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1 DYNAMICAL PICTURE OF QUANTUM MECHANICS

1 Dynamical Picture of Quantum Mechanics

1.1 Wave-Particle Duality

There are three experiments that shows the wave-particle duality:
o Double-slit experiment with electrons

» Photoelectric effect

o Planck’s law of blackbody radiation

Example 1.1. Planck’s law of blackbody radiation is given by

2hv3 1
IW,T) = (1.1)
€ eRsT —1
We can rewrite it as o2
2 1
FNT) = T2

Proof. Notice that
[f2(N)dA] = [f1(v)dv|

and v = {, we have dv = —5dA. Hence, we have
dv 2hv3 1 c 2hc? 1
f A, T - j 9 T - = » _— =
( ) (V ) d/\ Cg ek};T_lAQ )\5 eAkthT_l
]
The corresponding relations are:
E=hv=h— =hy (12)
2
h
-~ — hk 1.3
P=x (1.3)

1.2 Quantum Mechanical Description of Motion

The first postulate of quantum mechanics states that the state of a quantum mechan-
ical system is completely specified by a wave function ¢ (x,t) in Hilbert space.

Proposition 1.2 (Born). The probability density of finding a particle at position x and
time t is given by

p(r.t) = [¢(r, 1) (1.4)
Hence, we have
| wtrper - (L5)



1 DYNAMICAL PICTURE OF QUANTUM MECHANICS

We give the double-slit experiment as an example to illustrate the probability wave
function. Assume the original wave function is ¢(z) = R(r)e*(™), then the wave function
after passing through the double-slit is () = ¥, (¥) + 1 (z) = Ry (r)e'® (") 4 Ry(r)ei2(m).
Then the brightness on the screen is proportional to the probability density:

I(r)oclip(z)]? = R(r) + R5(7) 4+ 2Ry (1) Ra(r) cos(d1(r) — ¢a(r))
The last term is the interference term.

Proposition 1.3. Assume that ¥ (r) is normalized, then we have

T = f_ ) rlv(r)[Pd*r (1.6)
@arp = [ = PPper (17)

The second postulate of quantum mechanics states that the time evolution of the
wave function is governed by the Schrodinger equation:

¢ W(r,t) = H(r,t) (1.8)

"
o

Example 1.4. Verify that the plane wave function (z,t) = Ae'®**=Y satisfies the
Schrodinger equation.

Proof. By the wave-particle duality, we have ¢ (z,t) = AeFe=%D . Then we have

m%&@,ﬂ — E(z,t) = H(z,1) (1.9)
O

Proposition 1.5. Every wave function can be expressed as a superposition of plane

waves:
1 +00

U(r) = W » (b(k)ei(k'r)d?’k (1.10)
where ¢(k) is the Fourier transform of 1 (r):
1 o .
o(k) = e J_OO W(r)e @iy (1.11)

Proposition 1.6. The Fourier transformation between r and p is given by

1 e I
o(p) = (k) = WLO Y(r)e

2

—00

1 oo i(2.r) 13
Y(r) = Wf p(p)e"nd’p



1 DYNAMICAL PICTURE OF QUANTUM MECHANICS

Definition 1.7. A set of functions {¢,(z)} is called a set of basis functions in a
Hilbert space H if any function ¢ (x) € H can be expressed as a linear combination of
these functions. If the basis functions are orthonormal, they satisfy

J‘¢Z(x)¢m(x)dx = Onm (1.12)
Another fewer used definition of orthonormality is
| x@pata do = s~ p) (113

For example, the set of the plane waves {e?**}, ¢ functions {0(z — a)}, and spherical
harmonics {Y},,(0, ¢)} are all basis functions in their respective Hilbert spaces.

Definition 1.8. If the superposition is expressed as an integral, the basis functions are
called a continuous basis. If the superposition is expressed as a sum, the basis functions
are called a discrete basis.

Definition 1.9. The inner product of two functions f(r) and g(r) in a Hilbert space
‘H is defined as

(F(r), g(r)) = f £ ()g(r)dr (1.14)

We have some orthonormal basis functions, like the plane waves, the spherical harmon-
. ) . ! .
ics, 0 functions, Legendre polynomials Py(x) = 2%!%(%2 —1)" and Chebyshev polynomials
T, () = cos(narccosz). When we normalize the wave functions, there always exists an

uncertainty of constant phase factor.

1.3 Mechanical Quantities

Definition 1.10. Repeat a mechanical quantity A for N times and the average value is
A. The results of measurement of A are Ay, Ay, -+, Ay. The statistical fluctuation
of A is defined as

(AA)? = %Z(Ai — A)? (1.15)

Definition 1.11. Given a wave function 1(r), A is called an operator of mechanical
quantity A if the expectation value of A is given by

A= [wmavrer - (v i) (1.16)
Example 1.12. The operators of momentum p is given by
h
p=-V. (1.17)
The operator of kinetic energy T is given by
A2 2
- p W oo
T=-—=——V~ 1.18
2m 2m ( )

The operator of angular momentum [ is given by

e; e, e,
l=rxp=|z y z|=e;(yp:—2Dy) + ey (2ps — xp:) + €. (xpy — yp.) (1.19)
Pz Dy P:
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Proof.
[0 +00 Q0 1 e *
p=| ©*(p)pp(p)dp = f U Y(x) \/ﬁe‘“‘ldw) pe(p)dp

(‘+OO . 1 +0o0 h d i%
| v ( o f_w () (;@e )dp) da

p+oo . FL d +00 z’prl B —+00 . h d
[ Cewis ( [ ot ,dp> dr= vl L

—_

]

Definition 1.13. « is called an eigenvalue of operator A if there exists a non-zero
function ¢ (7) such that

Ag(r) = ag(r) (1.20)
In this case, 1(r) is called an eigenfunction of A corresponding to eigenvalue «.

Any non-eigenfunction can be expressed as a superposition of eigenfunctions.

Example 1.14. The eigenfunctions of the momentum operator are the plane waves and
the eigenfunctions of the position operator are the ¢ functions.

Proof. For the momentum operator, we have
h d
;aw(x) = py(x)

The solution is ¥ (z) = Ae'i* | which is a plane wave. For the position operator, we have

2(x) = wp(x) = wotp()
The solution is ¥(z) = 0(z — x). O

The measurement of a mechanical quantity A under an eigenfunction is unique and
equals to the corresponding eigenvalue.

The third postulate of quantum mechanics states that the only possible result of the
measurement of a mechanical quantity A is one of the eigenvalues of the corresponding
operator A.

Proposition 1.15 (Heisenberg’s Uncertainty Principle). For the standard deviations of
position and momentum, we have

AxAp >

DO | St

(1.21)

1.4 Schrodinger Equation

If the Hamiltonian H does not depend on time, we can solve the Schrodinger equation
by separation of variables. Assume W(r,t) = ¢(7)f(t), then we have

LLA 1
A e = E

Then we have i
ft) = f(0)e ",
U(r,t) = o(r)e 17,
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Definition 1.16. The probability density p(r,t) is defined as

p('l", t) = |\I/(fr~7 t)|2'

The probability current density j(r,t) is defined as

h
§(rt) = 5= (V'VY = UVET).

Proposition 1.17. The law of conservation of probability states that

d 400
T U (r,t)]>dr = 0. (1.22)
Proof.
d +00 +00 '}\Ij '1\1/*
G| mmora - [ (wSe e ar
dt J)_., ot
1 +00
-7 <\1: (——v2+v ) <——V2+V( ))qx )dr
ih zh . .
=5 V (U*VU — VU dr = (U*VV —UVU*) - dS =0
SHOO

The last step is because § |¥|?dr is finite, so ¥ — r5ts

,8§>0asr — oo. ]
Proposition 1.18. In the proof of Proposition , we notice that

op(r,t)

StV =0 (1.23)

which is called the continuity equation.
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2 Particle in One-Dimensional Potential Field

2.1 Basic Properties of Particle Energy States

Definition 2.1. ¢y, ¢, are degenerate eigenstates, or degenerate states of operator
O if they correspond to the same eigenvalue o.

Proposition 2.2. If i,1s are two degenerate eigenstates of operator O, then any linear
combination of them is also an eigenstate of O corresponding to the same eigenvalue o.

Definition 2.3. Spatial Reflection Operator P is defined as Pf(r) = f(—r).

Definition 2.4. f(r) has even parity if f(—7) = f(r), and has odd parity if f(—r) =
—f(r).

Theorem 2.5. If ¥(x) is an eigenstate of H, then Y*(—x) is also an eigenstate ofIEI
corresponding to the same eigenvalue. Hence, we can always choose the eigenstates of H
to be real functions.

Theorem 2.6. If the potential V (z) satisfies V(—x) = V(x), then for every eigenstates
Y(x) of H, ¥(—x) is also an eigenstate of H corresponding to the same eigenvalue. Hence,
we can always choose the eigenstates of H to have definite parity.

Theorem 2.7. If the potential V(x) is finite for any x € (—ow0,+00), then ¢'(z) is
continuous whether V(z) is continuous or not.

Proof. By the Schrodinger equation, we have

L) 2 (0) = Byi(a) < 0/ + o) — V(@) = (V&) — E)(a)dr ~ 0.
O
Theorem 2.8. If eigenstates 11 (x),1s(x) are degenerate eigenstates, then we have
1)y — o] = Constant (2.1)

Proof. By ¢" = 73(V — E)¢, we have {1y — 1 = 0 = L (¢{p2 — dithy) = 0. =

Definition 2.9. A bound state is the state of a particle, which is confined to a finite
region of space by the potential V(z), i.e. whose wave function tends to zero as x — +o0.
The opposite of bound state is scattering state.

For bound states, we have ¢}, — 9] = 0.

Theorem 2.10. The eigenvalues of bound states are non-degenerate in the one dimen-
stonal typical case.

Proof. If 11,19 are two degenerate eigenstates of bound states, then we have 9} —

o)y = 0. Hence, Z—i = Z—é = In || = In|thy| + C = 1)y = e“1hs. O

However, if there exists a singular point in the potential, the eigenvalues can be
degenerate.
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2.2 Solutions to Bound States in Square Potential Wells

The one-dimensional infinite potential well is defined as

V(z) 0, O<z<a
:L‘:
o, r<0orx=a

For x < 0 or x = a, we have ¥(z) = 0. For 0 < x < a, we have

R d2y(z) . o JInE
ST E(x) = () = Ce™ + De ™ |k = =

By the boundary condition ¢(0) = ¢(a) = 0, we have C+D = 0 and C (e — e~**) = 0.

Hence, we have e* = ¢7*% — | = 2% p — 1 2 3,.... The solutions are
2252 9
E, = "2;7 () = \/gsin (%”g;) n=1,2,3, . (2.2)

x = 0 and x = a are fixed, so this is a standing wave and the wave function has more
nodes as n increases.
The finite symmetric potential well is defined as

Viz) - {O, lz| <

Vo, o[>

N NI

By Theorem @, it suffices to consider the even and odd parity solutions separately. We
only consider the bound states with 0 < E' < V4. For |z| > §, we have

R ()

(Vs E)
2m  dz? '

h

+ Vo (z) = B (x) = ¢(x) = Ae™ + Be™™, f =

Since ¥(x) must be finite as © — 400, we have

CeP* TS —5
5 SmE . AZm(Vo—E)
De Pz, T=3

For even parity, we have A = B and C' = D. By the continuity of ¢(x) and ¢/(x) at

r =% we have A (ei% + e‘i%> — De P53 ikA (ei% — e‘ik?tl) — —fDe ?%. Hence, we

have 8 = ktan (]“2—“) and 2+ k? = —2722‘/0. Let & = ]“2—“,7] = % Then we have £2+1? = —”%2“2
and 7 = {tan&.
For odd parity, we have A = —B and C' = —D. By the continuity of ¥ (z) and ¢'(z)

ka

at x = &, we have A <eik2*a - e’i7> — De 3 ikA <eik7a + e’i%a> — —fBDe ?%. Hence, we
have cot (k—;) = —%. Similarly, we have n = —€cot & and €2 + n? = m‘{;ﬁ
From above, we know that even parity solutions always exist, while odd parity solu-

tions exist only when 4/ M‘gﬁ > 7. When Vj — oo, the solutions converge to those of

the infinite potential well.



2 PARTICLE IN ONE-DIMENSIONAL POTENTIAL FIELD

2.3 Scattering State Problem

Consider a particle incident from the left on a finite potential barrier:
W 0<z<a
Vig)=4 "
0, z<Oorzxz>a

Assume the energy of the particle 0 < E < V;, then we try to solve the reflection and
transmission coefficients. It’s easy to determine the general solutions:

Cfeika: +D67ikx7 <0
Y(z) =< AeP* + Be™ P, 0<z<a, (kxzm,ﬁz Qm(ZO—E)>.

" h
Eer®, T >a

Let j;, jr, j: be the incident, reflected and transmitted probability current densities
respectively, then we hope j; = j, + j;. Compared with the general solution, we have
ji PN Ceikx,jr PN De‘ikx,jt s E@ikx.

Definition 2.11. The reflection coefficient R and the transmission coefficient T
are defined as

L
ji O] ji o |CP

For convenience, we let C' = 1. By the continuity of ¢ (z) and ¢'(x) at x = 0 and
r = a, we have

R* = (2.3)

. 2Bk ke
~ (k? — 32)sinh(Ba) + 2ipk cosh(ﬁob)e ’
R (82 + k2)? sinh(Ba)
(k2 — (?)sinh(fBa) + 2iBk cosh(fa)’
And
- 2 .
s = 1+ () | . |RP = — 02 sinh”(5a) (2.4)

iz (1 _ g> (k2 4 82) sinh®(Ba) + 432k?’

0 Vo

We can verify that |R|? + |S|*> = 1, which is what we hope.

Proposition 2.12 (Tunneling Effect). Even if a particle with energy smaller than the
potential barrier, there is still a finite probability that the particle will tunnel through the
barrier and appear on the other side.

Consider the weak scattering condition, i.e. E « Vj and a is very large. Then we
have fa = %4/2m(Vy — E) » 1 and sinh(fa) ~ 3e°*. Hence, the transmission coefficient
can be approximated as

52~ LEWo = B) 2o ooy (2.5)
‘/02
This shows that the transmission coefficient decreases as a, m and V; increase.

When E > Vj, the particle is still possible to be reflected. Let g = iy,7 = —2m(f_V°)7

then we have
1k v 2 B
1S|? = (1 7 <§ — E) sin2(7a)> . (2.6)

Definition 2.13. When sin(ya) = 0, i.e. ya = n, the transmission coefficient |S|> = 1.
This phenomenon is called resonant transmission.

10



2 PARTICLE IN ONE-DIMENSIONAL POTENTIAL FIELD

2.4 Harmonic Oscillator

The energy of a classical harmonic oscillator is given by £ = T + %kxz with frequency

w = \/% . The Hamiltonian of a one-dimensional quantum harmonic oscillator is given
by

S 2.7
omdz2 20" (27)
Now we try to solve the bound states of the quantum harmonic oscillator.
Let % = é and £ = ax, then the Schrodinger equation can be written as
d2w (&) 2K

— (&€ -NT(E) =0, A

ez hiw

First consider the asymptotic behavior of W(¢) as & — +o0. We have de‘ng) —&20(¢) =0,
52

one of whose solutions is W(£) ~ Ae™z. Hence, for general solutions, we suppose ¥ (&) =

2
u({)e_%. Then we have the Hermite equation

u”(§) — 26u'(§) + (A = Du(§) = 0.
Let u(§) = X7, ¢:&', then we have

oe]

D +2)(i+ Vel = > 2 + > ei(A= 1) = 0 = cipn =
=0 =0

=0

21+1—- A
T G
(t+1)(i+2)

By ¢y = 0 and ¢; = 0, we have two linearly independent solutions with even parity and
odd parity respectively:
u(€) =co+ e+l + - uw(l) =+ e+
Consider the Taylor series expansion of 652, we have
O ¢2i
e_\&
=35

When £ — oo, it suffices to consider the case when i is large enough, we have cy; 0 =

Z.J%lc% ~ %c%, which is similar to the coefficient of u;(§). Hence, ui(§) ~ e as £ — oo.

Similarly, us(€) ~ £e€* as € — 0. Therefore, Wy (€) ~ e and Wy(€) ~ £e7 as € — oo,
which is divergent. To make W(&) convergent, the series must terminate, i.e. there exists
an integer n such that 2n + 1 — A = 0. It is called the n-th Hermite polynomial, denoted
by H,(&), when the series terminates at i = n, i.e.

H, () = {clf + 383 + -+ €, nis odd 28)

Co+ %4 -+, &%, nis even

Therefore, we have

U(E) = T H (), ulz) = U(az) =, /ﬁe“f? Hi(ax).  (29)

By the boundary condition 2n — A+ 1 =0 and F = %/\hw, we have

1
En=<n+§>hw, n=012-. (2.10)

11



2 PARTICLE IN ONE-DIMENSIONAL POTENTIAL FIELD

Definition 2.14. The zero point energy of the harmonic oscillator is defined as the
lowest energy Fy = %hw

Proposition 2.15 (Casimir Effect). Two uncharged, parallel, perfectly conducting plates
in vacuum will attract each other due to quantum vacuum fluctuations of the electromag-

netic field.

Now we briefly introduce the second quantization. Inspired by

2 N .
A [mw R P . P 1
H = - = _ _

we have the following definition.

Definition 2.16. The annihilation operator @ and the creation operator a' are

defined as L -
. mw (. 1D ot mw (. ip

_ W L N P A 211

¢ 2h <x - mw) ¢ 2h (x mw) (211)

It’s easy to verify that [a,a'] = 1 and H = hw (ata+3) = hw <N+ %), where
N =adla. E, = (n+ $) hw is the eigenvalue of H.

ln) — (n + %) Flny,  Nnd = nn.

12



3 OPERATORS

3 Operators

3.1 Rules of Operators

The fourth postulate of quantum mechanics states that to every observable A there
corresponds a linear Hermitian operator A that acts on the wave functions in the Hilbert
space.

Definition 3.1. The Hermitian conjugate operator A" of A is defined as
) NT
At = (A*) . (3.1)

and the expansion F(z) = Y, in%b 0x"

Definition 3.2. Given F(z) € C*(R)
convergent, we define the function F(A) as

A “1d
A:Zn—

Similarly, we can define F’ (A, Z%) for two operators A, B as

|x 0A™. (3.2)

i 1 0" J"F(x,y)

F(A,B) = .
o, niml oz oym

| 5=0,y= 0A"B™. (3.3)

Definition 3.3. The commutator of two operators A, B is defined as
(A B) = AB - BA (3.4)

For example, we have [Z,p,| = ik, which is called the canonical commutation rela-
tion.

We call A and B commute if [fl, B] = 0; otherwise, we call them non-commute.

Proposition 3.4. We have the following properties of commutators:

1. [A,B] = —[B, A];

2. [A,B+C]=[A,B]+[A,C];

3. [A, BC] = [A, B]C + B[A, C];

4. [AB,C] = A[B,C] + [A, C]B;

5. [A,[B,C]] +[B,[C,A]] + [C,[A, B]] = 0

3.2 Hermitian Operators

Definition 3.5. A is called a Hermitian operator if Af = A.
In fact, all observable operators are Hermitian. Recall p in Example , we have

Theorem 3.6. The mean value of a Hermitian operator is always real.

13



3 OPERATORS

Theorem 3.7. ]fA is a Hermitian operator, then AA2 > 0.
Proof.

Theorem 3.8. The eigenvalues of a Hermitian operator are always real.
Theorem 3.9. ]fA is a Hermitian operator, then A — A is also a Hermitian operator.

Theorem 3.10. The cigenfunctions of a Hermitian operator corresponding to different
eigenvalues are orthogonal.

Proof. Assume 1,,, ¥, are two eigenfunctions of A corresponding to different eigenvalues
A, A, then we have

(Am - An)(¢m7¢n) = (Awmawn) - (szma A"vbn) =0= (@Dm, 77Dn) = 0.
]

In general, the eigenfunctions of a Hermitian operator corresponding to the same
eigenvalue are not necessarily orthogonal. However, we can always use the Gram-Schmidt
process to orthogonalize them.

3.3 Non-Square Integrable Wave Functions

Example 3.11. The plane wave function and §-function are not square integrable. Ac-
tually, all eigenfunctions of a continuous spectrum are not square integrable.

Proof. Let 1, be the eigenfunction of A corresponding to the eigenvalue oo. Suppose that
(Yas Yar) = Oaar, then for any ¥, we have ¥ = {C,1),(r)da.

a+e
(U, 0) = JC(’; (f C’ardm/da'> da = JC; (lir%J C’a/do/> da = 0.

However, this is impossible. O

For eigenfunctions of a continuous spectrum, we normalize them to the ¢-function,
ie.

(o, Yor) = 6 — ). (3.5)

Then, we have
(U, 0) = fj C*Cyi(a—a')da'da = f’C’a|2da. (3.6)
Theorem 3.12 (Completeness of Eigenfunctions of Hermitian Operators). A is a Her-
mitian operator. If for any W, % has a lower bound but no upper bound, then the

etgenfunctions of/Al form a complete set, i.e. any wave function can be expanded as a
linear combination of the eigenfunctions of A.

14



3 OPERATORS

3.4 Common Eigenfunctions

Deﬁnltlon 3.13. 1, is the common eigenfunction of A and B if Awmn = UmWVmn
and men Bn¥mn, where m and n are the quantum numbers of A and B respectively.

Proposition 3.14. Hermitian operators with common eigenfunctions commute.

Proof.

(AB _ BA) Umn = ABtbmn) — B(0rmthmn) = (Butm — B )b = 0 = [A, B] = 0.
]

Now we discuss the construction of common eigenfunctions of commutative operators.
First, all the non-degenerate eigenfunctions 1) of A are also eigenfunctions of B, because
By is also an eigenfunction of A, which shows that 31/1 = ().

Next, for degenerate eigenfunctions ¢n1, ¥n2, - - -, Ynm of A corresponding to the same
eigenvalue o, we have B%/}m = Z;ﬂzl Cijnj. By the equations, we can determine the

eigenfunctions of B.
By the idea of common eigenfunctions and quantum numbers, we can distinguish all
the degenerate states.

Definition 3.15. Let (Al, Ay, -+ ) be a set of commutative and independent Hermitian

operators and their common eigenfunctions be 1,4,.., where @; is the quantum number
of A;. Then, (ay,as,---) determines the state of the particle completely and we called
(A1, As,--+) a complete set of commuting observables.

Example 3.16. The wave function of the electron in a hydrogen atom can be expressed as
Unim (1, 0, @), which is the common eigenfunction of H , lAQ, l,. The three quantum numbers
determine the state of the electron completely. Therefore, (]f[ , 22, l;) is a complete set of
commuting observables.

Definition 3.17. The complete set of commuting observables including the Hamiltonian
is called a complete set of conserved quantities.

Proposition 3.18 (Uncertainty Principle). For any wave function and /1, B, we have

AA-AB}%‘[A

(3.7)

Proof. Let I(« S’aA\I/ + @B\I!’ dz = 0, then we have

I(a) = a®AA? + AB? + ia[A, B.

Since I(«) is real, we have i[A, B] = 3 € R. Hence

I(a) = a®AA2 + AB? + af = A? (ozz—l—iT) - =+ B~
2A2 4A2

For every o, I(a) = 0, so we have B2 > %. Since [A — A, B — B] = [A, B], we have

1 — = = 1

AA-AB > -|[A-A,B-B]=Z|[A B].
2

[\]

3

Specially, for x and p, we have Az - Ap, > %

15



3 OPERATORS

3.5 Angular Momentum Operator

The angular momentum operator is defined as lAZ = &1 T;pr and we have [Z;,p;] =
ihdiz, [2i, 75] = [pi, ;] = 0.

Recall basic properties of Levi-Civita symbol egj€pim = €irj€ikm = €ijk€imk = 0it0jm —
dimd;1. Then we have the following commutation relations:

[ZA’L)Z?]] = [Eiabfaﬁbafj] = giab-’fa[]ﬁb;fj] = Z‘hgijatfaa [lempAﬁ] = ihgaﬁvﬁ’ya (38)
[l;; l;] = [€iabfa]5b7€jcd95c]5d] = Eiab€jed (fc[fa,]fd]]fb + fa[ﬁb, fc]ﬁd) = ihgijk[k- (3-9)
Therefore, we have o R
l x1=1hl. (3.10)
Since . o o o .
[lj ,lz] = lj[lj, l@] + [lj, ll]lj = Zha’fﬂk(ljlk + lklj> (311)
we have o
[1,0]=0. (3.12)
In spherical coordinates, the angular momentum operator can be expressed as:
I, = ih ( sin 2 + cot 6 cos < (3.13)
"o Y o0 Yop) '
I, = il —cos < + cot 6 sin < (3.14)
y - Spae (pagp ) .
- 0
l, = —ih—, 3.15
i3, (3.15)
1 0 0 1 02
P=-n(——= (sinfd=— —— . 3.16
(sin9 00 (sm 59) " sin? 4 5902> (3.16)

The Schrodinger equation in spherical coordinates is given by

_ﬁ_i(@ (5) l )w,e,@+v<r,e,w>w<r,e,w>=Ew<r,e,so>. (3.17)

omr2 \ or r% 2

Since [I2,1.] = 0, we can find their common eigenfunctions Y (6, ¢) = ©(0)®(y). For L.,

h d 1
_d_q)<90) =a®(p) = a=mh, Q(p)=—7="" m=0%1£2,---. (3.18)
L

For 2, denote the eigenvalue by Ah2, then we have

1 d /. dO(d) m? B
sin 6 d§ (Sm 9T> - <)\ ~ sin? 9> o) =0.

Let x = cosf and y(x) = O(0), then we have the associated Legendre equation

d dy m? = k(k+1)—\
—((1-2*=2 A =0 - k L L A
dzx <( ‘ )dx> - ( 1 —:L‘2> Y — Y kZ:;)Ckﬂ? P k2 (k + 1)(l€+2)ck

(3.19)
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3 OPERATORS

Since for —1 < x < 1, y is not bounded, so the series must terminate, i.e. there exists an
integer [ such that {(l + 1) — A = 0. Therefore, we have

A=1(l+1), 1=0,1,2,-. (3.20)

When \ = [ (l + 1), this polynomial is called the Legendre polynomial, denoted by
Py(z) = Y _,cxx®. When [ is odd, P(z) is an odd function; when [ is even, Pj(z) is an
even function, i,e. P(—z) = (— 1)lPl( ). And we have Rodrigues’ formula:

Pa) = — & 2 1) 3.21
z(x)—ﬁ@(x—)~ (3.21)
Therefore, when m = 0, we have

Yim (6, 0) = Py(cosf)e™?, (3.22)

where [ is called the azimuthal quantum number and m is called the magnetic
quantum number. ) K
Using Dirac notation, we denote the eigenstate of [* and [, by |I,m), then we have

Pll,m) = I(1 + D)E2|l,m), L|l,m)=mh|l,m), {(z|l,m)="Yim(b,p). (3.23)
Definition 3.19. The rasing and lowering operators are defined as
=1y +ily, 1 =1,—il, (3.24)
We have the following properties:

1. Z+, [_ are not Hermitian operators, but are Hermitian conjugate to each other.

1] = This.
3. Zu m) = |I,m + 1). Because [ly,L]|l,m) = (I4l, — LIy)|l,m) = Th|l,m).

—
N)
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4 TIME EVOLUTION AND SYMMETRIES

4 Time Evolution and Symmetries

4.1 Conserved Quantity and Virial Theorem

Definition 4.1. An observable A is called a conserved quantity if its mean value does
not change with time for any wave function, i.e.

%Z - % (v Aw) —o0. (4.1)

Proposition 4.2. The conservation condition of an observable A is given by

1. 4 =0;
2. [A,H] =0.
Proof.
d— [0V . 0 ov
EA: (/—t,A\II) + <\If - m) + (‘P’Aat)
1 0A 1——— 0A
S ~ U 0| = —[A H| + =—.
— (v, Av) - (v, AfD)) +< g ) —[AH]+

We call the complete set of commuting observables {f[ , Al, 1212, --+} the complete
set of conserved quantities.

Theorem 4.3 (Virial Theorem). For a stationary state, we have
2T =7 -VV(r). (4.2)

Proof. Since 7 - p is independent of time, we have

d 10— 7=

—7 - p=—[r-p.Hl =0.

SF =l p =0
Now we calculate [7 - p, %] and [7 - p,V(7)] respectively:

[ D, p°] = [@ps, D3] + [9Dy, D)) + [2D2, D3] = 2ihp} + 2ihp], + 2ihp? = 2ihp®.

Since [2p,, V(r)] = &[ps, V(r)] = —ihd -, we have

- L (OV oV oV .
[ b,V (r)] = —ih (%wa—yﬂg) _ ik YY),

~

By [7 - p, H] = 0, we showed the theorem. ]

Example 4.4. If the potential is spherically symmetric, i.e. V(r,0,9) = V(r), then the
angular momentum of the particle is conserved.
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4 TIME EVOLUTION AND SYMMETRIES

Proof. 1t suffices to show that [I,, p*] = 0.
(e ) = [y 5] + [l B3] + [l 2] = O th(Pyp= + Ppy) — ih(psy + Byp=) = 0.
[]

Consider a infinitely small displacement 1/ = x + § and H(z') = H(z), then we have

U(x+0)=V¥(z)+ %5ﬁm‘11(1‘> + 0(6%).

By Schroédinger equation, we have

Dy (m%wa,oa) = ih%ﬁm\lf(x,t)é — Hp,U(x,t)s.
O

Since V¥ is arbitrary, we have

~

[P, H] = 0. (4.3)

Therefore, under an infinitely small displacement, the momentum is conserved. Similarly,
we can show that under an infinitely small rotation, the angular momentum is conserved.

4.2 Quantum Many-Body Problem 1: Distinguishable Particles

For N particles, the wave function is given by W(ry, re, -+, ry,t) and if the Hamil-
tonian is independent of time, we have the stationary state

\I[n(,rla o, -, TN7t) = wn(’rla o, -, TN)e_%Ent‘ (44)

The normalization condition is given by

an(rl, ro, -, ry)Pdridry - dry = 1 (4.5)
The total momentum is given by
X N N
P = p. = —ih 4.6
i;pz i ; pt (4.6)

where every item is a single particle operator and the summation is a one-body
operator. Similarly, the total angular momentum and kinetic energy are given by

~ NA N N . N h2 02
L=Zli:2rixﬁi, T:Z ":Z(_zmiﬁ) (4.7)

The operator related to the interaction between two particles is called a two-body

operator, such as v(ry, ry) = |r?1:172~2\'

If the particles are non-interacting, then the Hamiltonian is given by

~

i . i B2 o2
H(ry,ro,-- ,rn) = > hi(ry) = (— =~ T Vz‘(ﬁ')) . (4.8)
P le 0‘37"22

i=1

After respectively solving the single-particle equation, we can construct the wave function
of the whole system as

\I/mmz,'“,nz\r(rl’ ro, -, TN) = ¢m(r1)Xn2(r2) o ':unN(TN>' (49)
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4 TIME EVOLUTION AND SYMMETRIES

Proposition 4.5.

N
F[¢n1(r1>Xn2<r2) ;unN 'r'N Z iL rz ¢n1 ’I”l)Xn2(’l"2) MHN(TN»
=1 (4.10)

N
Z Enl¢n1 ™ an(TZ) /J“nN(rN) = E¢n1(r1)xn2(r2) e /’LnN<rN)7

Consider a two-particle system, where the potential only depends on the distance
between the two particles, i.e. V(ri,ry) = V(|r1 — r3|). Let R = ™L202%2 he the
center of mass coordinate and r = r; — ry be the relative coordinate.

Proposition 4.6. In the new coordinates, the Hamiltonian is given by

R* % h* ?

H(R.T) = —501 3R ~ 2o ©

V(r). (4.11)

We can separate the variables as (R, r) = ¢(R)p(r), where

(—%%) 6(R) = Exo(R), (—g;—; + V(r)) o(r) = Bup(r),  (412)

Generally, we can not separate the variables in the wave function, such as ¥ (x1, x5, x3)

nr(z+z2z3)

= sin . These variables are called entangled.

4.3 Quantum Many-Body Problem 2: Identical Particles

Definition 4.7. Identical particles are particles with same intrinsic properties, such
as mass, charge, and spin.

The exchange of two identical particles should not lead to any observable change in
the system.

The fifth postulate of quantum mechanics states that identical particles can not be
distinguished by any physical means.

Define the exchange operator ]31-]- as

pl.j\p(... T T ) = W e ). (4.13)
Since W(--- , vy -+, rj,---)and ¥(--- ,rj, .-, 7y, - - - ) differs only by a complex constant
factor, we have

pij\p(... Ty Ty ) = AWy Ty, (4.14)

Since
p;g]( ,’I"i,“' a’rja):>\2\:[l( 7747;’... ,’f'j,)E\IJ( ;’riy"' 7rj7...>7
we have \2 =1, ie. A = +1.

Definition 4.8. If A = 1, the particles are called bosons, whose spin is integer times h.
If A = —1, the particles are called fermions, whose spin is half-integer times h.
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4 TIME EVOLUTION AND SYMMETRIES

Proposition 4.9. The Bose-FEinstein distribution and Fermi-Dirac distribution
are given by
1 1
W = Gm W= Gemom 1
When T » 1, we have (N,) « 1, hence both distributions reduce to the classical
Maxwell-Boltzmann distribution:

(4.15)

(Ny) = e BEx—H)

Consider a identical fermion system. Let P, be a permutation operator, which per-
mutes the coordinates of particles according to the permutation a.

U= AZ o (ks (P1)Vhy (12) -+ Uiy (7))

+1, even permutation,
pulor) = .
—1, odd permutation.

The normalization constant A can be determined by
N!
AP Y o) Yl
a=1 ps=1
(P (wkl(”‘l)wkz(rz) Uiy (7)) 5 B (Vg (P1)¥ky (12) - - - Uiy (7))

NI
= |A]? Z ) Y 1(B)bas = |APPN.
B=1

a=1

Hence, we have the normalized wave function and Slater determinant:

Z o (Ury (11) Uy (12) -+ iy ()
¢k1(r1) 77ZJI€1(",.2) e wkl(rN) (416)

i Ury (1) Uro(m2) -+ Upy(Tw)
N : P
Yy (T1) Yry(r2) - Yry(rn)

Consider identical boson system. Similarly, we have

. AZP Wiy (1) -+~ g, (1) iy (i) -

"

Nk, items
N!
= A (ng, ng,! - ny, 1) Z Uy (11) - g, (73) Yy (Piga) -+ |
a=1 Nk, items
~ ! S . . e
where N = ——2~ and P, is the permutation operator for distinct arrangements.

Nk !nkQ!“'nkM-

For normalization, we have
(lI}7\II> = |A‘2 (nkl!nkQ' TNy ) N‘ =L

Therefore, we have the normalized wave function:

N

Ny M, o RN
v :\/ ko Tk ' Y Z Po | (1) - Yy (13) Yy (Tin) -+ ] (4.17)
. a=1 ~~

ng, items
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5 CENTRAL FORCE FIELD

5 Central Force Field

5.1 General Properties of Particle Motion in a Central Force
Field

In a spherical coordinate system, the Schrodinger equation of a central force field is
given by

h2 02 20 Zz
(_@ (ﬁ + ;% - W) + V(T)) U(r,0,¢) = EY(r,0,9). (5.1)

Since the angular momentum is conserved in a central force field, we can find the
complete set of commuting observables

(H, 2,1},

Their common eigenfunctions can be expressed as 1,,;,,, where n is the principal quantum
number, [ is the azimuthal quantum number, and m is the magnetic quantum number.
Since the common eigenfunctions of [? and [, are Y;,,,(6, ), we can separate the variables
as

l/Jan(T» 97 90) = Rnl(r)yim(ev 90)' (52)

Then we have

2u \dr2 " rdr 2

(—h—2 ( & 24 Wi+ 1)) + V(r)) Ru(r) = ERu(r). (5.3)

To emphasize that the equation only depends on [, if the radial quantum number of H,
is n,., we denote R,(r) by ¢,,.(r) and E by E, ;.

5.2 Hydrogen Atom Problem: Old Quantum Theory

The orbit needs to satisfy the angular momentum quantization condition in Bohr’s
theory:

por = nh. (5.4)
Also, it satisfies

2 2

— =—. 5.5

=5 (5.5)
Then we have 2 ) .

1 e pe® 1
2 2 2
r=n W =N aop, En = §MU — ? = _ﬁﬁ7 (56)

where ag = 0.529A is called the Bohr radius and —% = 13.6eV is a Rydberg.

The electromagnetic wave energy emitted when transmitting from n-th orbit to m-th
orbit is given by F, — E,, and the corresponding wavenumber is

. E,—FE, 1 1
Vnm:T:R<ﬁ_ﬁ), (57)

where R = 2%526 ~ 1.097 x 10"m™! is called the Rydberg constant.
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5 CENTRAL FORCE FIELD

We can change the special two-body problem into a one-body problem with reduced

mass i = %
~ 2 V% U(R) = Eg¥(R), M = my, + me,
2 2
(-hvi-2)um) = Bum). =g+ b~k

To solve ¢;, denote

xi(r) = réy(r) = o + (i—g (E + e—) — l(l; 1)) xi = 0.

dr2 r

Now we transform the equation into a dimensionless form. Define a Bohr and a
Hartree as

h2 ,LL€4
a = E, Har = 2—h2
And define dimensionless length x and energy ¢ as
r E
x = pt €= Har’ xi(r) = y(x)
Then we have L n )
Y 2 +1
— 2+ — — =0. 5.8
dx2+<5+x x? )y (5:8)

x = 0 and x = oo are two singular points of the equation. Analyzing the asymptotic
behavior of y(x) at these two points. When x — 0, the asymptotic equation is given by

Py 1l +1)

dz? 2

yZO,

whose solution is

y(l)(l‘) N Z)Sl+1, y(2)<ZL’) ~ gt — 77Z)(l) .y rl}/lm(&(p% 1/}(2) -~ T_l_lYlm(Q,go).

nlm nlm

To ensure the finiteness of the wave function at » = 0, we have

y(z — 0) ~ 2.

When z — oo, the asymptotic equation is given by

d2y
@ + 2€y = 0,

whose solution is
y(r — o) ~e P B =1/-2e = y(z) = 2 e Pw(z).

Substituting y(x) into the original equation and denoting & = 28z, u(§) = w(x), we
have the

d?u du 1
gd—§2+<21+2—g)d—§+(5—1—1)u:0. (5.9)
Consider a standard L q
U U
@ T —au=0, (5.10)
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5 CENTRAL FORCE FIELD

The power series solution is given by

o]
avfzzg—i— (@) =ala+1) - (a+k—1). (5.11)
To ensure the finiteness of the wave function at x = o0, the power series must terminate,
ie. a =0or @ =—n,, where n, =0,1,2,---. Hence, we have
Un,1(§) = F(=n,, 20+ 2,8). (5.12)
1 1
[+1——==n, = ——
3= 8 n, + 1+ 1
o (5.13)
wi(r) = Ay rle mrEma | —p, 2042, —=— ).
= Ona(7) e ( " (n, +1+ 1)a)
The eigen energy is given by
Har pet 1
E,/z=——=-—— 5.14
T2, AL+ 1) 202 (ny L+ 1)? (5.14)
Given energy E,,, the degeneracy is given by
n—1 [
Gn = Z 1=n’ (5.15)
1=0 m=—1

If every quantum state can accommodate two electrons with opposite spins, we have
1. n = 1 can accommodate 2 electrons: 1s2;
2. n = 2 can accommodate 8 electrons: 2522p5;
3. n = 3 can accommodate 18 electrons: 3s523p%3d*°;
4. n = 4 can accommodate 32 electrons: 4s24p%4d'°4 f14.

The symbol of R,;(r) is determined by F', which is a n—{—1 order polynomial. Hence
Ry,(r) has n — [ — 1 radial nodes.

The probability density of finding the electron in the spherical shell » ~ r + dr is
given by

2
P(r)dr = f J i |1 sin 0d0dedr = | Ry (r)|*r2dr. (5.16)
o Jo
Since R, (r) has n — [ — 1 radial nodes, the probability density P(r) has n — [ peaks.

Especially, for [ = n — 1, P(r) has only one peak and if the peak is narrow, it is similar
to the classical circular orbit in Bohr’s theory.
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6 MATRIX REPRESENTATION

6 Matrix Representation

6.1 From Wave Mechanics to Matrix Mechanics

Given N orthonormal complete basis {1, (7)}, any wave function can be expressed as
a linear combination of these basis functions:

Ay
N A2
U(r) = Y Aata(r) <= T = (¥ ¥ - Un) | | (6.1)
a=1 .
An
Given W4(r) = 3V, Aytba(r) and Wp(r) = Zgzl Bgps(r), we have
N N N
(\IjAv \DB) = Z Z AZBB (%,W) = Z AzBa
a=1p=1 a=1
B (6.2)
* * * B2 T
<:>(\I’A,\IIB)= (Al A2 AN) . I\IJA\I/B.
By
Consider operator O acting on ¥ 4 such that Oov 4= VYpg:
On Op -+ Oy Ay By
. O Oy - O A B
OUa(r)=Up(r) = | 772 712 =17 63
Ont On2 -+ Onn/) \Ax By
where O,,, = <¢m, O@bn).
Proposition 6.1. The matriz of a Hermitian operator is Hermitian.
Proof.
O = (¥ Ot ) = (O, ) = (¥ Ovn )" = O
[
The eigenfunction O (z) = AU(z) can be expressed as
OA = )\A. (6.4)
It has non-trivial solutions if and only if
On—A O e O1n
On On=A o O (6.5)
On On2 -+ Onn—A
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6 MATRIX REPRESENTATION

6.2 Theory Framework of Matrix Mechanics

One basis corresponds to one representation, such as the coordinate representation,
momentum representation and Hamiltonian representation. Given old basis {1, } and
new basis {¢/ }, we have

Un(w) = 2, V(@) Smns S = (V1 ).
Definition 6.2. The matrix S is called the transformation matrix from basis {1, } to
basis {1/, }.
Consider V4 = Z,ivzl Ay, = Zfzvzl An1,, then we have

n=1

N N N N
k=1 n=1 k=1

If OV, = Up can respectively be expressed in two bases as

OA=B, OA'=B'— O'SA =SB — 0O’ =S0OS L.

6.3 Dirac Notation

Definition 6.3. The matrix of a state vector is represented by a ket |e) and its Hermitian
conjugate is represented by a bra (e|.

The inner product of two state vectors W4 and Vg is represented by (U 4|¥p).
We often use quantum numbers or eigenvalues to label the state vectors, such as

0z — ) = |20y, ZlTo)y = T0|T0), {(T1|T0) = I(T1 — ()
= b0z P _ : — 5(py —
Toh [po)s  Blpo) = polpoy,  {pilpo) = d(p1 — po)
Yip — [tmy,  Elim) = 10+ DRlimY, ' lm) = b

G Yim — |nim), I:I|nlm> = ———"——|nlm), N'I'm'Inlm) = 6,01 10mm.
n

Dirac notation satisfies the combination rules, but not the commutation rules. FOr

operators, we have ) A )
(WAl F[Op) = (Ua|FUp) = (FT0 4T p).

Especially, for Hermitian operator F , we have
(UA|P[Up) = (WAl FTUp) = (FU 4| V).

There are two types of multiplication in Dirac notation. One is inner product (W 4|V )
and the other is direct product | ¥4 )W p|, which is a linear transformation.

Ay AyB¥ ABf .. AB%

A, AyBF  A,BF .. A,B%
Wl =| . [(Bf B -+ By)=] . R :

An AxBf AxB: - AnB%
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6 MATRIX REPRESENTATION

For a orthonormal discrete basis {|n)}, we can express [¢)) in {|n)} as

[4) = D Clmy,  Crn = (mlp) = ) = ) ((m|e)) [m) = (Z |m><m\> ).

m

Hence we have the completeness relation of discrete basis:

D nxn| = 1. (6.6)

Definition 6.4. P, = |n)(n| is called the projection operator onto the state |n).

For a orthonormal continuous basis {|a)}, we have the completeness relation:

o — JCa|a>da, Ciy = |y — f](xX(x]da 9 (6.7)

Coordinate representation and momentum representation are two commonly used
continuous representations. Consider (z|¥), then we have

W) = [Pty — Calp) = vy(a) -
Now we dicuss the representation transformation of operators.
Ok = (ka|Olk2),  Opyny = (n1|O|na).
Then we have

Onyny = Z<n1]k1><k1|0|k2><k2\n2> = 2 St Oty Spyy = O = SOS'.

k:l ]{32 kl k2
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7 PARTICLE MOTION IN A ELECTROMAGNETIC FIELD

7 Particle Motion in a Electromagnetic Field

7.1 Classical Electromagnetic Theory
Definition 7.1. d’Alembert operator is defined as

a 1 0?

o

With regular momentum p,, = p — 2A(r,t), we have the Hamiltonian in a electro-
magnetic field:

(7.1)

= (b 2A00) +aotrn) = 5 (2v - La@y gy, (12)
2# p q ) 2% q ) .
Here we take the Coulomb gauge
V-A=0=>[p,A]=%V-A=O. (7.3)

Since the atom is much smaller than the wavelength of the electromagnetic wave, we
can assume there is a uniform electromagnetic field and we suppose

1
A= §B X 7. (7.4)

Actually, we can verify that

3 0 3 0 1
Vx A= Z ez‘gijk%Ak = Z eigijk% §€klmBme

1 3 0Bx 1 or; ox;
. z im 1m5 == i Bi_j —.B'—Z :B.
Z 10; W g ox; 2 Z ¢ < ox; Jaxj)

Suppose B = Be., then we have

[\3

A=—-B =B
Py TP
2 q . q q .
H,=——A-p=—(B -p=—R~B"
mc p 2mc (Bxr)-p 2mc (r > p)
q 7 N N q -
=——Bl=—;-B = —1.
2me U R W
Definition 7.2. ji; is called the orbital magnetic moment, and ugp = ;ZC is called

the Bohr magneton.
Hence, we have
n2 2 }32 q B . q2 BQ

2 p 2 q 2
H="—+H,+ A% + g =
241 2412 a9 2/,4 2uc 8uc?

—(2* + ) + q¢.

Next, we discuss the probability conservation in an electromagnetic field.
() = o= (5 — vi”) — L (WA — A )
ot 20 pc '
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7 PARTICLE MOTION IN A ELECTROMAGNETIC FIELD

Consider a gauge transformation (¢, A) — (¢, A") such that

10x

X A A4V
cot’ +Vx

¢ =0-
1 is the wave function before the gauge transformation, and satisfies

a .
m%zaﬂfgaw@W:W=wWﬁtmm=iﬂml

Then we have

7.2 Normal Zeeman Effect

Neglecting the quadratic term of B, we have the Hamiltonian of the electron in a
hydrogen atom as

ppB -

D eB i
ho

H="—+_——1.+V(r)=Hy+Hy, Hy-=
2/1/_‘_2/460 + (T) 0+ M, M

Since E' = <nlml\[:IM]nlml> = pupBmy, the energy level splits into 21 + 1 sub-levels with
equal spacing pugB. This is called the normal Zeeman effect.
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8 SPIN

8 Spin

8.1 Spin Angular Momentum Operator

The magnetic field has interactive energy with the spin magnetic moment:
E=—-u-B. (8.1)

In Stern-Gerlach experiment, the force acting on a magnetic moment in a non-uniform
magnetic field is given by

oF 0B,
0. Mo
The result shows that the silver atom beam is split into two sub-beams, which indicates
that the silver atom has an intrinsic angular momentum with two possible orientations.
Spin angular momentum operator S = 8,0+ 8yJ + 5,k satisfies the same commutation

F. = (8.2)

relations as the orbital angular momentum operator I:
[§i, §]] = 2h511k§k
Take {3, 8, } as the common representation and the common eigenfunctions are denoted
by Xem.:
8.2 Basic Theory of Spin

There are two basis in the spin Hilbert space:

w=(g)=w=1- 1w-(}). (53

h 2 2
3 0 3h° (1 0 e (1 0

s — 2 §2 = 200 2 =2 _g2_ "

5, (0 _g) , 8 1 (0 1) , Sy =8y=8= (0 1) . (8.4)

To compute 5, and §,, we also need to define the raising and lowering operators:

84 = 8, £ 8, = S1|s,my) = lin/s(s + 1) — my(m, £ 1)|s,m, + 1).

Then for single electron spin (s = 1, m, = i%), we have

29

1 1 11 11 1 1
Sy|=,—=)=h|=, = S_|=,=)=hl=,—=).
Sty =ty S5 =tz =3
Definition 8.1. Pauli operators are defined as
h
§ = 56, G =04+ 0y] +0.,k=—35,="nhoy. (8.5)

—_

7k = (001 + DX & 001 + 1Dt = j0xal = ().

I
. 0 0 . . . 01 . o . 0 —1
(7_=|1><0|=(1 0)za$20++0_=(1 0), Uyz—z(mr—a_):(z. 0),

. N 1 0
6 = (100] + [15(11) & (10%0] + [11]) = [05(0] — [1(1] = (0 _1)
Definition 8.2. 7,,5, and 0, are called the Pauli matrices.

Any spin state vector can be expressed as a linear combination of the two basis vectors:
a
v = ala)y +8l8) = (7).
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8 SPIN

8.3 Spin-Orbit Coupling

In the rest frame of the electron, the nucleus revolves around the electron, generating
a magnetic field Bocl. The electron has a spin magnetic moment M ,, which interacts
with the magnetic field B and generates an interaction energy —M , - Bocs - 1.

U(r,s) = <ZE:;) is the spin wave function.

Definition 8.3. The total angular momentum operator is defined as
j=1+5s. (8.6)

Proposition 8.4.

5 Xj = ihja []iajj] = ih€ijk3k-

A2 A2 A
We find the common eigenfunctions of {l ,7 , 7.},

‘I’(T, 6), @, S) = Rnlj (r>®ljmj (9’ @, S)u

Proposition 8.5. There are two kinds of ®:

1.
(6, 9,5) = A Ly (0,001 () + A oY (B )1 (), (8T)
20+ 1 2 20+ 1 2
Jorj=1l+2%im;=m+1i;
2.
(0, 0,5) = \| =Ly 0,000 1 (5) = A Y1 (0, )X r (), (5:9)
20+ 1 2 20+ 1 2
forjzl—%,mjzm*%.
Define

A 1 A ~ A 1 ~ ~
Jo=z0s+72), Jy= Z(h —J-).
Then we have

~ ~ ~ A A

[]iaja] = Oa [jivjz] = $h§‘ia j—i—j— = 32 _33 + hjzv i—j-i- = 52 - jg - hjm
PN my = AR\, m),  jo|A,m) = mh|X, m).

We assume j4|\,m) = ci|\,m + 1). Since j, gives a component of j along a certain
direction, we have m? < A\ = m € [-\, \]. Hence, there exists my and mg + N such
that j_|\,mgy = 0 and j; |\, mo+ N) = 0.

Jedo| X mey = 0= (5% = 72 + hy.)| A\, me) = 0 = X\ = mg(mg + 1).

Jogilhmo+ Ny =0= (52— 32— hj.)|\,mo + N) = 0= X\ = (mg + N)(mo+ N + 1).

N N N (N
= —— = -_— = -_— —_— 1 .
mo 5 mo + N 5 A 2<2+>

Hence
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Therefore, we denote

. N . . .
j=g=m=-j m+N=j A=jj+1).

ji’jamj>zci’jamji1>a <]7mj|j$zci<97mji1|:>

Gymylizgeld,myy = lex|*Gymy £ 1|5, mj + 1) = |es|*.

. ~N . ]- . ~ ~ . “~ .
Gymy + 1g3gelj,my £ 1) = W@,mj\f — 2 Fhglimyy =1=

ex = I/j(j + 1) — mj(m; £ 1),

Considering spin,

~2

' eB /- . .
H~L —(zZ 22) v I 5.
2 + i +28, ) +V(r)+&(r)l-s
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9 PERTURBATION THEORY

9 Perturbation Theory

We consider a Hamiltonian with small perturbation:

H=Hy+H'. (9.1)
9.1
Denote H = Hy + AH’ and expand the energy and wave function in terms of \:
E,=E9 + \EW + NE®@ + ... 0, =00 L gl 1 \2p® ...

EW§O — (ﬁo - Eg))) v = (E<1> - H’) 7O,

ELgW) L 5@y
— (1310 - Eg))) v = (E“) - FI’) o) EO§O)
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