˇ

ˇ

ˇ

ˇ

ˇ

ˇ

ˇ

ˇ

.

(4.16)

Consider identical boson system. Similarly, we have

Ψ “ A
N !
ÿ

α“1

Pα

¨

˚

˝

ψk1pr 1q ¨ ¨ ¨ψk1pr iq
loooooooooomoooooooooon

nk1
items

ψk2pr i`1q ¨ ¨ ¨

˛

‹

‚

“ A pnk1 !nk2 ! ¨ ¨ ¨nkM !q

rN !
ÿ

α“1

rPα

¨

˚

˝

ψk1pr 1q ¨ ¨ ¨ψk1pr iq
loooooooooomoooooooooon

nk1
items

ψk2pr i`1q ¨ ¨ ¨

˛

‹

‚

,

where rN “ N !
nk1

!nk2
!¨¨¨nkM

!
and rPα is the permutation operator for distinct arrangements.

For normalization, we have
pΨ,Ψq “ |A|2 pnk1 !nk2 ! ¨ ¨ ¨nkM !q2 rN ! “ 1.

Therefore, we have the normalized wave function:

Ψ “

c

nk1 !nk2 ! ¨ ¨ ¨nkM !

N !

rN !
ÿ

α“1

rPα

¨

˚

˝

ψk1pr 1q ¨ ¨ ¨ψk1pr iq
loooooooooomoooooooooon

nk1
items

ψk2pr i`1q ¨ ¨ ¨

˛

‹

‚

. (4.17)
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5 CENTRAL FORCE FIELD

5 Central Force Field
5.1 General Properties of Particle Motion in a Central Force

Field
In a spherical coordinate system, the Schrödinger equation of a central force field is

given by
˜

´
ℏ2

2µ

˜

B2

Br2
`

2

r

B

Br
´

l̂2

ℏ2r2

¸

` V prq

¸

ψpr, θ, φq “ Eψpr, θ, φq. (5.1)

Since the angular momentum is conserved in a central force field, we can find the
complete set of commuting observables

tĤ, l̂2, l̂zu.

Their common eigenfunctions can be expressed as ψnlm, where n is the principal quantum
number, l is the azimuthal quantum number, and m is the magnetic quantum number.
Since the common eigenfunctions of l̂2 and l̂z are Ylmpθ, φq, we can separate the variables
as

ψnlmpr, θ, φq “ RnlprqYlmpθ, φq. (5.2)
Then we have

ˆ

´
ℏ2

2µ

ˆ

d2

dr2
`

2

r

d

dr
´
lpl ` 1q

r2

˙

` V prq

˙

Rnlprq “ ERnlprq. (5.3)

To emphasize that the equation only depends on l, if the radial quantum number of Ĥl

is nr, we denote Rnlprq by ϕnrlprq and E by Enrl.

5.2 Hydrogen Atom Problem: Old Quantum Theory
The orbit needs to satisfy the angular momentum quantization condition in Bohr’s

theory:
µvr “ nℏ. (5.4)

Also, it satisfies
e2

r2
“
µv2

r
. (5.5)

Then we have
r “ n2 ℏ2

µe2
“ n2a0, En “

1

2
µv2 ´

e2

r
“ ´

µe4

2ℏ2
1

n2
, (5.6)

where a0 “ 0.529Å is called the Bohr radius and ´
µe4

2ℏ2 “ 13.6eV is a Rydberg.
The electromagnetic wave energy emitted when transmitting from n-th orbit to m-th

orbit is given by En ´ Em and the corresponding wavenumber is

ν̃nm “
En ´ Em

h
“ R

ˆ

1

m2
´

1

n2

˙

, (5.7)

where R “
µe4

2ℏ2hc « 1.097 ˆ 107m´1 is called the Rydberg constant.
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5 CENTRAL FORCE FIELD

We can change the special two-body problem into a one-body problem with reduced
mass µ “ m1m2

m1`m2
.

#

´ ℏ2
2M

∇2
RΨpRq “ ERΨpRq,

´

´ ℏ2
2µ
∇2

r ´ e2

r

¯

ψprq “ Erψprq.

#

M “ mp ` me,
1
µ

“ 1
mp

` 1
me

« 1
me
.

To solve ϕl, denote

χlprq “ rϕlprq ùñ
d2χl
dr2

`

ˆ

2µ

ℏ2

ˆ

E `
e2

r

˙

´
lpl ` 1q

r2

˙

χl “ 0.

Now we transform the equation into a dimensionless form. Define a Bohr and a
Hartree as

a “
ℏ2

µe2
, Har “

µe4

2ℏ2
.

And define dimensionless length x and energy ε as

x “
r

a
, ε “

E

Har
, χlprq “ ypxq.

Then we have
d2y

dx2
`

ˆ

2ε `
2

x
´
lpl ` 1q

x2

˙

y “ 0. (5.8)

x “ 0 and x “ 8 are two singular points of the equation. Analyzing the asymptotic
behavior of ypxq at these two points. When x Ñ 0, the asymptotic equation is given by

d2y

dx2
´
lpl ` 1q

x2
y “ 0,

whose solution is

yp1qpxq „ xl`1, yp2qpxq „ x´l ùñ ψ
p1q

nlm „ rlYlmpθ, φq, ψ
p2q

nlm „ r´l´1Ylmpθ, φq.

To ensure the finiteness of the wave function at r “ 0, we have

ypx Ñ 0q „ xl`1.

When x Ñ 8, the asymptotic equation is given by

d2y

dx2
` 2εy “ 0,

whose solution is

ypx Ñ 8q „ e´βx, β “
?

´2ε ùñ ypxq “ xl`1e´βxwpxq.

Substituting ypxq into the original equation and denoting ξ “ 2βx, upξq “ wpxq, we
have the

ξ
d2u

dξ2
` p2l ` 2 ´ ξq

du

dξ
`

ˆ

1

β
´ l ´ 1

˙

u “ 0. (5.9)

Consider a standard
ξ
d2u

dξ2
` pγ ´ ξq

du

dξ
´ αu “ 0, (5.10)
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5 CENTRAL FORCE FIELD

The power series solution is given by

F pα, γ, ξq “

8
ÿ

k“0

pαqk

pγqk

ξk

k!
, pαqk “ αpα ` 1q ¨ ¨ ¨ pα ` k ´ 1q. (5.11)

To ensure the finiteness of the wave function at x “ 8, the power series must terminate,
i.e. α “ 0 or α “ ´nr, where nr “ 0, 1, 2, ¨ ¨ ¨ . Hence, we have

unrlpξq “ F p´nr, 2l ` 2, ξq. (5.12)

l ` 1 ´
1

β
“ nr ùñ β “

1

nr ` l ` 1

ùñ ϕnrlprq “ Anrlr
le´ r

pnr`l`1qaF

ˆ

´nr, 2l ` 2,
2r

pnr ` l ` 1qa

˙

.

(5.13)

The eigen energy is given by

Enrl “ ´
Har

2pnr ` l ` 1q2
“ ´

µe4

2ℏ2
1

pnr ` l ` 1q2
. (5.14)

Given energy En, the degeneracy is given by

gn “

n´1
ÿ

l“0

l
ÿ

m“´l

1 “ n2. (5.15)

If every quantum state can accommodate two electrons with opposite spins, we have

1. n “ 1 can accommodate 2 electrons: 1s2;

2. n “ 2 can accommodate 8 electrons: 2s22p6;

3. n “ 3 can accommodate 18 electrons: 3s23p63d10;

4. n “ 4 can accommodate 32 electrons: 4s24p64d104f 14.

The symbol of Rnlprq is determined by F , which is a n´ l´1 order polynomial. Hence
Rnlprq has n ´ l ´ 1 radial nodes.

The probability density of finding the electron in the spherical shell r „ r ` dr is
given by

P prqdr “

ż 2π

0

ż π

0

|ψnlm|2r2 sin θdθdφdr “ |Rnlprq|2r2dr. (5.16)

Since Rnlprq has n ´ l ´ 1 radial nodes, the probability density P prq has n ´ l peaks.
Especially, for l “ n ´ 1, P prq has only one peak and if the peak is narrow, it is similar
to the classical circular orbit in Bohr’s theory.
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6 MATRIX REPRESENTATION

6 Matrix Representation
6.1 From Wave Mechanics to Matrix Mechanics

Given N orthonormal complete basis tψαprqu, any wave function can be expressed as
a linear combination of these basis functions:

Ψprq “

N
ÿ

α“1

Aαψαprq ðñ Ψ “
`

ψ1 ψ2 ¨ ¨ ¨ ψN
˘

¨

˚

˚

˚

˝

A1

A2
...
AN

˛

‹

‹

‹

‚

. (6.1)

Given ΨAprq “
řN
α“1Aαψαprq and ΨBprq “

řN
β“1Bβψβprq, we have

pΨA,ΨBq “

N
ÿ

α“1

N
ÿ

β“1

A˚
αBβ pψα, ψβq “

N
ÿ

α“1

A˚
αBα

ðñ pΨA,ΨBq “
`

A˚
1 A˚

2 ¨ ¨ ¨ A˚
N

˘

¨

˚

˚

˚

˝

B1

B2
...
BN

˛

‹

‹

‹

‚

“ Ψ:
AΨB.

(6.2)

Consider operator Ô acting on ΨA such that ÔΨA “ ΨB:

ÔΨAprq “ ΨBprq ðñ

¨

˚

˚

˚

˝

O11 O12 ¨ ¨ ¨ O1N

O21 O22 ¨ ¨ ¨ O2N
... ... . . . ...

ON1 ON2 ¨ ¨ ¨ ONN

˛

‹

‹

‹

‚

¨

˚

˚

˚

˝

A1

A2
...
AN

˛

‹

‹

‹

‚

“

¨

˚

˚

˚

˝

B1

B2
...
BN

˛

‹

‹

‹

‚

, (6.3)

where Omn “

´

ψm, Ôψn

¯

.

Proposition 6.1. The matrix of a Hermitian operator is Hermitian.

Proof.
Omn “

´

ψm, Ôψn

¯

“

´

Ôψm, ψn

¯

“

´

ψn, Ôψm

¯˚

“ O˚
nm.

The eigenfunction ÔΨpxq “ λΨpxq can be expressed as

OA “ λA. (6.4)

It has non-trivial solutions if and only if
ˇ

ˇ

ˇ

ˇ

ˇ

ˇ

ˇ

ˇ

ˇ

O11 ´ λ O12 ¨ ¨ ¨ O1N

O21 O22 ´ λ ¨ ¨ ¨ O2N
... ... . . . ...

ON1 ON2 ¨ ¨ ¨ ONN ´ λ

ˇ

ˇ

ˇ

ˇ

ˇ

ˇ

ˇ

ˇ

ˇ

“ 0. (6.5)
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6 MATRIX REPRESENTATION

6.2 Theory Framework of Matrix Mechanics
One basis corresponds to one representation, such as the coordinate representation,

momentum representation and Hamiltonian representation. Given old basis tψnu and
new basis tψ1

mu, we have

ψnpxq “
ÿ

m

ψ1
mpxqSmn, Smn “ pψ1

m, ψnq .

Definition 6.2. The matrix S is called the transformation matrix from basis tψnu to
basis tψ1

mu.

Consider ΨA “
řN
k“1Akψ

1
k “

řN
n“1Anψn, then we have

N
ÿ

k“1

A1
k pψ1

m, ψ
1
kq “

N
ÿ

n“1

An pψ1
m, ψnq ùñ

N
ÿ

k“1

A1
kδm1k “

N
ÿ

n“1

AnSmn ùñ A1 “ SA.

If ÔΨA “ ΨB can respectively be expressed in two bases as

OA “ B, O1A1 “ B1 ùñ O1SA “ SB ùñ O1 “ SOS´1.

6.3 Dirac Notation
Definition 6.3. The matrix of a state vector is represented by a ket |‚y and its Hermitian
conjugate is represented by a bra x‚|.

The inner product of two state vectors ΨA and ΨB is represented by xΨA|ΨBy.
We often use quantum numbers or eigenvalues to label the state vectors, such as

δpx ´ x0q Ñ |x0y, x̂|x0y “ x0|x0y, xx1|x0y “ δpx1 ´ x0q

1
?
2πℏ

e
i
ℏp0x Ñ |p0y, p̂|p0y “ p0|p0y, xp1|p0y “ δpp1 ´ p0q

Ylm Ñ |lmy, l̂2|lmy “ lpl ` 1qℏ2|lmy, xl1m1|lmy “ δl1lδm1m

ϕnlYlm Ñ |nlmy, Ĥ|nlmy “ ´
1

2n2

µe4

ℏ2
|nlmy, xn1l1m1|nlmy “ δn1nδl1lδm1m.

Dirac notation satisfies the combination rules, but not the commutation rules. FOr
operators, we have

xΨA|F̂ |ΨBy “ xΨA|F̂ΨBy “ xF̂ :ΨA|ΨBy.

Especially, for Hermitian operator F̂ , we have

xΨA|F̂ |ΨBy “ xΨA|F̂ΨBy “ xF̂ΨA|ΨBy.

There are two types of multiplication in Dirac notation. One is inner product xΨA|ΨBy

and the other is direct product |ΨAyxΨB|, which is a linear transformation.

|ΨAyxΨB| “

¨

˚

˚

˚

˝

A1

A2
...
AN

˛

‹

‹

‹

‚

`

B˚
1 B˚

2 ¨ ¨ ¨ B˚
N

˘

“

¨

˚

˚

˚

˝

A1B
˚
1 A1B

˚
2 ¨ ¨ ¨ A1B

˚
N

A2B
˚
1 A2B

˚
2 ¨ ¨ ¨ A2B

˚
N

... ... . . . ...
ANB

˚
1 ANB

˚
2 ¨ ¨ ¨ ANB

˚
N

˛

‹

‹

‹

‚

.
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6 MATRIX REPRESENTATION

For a orthonormal discrete basis t|nyu, we can express |ψy in t|nyu as

|ψy “
ÿ

m

Cm|my, Cm “ xm|ψy ùñ |ψy “
ÿ

m

pxm|ψyq |my “

˜

ÿ

m

|myxm|

¸

|ψy.

Hence we have the completeness relation of discrete basis:
ÿ

n

|nyxn| “ 1. (6.6)

Definition 6.4. P̂n “ |nyxn| is called the projection operator onto the state |ny.

For a orthonormal continuous basis t|αyu, we have the completeness relation:

|Ψy “

ż

Cα|αydα, Cα “ xα|Ψy ùñ

ż

|αyxα|dα “ 1 (6.7)

Coordinate representation and momentum representation are two commonly used
continuous representations. Consider xx|Ψy, then we have

xx|Ψy “

ż

xx|pyxp|Ψydp ùñ xx|py “ ψppxq “
1

?
2πℏ

e
i
ℏpx. (6.8)

Now we dicuss the representation transformation of operators.

Ok1k2 “ xk1|Ô|k2y, On1n2 “ xn1|Ô|n2y.

Then we have

On1n2 “
ÿ

k1k2

xn1|k1yxk1|Ô|k2yxk2|n2y “
ÿ

k1k2

Sn1k1Ok1k2S
:
k2n2

ùñ O1 “ SOS:.
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7 Particle Motion in a Electromagnetic Field
7.1 Classical Electromagnetic Theory
Definition 7.1. d’Alembert operator is defined as

l “
1

c2
B2

Bt2
´ ∇2. (7.1)

With regular momentum pm “ p ´
q
c
Apr , tq, we have the Hamiltonian in a electro-

magnetic field:

Ĥ “
1

2µ

´

p̂ ´
q

c
Apr , tq

¯2

` qϕpr , tq “
1

2µ

ˆ

ℏ
i
∇ ´

q

c
Apr , tq

˙2

` qϕpr , tq. (7.2)

Here we take the Coulomb gauge

∇ ¨ A “ 0 ùñ rp,As “
h

i
∇ ¨ A “ 0. (7.3)

Since the atom is much smaller than the wavelength of the electromagnetic wave, we
can assume there is a uniform electromagnetic field and we suppose

A “
1

2
B ˆ r . (7.4)

Actually, we can verify that

∇ ˆ A “

3
ÿ

i“1

e iεijk
B

Bxj
Ak “

3
ÿ

i“1

e iεijk
B

Bxj

ˆ

1

2
εklmBlxm

˙

“
1

2

3
ÿ

i“1

e i pδilδjm ´ δimδjlq
BBlxm

Bxj
“

1

2

3
ÿ

i“1

e i

ˆ

Bi
Bxj
Bxj

´ Bj
Bxi
Bxj

˙

“ B .

Suppose B “ Bez, then we have

A “ ´
i

2
By `

j

2
Bx.

Ĥm “ ´
q

mc
A ¨ p̂ “ ´

q

2mc
pB ˆ rq ¨ p “ ´

q

2mc
B ¨ pr ˆ p̂q

“ ´
q

2mc
Bl̂ “ ´µ̂l ¨ B , µ̂l “

q

2mc
l̂.

Definition 7.2. µ̂l is called the orbital magnetic moment, and µB “ eℏ
2mc

is called
the Bohr magneton.

Hence, we have

Ĥ “
p̂2

2µ
` Ĥm `

q2

2µc2
A2 ` qϕ “

p̂2

2µ
´
qB

2µc
l̂z `

q2B2

8µc2
px2 ` y2q ` qϕ.

Next, we discuss the probability conservation in an electromagnetic field.

iℏ
B

Bt
pψ˚ψq “

1

2µ

`

ψ˚p̂2ψ ´ ψp̂2ψ˚
˘

´
q

µc
pψ˚A ¨ p̂ψ ´ ψA ¨ p̂˚ψ˚q .
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Consider a gauge transformation pϕ,Aq Ñ pϕ1,A1q such that

ϕ1 “ ϕ ´
1

c

Bχ

Bt
, A1 “ A ` ∇χ.

ψ is the wave function before the gauge transformation, and satisfies

iℏ
Bψ

Bt
“

ˆ

´

p̂ ´
q

c
A

¯2

` qϕ

˙

ψ ùñ ψ1 “ ψeifpr ,tq, fpr , tq “
q

ℏc
χpr , tq.

Then we have

7.2 Normal Zeeman Effect
Neglecting the quadratic term of B , we have the Hamiltonian of the electron in a

hydrogen atom as

Ĥ “
p̂2

2µ
`
eB

2µc
l̂z ` V prq “ Ĥ0 ` ĤM , ĤM “

µBB

ℏ
l̂z.

Since E 1 “ xnlml|ĤM |nlmly “ µBBml, the energy level splits into 2l ` 1 sub-levels with
equal spacing µBB. This is called the normal Zeeman effect.
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8 Spin
8.1 Spin Angular Momentum Operator

The magnetic field has interactive energy with the spin magnetic moment:
E “ ´µ ¨ B . (8.1)

In Stern-Gerlach experiment, the force acting on a magnetic moment in a non-uniform
magnetic field is given by

Fz “ ´
BE

Bz
“ µz

BBz

Bz
. (8.2)

The result shows that the silver atom beam is split into two sub-beams, which indicates
that the silver atom has an intrinsic angular momentum with two possible orientations.

Spin angular momentum operator Ŝ “ ŝxi` ŝyj` ŝzk satisfies the same commutation
relations as the orbital angular momentum operator l̂:

rŝi, ŝjs “ iℏεijkŝk.
Take tŝ, ŝzu as the common representation and the common eigenfunctions are denoted

by χsms :

8.2 Basic Theory of Spin
There are two basis in the spin Hilbert space:

|αy “

ˆ

1
0

˙

“ |0y “ |´y, |βy “

ˆ

0
1

˙

. (8.3)

ŝz “

ˆℏ
2

0
0 ´ℏ

2

˙

, ŝ2 “
3ℏ2

4

ˆ

1 0
0 1

˙

, ŝ2x “ ŝ2y “ ŝ2z “
ℏ2

4

ˆ

1 0
0 1

˙

. (8.4)

To compute ŝx and ŝy, we also need to define the raising and lowering operators:

ŝ˘ “ ŝx ˘ iŝy ùñ ŝ˘|s,msy “ ℏ
a

sps ` 1q ´ mspms ˘ 1q|s,ms ˘ 1y.

Then for single electron spin (s “ 1
2
,ms “ ˘1

2
), we have

ŝ`|
1

2
,´

1

2
y “ ℏ|

1

2
,
1

2
y, ŝ´|

1

2
,
1

2
y “ ℏ|

1

2
,´

1

2
y.

Definition 8.1. Pauli operators are defined as

ŝ “
ℏ
2
σ̂, σ̂ “ σ̂xi ` σ̂yj ` σ̂zk ùñ ŝ˘ “ ℏσ̂˘. (8.5)

σ̂` “ Î σ̂`Î “ p|0yx0| ` |1yx1|q σ̂` p|0yx0| ` |1yx1|q “ |0yx1| “

ˆ

0 1
0 0

˙

,

σ̂´ “ |1yx0| “

ˆ

0 0
1 0

˙

ùñ σ̂x “ σ̂` ` σ̂´ “

ˆ

0 1
1 0

˙

, σ̂y “ ´ipσ̂` ´ σ̂´q “

ˆ

0 ´i
i 0

˙

,

σ̂z “ p|0yx0| ` |1yx1|q σ̂z p|0yx0| ` |1yx1|q “ |0yx0| ´ |1yx1| “

ˆ

1 0
0 ´1

˙

Definition 8.2. σ̂x, σ̂y and σ̂z are called the Pauli matrices.
Any spin state vector can be expressed as a linear combination of the two basis vectors:

|χy “ a|αy ` b|βy “

ˆ

a
b

˙

.
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8.3 Spin-Orbit Coupling
In the rest frame of the electron, the nucleus revolves around the electron, generating

a magnetic field B9l . The electron has a spin magnetic moment M s, which interacts
with the magnetic field B and generates an interaction energy ´M s ¨ B9s ¨ l .

Ψpr , sq “

ˆ

uprq

vprq

˙

is the spin wave function.

Definition 8.3. The total angular momentum operator is defined as

ĵ “ l̂ ` ŝ . (8.6)

Proposition 8.4.
ĵ ˆ ĵ “ iℏĵ , rĵi, ĵjs “ iℏεijk ĵk.

We find the common eigenfunctions of tl̂
2
, ĵ

2
, ĵzu,

Ψpr, θ, φ, sq “ RnljprqΦljmj
pθ, φ, sq,

Proposition 8.5. There are two kinds of Φ:

1.

Φpθ, φ, sq “

c

l ` m ` 1

2l ` 1
Ylmpθ, φqχ` 1

2
psq `

c

l ´ m

2l ` 1
Yl,m`1pθ, φqχ´ 1

2
psq, (8.7)

for j “ l ` 1
2
,mj “ m ` 1

2
;

2.

Φpθ, φ, sq “

c

l ´ m ` 1

2l ` 1
Ylmpθ, φqχ´ 1

2
psq ´

c

l ` m

2l ` 1
Yl,m´1pθ, φqχ` 1

2
psq, (8.8)

for j “ l ´ 1
2
,mj “ m ´ 1

2
.

Define
ĵx “

1

2
pĵ` ` ĵ´q, ĵy “

1

2i
pĵ` ´ ĵ´q.

Then we have

rĵ˘, ĵ
2s “ 0, rĵ˘, ĵzs “ ¯ℏĵ˘, ĵ`ĵ´ “ ĵ2 ´ ĵ2z ` ℏĵz, ĵ´ĵ` “ ĵ2 ´ ĵ2z ´ ℏĵz,

ĵ2|λ,my “ λℏ2|λ,my, ĵz|λ,my “ mℏ|λ,my.

We assume ĵ˘|λ,my “ c˘|λ,m ˘ 1y. Since ĵz gives a component of ĵ along a certain
direction, we have m2 ď λ ùñ m P r´λ, λs. Hence, there exists m0 and m0 ` N such
that ĵ´|λ,m0y “ 0 and ĵ`|λ,m0 ` Ny “ 0.

ĵ`ĵ´|λ,m0y “ 0 ùñ pĵ2 ´ ĵ2z ` ℏĵzq|λ,m0y “ 0 ùñ λ “ m0pm0 ` 1q.

ĵ´ĵ`|λ,m0 `Ny “ 0 ùñ pĵ2 ´ ĵ2z ´ ℏĵzq|λ,m0 `Ny “ 0 ùñ λ “ pm0 `Nqpm0 `N ` 1q.

Hence
m0 “ ´

N

2
, m0 ` N “

N

2
, λ “

N

2

ˆ

N

2
` 1

˙

.
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8 SPIN

Therefore, we denote

j “
N

2
ùñ m0 “ ´j, m0 ` N “ j, λ “ jpj ` 1q.

ĵ˘|j,mjy “ c˘|j,mj ˘ 1y, xj,mj|ĵ¯ “ c˚
˘xj,mj ˘ 1| ùñ

xj,mj|ĵ¯ĵ˘|j,mjy “ |c˘|2xj,mj ˘ 1|j,mj ˘ 1y “ |c˘|2.

xj,mj ˘ 1|ĵ¯ĵ˘|j,mj ˘ 1y “
1

|c˘|2
xj,mj|ĵ

2 ´ ĵ2z ¯ ℏĵz|j,mjy “ 1 ùñ

c˘ “ ℏ
b

jpj ` 1q ´ mjpmj ˘ 1q.

Considering spin,

Ĥ «
p̂2

2µ
`
eB

2µc

´

l̂z ` 2ŝz

¯

` V prq ` ξprql̂ ¨ ŝ .
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9 PERTURBATION THEORY

9 Perturbation Theory
We consider a Hamiltonian with small perturbation:

Ĥ “ Ĥ0 ` Ĥ 1. (9.1)

9.1
Denote Ĥ “ Ĥ0 ` λĤ 1 and expand the energy and wave function in terms of λ:

En “ Ep0q
n ` λEp1q

n ` λ2Ep2q
n ` ¨ ¨ ¨ , Ψn “ Ψp0q

n ` λΨp1q
n ` λ2Ψp2q

n ` ¨ ¨ ¨ .

λ0 : Ĥ0Ψ
p0q
n “ Ep0q

n Ψp0q
n .

λ1 : Ĥ0Ψ
p1q
n ` Ĥ 1Ψp0q

n “ Ep0q
n Ψp1q

n ` Ep1q
n Ψp0q

n ðñ

´

Ĥ0 ´ Ep0q
n

¯

Ψp1q
n “

´

Ep1q
n ´ Ĥ 1

¯

Ψp0q
n .

λ2 : Ĥ0Ψ
p2q
n ` Ĥ 1Ψp1q

n “ Ep0q
n Ψp2q

n ` Ep1q
n Ψp1q

n ` Ep2q
n Ψp0q

n

ðñ

´

Ĥ0 ´ Ep0q
n

¯

Ψp2q
n “

´

Ep1q
n ´ Ĥ 1

¯

Ψp1q
n ` Ep2q

n Ψp0q
n .

33


	Dynamical Picture of Quantum Mechanics
	Wave-Particle Duality
	Quantum Mechanical Description of Motion
	Mechanical Quantities
	Schrödinger Equation

	Particle in One-Dimensional Potential Field
	Basic Properties of Particle Energy States
	Solutions to Bound States in Square Potential Wells
	Scattering State Problem
	Harmonic Oscillator

	Operators
	Rules of Operators
	Hermitian Operators
	Non-Square Integrable Wave Functions
	Common Eigenfunctions
	Angular Momentum Operator

	Time Evolution and Symmetries
	Conserved Quantity and Virial Theorem
	Quantum Many-Body Problem 1: Distinguishable Particles
	Quantum Many-Body Problem 2: Identical Particles

	Central Force Field
	General Properties of Particle Motion in a Central Force Field
	Hydrogen Atom Problem: Old Quantum Theory

	Matrix Representation
	From Wave Mechanics to Matrix Mechanics
	Theory Framework of Matrix Mechanics
	Dirac Notation

	Particle Motion in a Electromagnetic Field
	Classical Electromagnetic Theory
	Normal Zeeman Effect

	Spin
	Spin Angular Momentum Operator
	Basic Theory of Spin
	Spin-Orbit Coupling

	Perturbation Theory
	


