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Abstract

This note is based on Functions of Real Variables, taught by Baoping Liu in Fall
2025 at Peking University and also refers to Theory of Functions of Real Variables
by Minqiang Zhou.
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1 SETS AND POINT SETS

1 Sets and Point Sets
1.1 Introduction
Definition 1.1. Given f bounded on ra, bs, consider a partition ∆ : a “ x0 ă x1 ă

¨ ¨ ¨ ă xn “ b. Define Mi “ suptfpxq : x P rxi´1, xisu, mi :“ inftfpxq : x P rxi´1, xisu and
∆xi “ xi ´ xi´1. The upper sum and lower sum of f with respect to ∆ are defined as

S∆pfq :“
n

ÿ

i“1

Mi∆xi, S∆pfq :“
n

ÿ

i“1

mi∆xi.

Consider Darboux integrals
ż b

a

f :“ inf S∆,

ż b

a

f :“ supS∆.

If they are equal, then f is Riemann integrable on ra, bs, and the common value is
called the Riemann integral of f on ra, bs, denoted by

ż b

a

fpxqdx.

In fact lim∆Ñ0

ř

fpξiq∆xi, ξi P rxi´1, xis exists if f P Rra, bs. And we have some basic
facts:

1. Rra, bs is a vector space.

2. Cra, bs “ tf is continuous on ra, bsu Ă Rra, bs

3. If f P Rra, bs, then f is not far from a continous function in the following sense.
Denote Ωpfq “ tx0 P ra, bs : f is discontinuous at x0u. @ε ą 0, DI “

Ť

Ij where Ij
are disjoint intervals, such that

ř

|Ij| ă ε and Ωpfq Ď I.

Example 1.2. We give two functions that are Riemann integrable.

fpxq “

#

1, x “ 1
n

0, otherwise
, fpxq “

#

0, x R Q, x “ 0
1
q
, x “

p
q

However, Riemann integral has some problems:

(a) Some ”nice” functions are not Riemann integrable. For example, Dirichlet function

fpxq “

#

1, x P Q
0, x R Q

is not Riemann integrable on any interval r0, 1s.

(b) Riemann integrability is not preserved by pointwise limits. For example, consider

fnpxq “

#

1, x P tx1, ¨ ¨ ¨ , xnu

0, x R tx1, ¨ ¨ ¨ , xnu
where Q X r0, 1s “ tx1, x2, ¨ ¨ ¨ u. Then fn Ñ f

pointwise where f is the Dirichlet function, but each fn is Riemann integrable with
integral 0.
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1.2 Sets 1 SETS AND POINT SETS

(c) If we equip Rr0, 1s with metric or distance dpf, gq “
ş1

0
|fpxq ´ gpxq|dx, then

pRr0, 1s, dq behaves like a metric space, but it is not complete. For example,

fn “ 1?
x
Xr 1

n
,1s and f “

#

1?
x
, x P r0, 1s

0, x R r0, 1s
. Then fn P Rr0, 1s and dpfn, fq Ñ 0,

but f R Rr0, 1s.

(d) Other problems. Let f P Rr´π, πs. Then its Fourier series
ř

ane
inx and we

have Parseval’s identity 1
2π

şπ

´π
|fpxq|2dx “

ř

|an|2. However, it may happen that
ř

ane
inx diverges at some point. For example, fpxq “ x on r´π, πs and extended

periodically. Then its Fourier series diverges at x “ π.

(e) How to measure the length, area and volume of a geometric object in Rn? ”Measure”
means a function m : PpRq “ t all subsets of Ru ÞÑ r0,`8s satisfying: (1) If
I “ ra, bs, then mpIq “ b´a. (2) If E1XE2 “ H, then mpE1YE2q “ mpE1q`mpE2q

(3) mpE ` hq “ mpEq for each h P R. Unfortunately, such m does not exist. How
to fix it? We can change the domain of m from PpRq to a smaller σ-algebra
M Ă PpRq.

(f) Integration. Let m “ infra,bs f,M “ supra,bs f . Consider a partition of rm,M s:
m “ y0 ă y1 ă ¨ ¨ ¨ ă yn “ M . Define Ei “ tx P ra, bs : yi´1 ď fpxq ă yiu. Then
ř

yimpEiq Ñ
şb

a
fpxqdx. We’ll discuss this later.

1.2 Sets
Definition 1.3. Let tAku be a family of sets. If

A1 Ą A2 Ą ¨ ¨ ¨ Ą Ak Ą ¨ ¨ ¨ ,

then we say tAku is a decreasing family of sets and
Ş8

k“1 Ak is the limit of tAku,
denoted by limkÑ8 Ak. If

A1 Ă A2 Ă ¨ ¨ ¨ Ă Ak Ă ¨ ¨ ¨ ,

then we say tAku is an increasing family of sets and
Ť8

k“1 Ak is the limit of tAku,
denoted by limkÑ8 Ak.

Definition 1.4. Let tAku be a family of sets. The limit superior and limit inferior
of tAku are defined as

lim
kÑ8

Ak :“
8
č

j“1

8
ď

k“j

Ak, lim
kÑ8

Ak :“
8
ď

j“1

8
č

k“j

Ak.

If they are equal, then we say the limit of tAku exists, denoted by limkÑ8 Ak.

Lemma 1.5. 1. limkÑ8Ak :“ tx : @j P N, Dk ě j, x P Aku, i.e. contains those x that
belong to infinitely many Ak.

2. limkÑ8 Ak :“ tx : Dj P N, @k ě j, x P Aku, i.e. contains those x that belong to all
but finitely many Ak.
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1.3 Mappings 1 SETS AND POINT SETS

1.3 Mappings
We notice some facts of mappings.

1. fp
Ť

Aαq “
Ť

fpAαq, fp
Ş

Aαq Ď
Ş

fpAαq. For example fpxq “ sin x,An “ r2nπ ´

π, 2nπ ` πs.

2. f´1p
Ť

Bαq “
Ť

f´1pBαq, f´1p
Ş

Bαq Ě
Ş

f´1pBαq.

3. f´1 pBcq “ f´1pBqc.

1.4 Orders and Axioms of Choice
The followings are equivalent:

1. (Hausdorff Maximal Principle) Every partially ordered set has a maximal linearly
ordered subset.

2. (Zorn’s Lemma) Every partially ordered set in which every linearly ordered subset
has an upper bound has a maximal element.

3. (Well Ordering Principle) Every nonempty set can be well-ordered.

4. (Axiom of Choice) If tAiuiPI is a family of non-empty sets, then there exists a choice
function f : I ÞÑ

Ť

iPI Ai such that fpiq P Ai for each i P I.

Example 1.6. Let X ˆ Y “ tpx, yq : x P X, y P Y u. Then
ś

α Xα is defined as a map
f : Λ Ñ

Ť

α Xα such that fpαq P Xα.

Lemma 1.7 (fixed point theorem form monotonic mapping). X is a nonempty set and
f : PpXq Ñ PpXq is a monotonic mapping, i.e. A Ď B ñ fpAq Ď fpBq. There exists
T Ď PpXq such that fpT q “ T .

Proof. Let S “ tA : A P PpXq, A Ď fpAqu and T “
Ť

APS A. Clearly, T Ď fpT q and by
fpT q Ď fpfpT qq, we have fpT q P S and fpT q Ď T . Hence fpT q “ T .

1.5 Cardinality
Proposition 1.8. |A| ď |B| ðñ |B| ě |A|.

Proof. ñ: Let f : A Ñ B be an injection. Take any a P A fixed, denote gpbq “
#

f´1pbq, b P fpAq

a, b R fpAq
. Then g : B Ñ A is a surjection.

ð: Let g : B Ñ A be a surjection, i.e. g´1paq “ tb P B|gpbq “ au ‰ ∅. Also g´1paq

are disjoint for different a P A. Let fpaq be an element in g´1paq. Then f : A Ñ B is an
injection.

Proposition 1.9. @A,B, either |A| ď |B| or |B| ď |A|.
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1.5 Cardinality 1 SETS AND POINT SETS

Proof. WLOG, assume A,B ‰ ∅. Consider f : A0 Ñ B an injection where A0 Ď A, then
f corresponds to a set Ωf “ tpa, fpaqq, a P Au Ď A ˆ B. Conversely, consider Ω a subset
of AˆB such that Consider J “ tcollection of all injections f : subset of A Ñ Bu and
ř

“ tΩf |f P J u Ď PpA ˆ Bq.
Impose partial order on

ř

defined as set inclusion. Every linearly ordered subset of
ř

, denoted by r

ř

has an upper bound. Hence by Zorn’s lemma, there exists a maximal
element Ωf . If A0 ‰ A and B0 ‰ B, we get contradiction with maximality. Hence A0 “ A
or B0 “ B and either |A| ď |B| or |B| ď |A|.

Theorem 1.10 (Schröder-Bernstein). If |A| ď |B| and |B| ď |A|, then |A| “ |B|.

Proof. Let f : A Ñ B and g : B Ñ A be injections. @x P A, if x P gpBq, then we can
define g´1pxq P B; if g´1pxq P fpAq, we can define f´1pg´1pxqq and so on.

We break A into 3 disjoint sets: A8 “ tx P A|the algorithm goes for infinite stepsu,
AA “ tx P A| the algorithm stops at an element P AzgpBqu and AB “ tx P A| the
algorithm stops at an element P BzfpAqu. Similarly, we can break B into 3 disjoint sets:
B “ B8 Y BA Y BB. We can verify that there are bijections between A8 and B8, AA

and BA, AB and BB. Hence there is a bijection between A and B. Define

hpxq “

#

fpxq, x P A8 Y AA

g´1pxq, x P AB

.

Then h is a bijection.

Corollary 1.11. |A| ď |B| ď |C| and |A| “ |C| ñ |A| “ |B| “ |C|. For example,
|p´1, 1q| “ |p´1, 1s| “ |r´1, 1s| “ |R|.

Theorem 1.12 (No Maximal Cardinality). @A ‰ ∅, |A| ă |PpAq|.

Proof. Clearly, |A| ď |PpAq|. Suppose |A| “ |PpAq|, then there exists a bijection
g : A Ñ PpAq. Consider B “ tx P A : x R gpxqu and denote b P g´1pBq. Both
b P gpbq “ B and b R gpbq lead to contradiction.

In practice, denote |N| “ ℵ0 and |R| “ c.

Definition 1.13. A is denumerable or countably infinite if A „ N. A is countable
if |A| ď |N|.

Theorem 1.14. Every infinite set A must contain a denumerable subset, i.e. |N| ď |A|.

Proof. Take a1 P A, a2 P Azta1u, ¨ ¨ ¨ . Then E “ ta1, a2, a3, ¨ ¨ ¨ u „ N.

Proposition 1.15. Assume A is finite and B is denumerable. Then AYB is denumerable.

Proof. Let A “ ta1, a2, ¨ ¨ ¨ , anu and B “ tb1, b2, ¨ ¨ ¨ u. If A X B “ ∅, A Y B “

ta1, a2, ¨ ¨ ¨ , an, b1, b2, ¨ ¨ ¨ u is denumerable. Otherwise, A Y B “ pAzBq Y B repeats the
above argument.

Proposition 1.16. Assume An is denumerable (countable) for each n P N. Then
Ť8

n“1 An

is denumerable (countable).

Proof. WLOG, assume An are disjoint, otherwise consider ĂAn “ Anz
Ťn´1

k“1 Ak. Let An “

tan1, an2, ¨ ¨ ¨ u. Then
Ť8

n“1 An “ ta11, a21, a12, a31, a22, a13, ¨ ¨ ¨ u is denumerable.
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1.6 Topology of Rn and Metric Space 1 SETS AND POINT SETS

Corollary 1.17. X,Y are countable ñ X ˆ Y is countable.

Proof. X ˆ Y “
Ť

n,mpxn, ymq “
Ť

mtpxn, ymq|xn P Xu is a countable union of countable
sets.

Corollary 1.18. X1, X2, ¨ ¨ ¨ , Xn are countable ñ X1 ˆ X2 ˆ ¨ ¨ ¨ ˆ Xn is countable.

Caution: Corollary 1.18 does not hold for infinite products. For example, S “
ś8

n“1t0, 1u “ tpa1, a2, ¨ ¨ ¨ , an, ¨ ¨ ¨ qu is uncountable. In fact, if S is countable, then we
can list all elements of S as s1, s2, ¨ ¨ ¨ . Consider s˚ “ pb1, b2, ¨ ¨ ¨ q where bn “ 1 if the
n-th element of sn is 0 and bn “ 0 otherwise. Then t ‰ sn for each n, contradicting the
assumption.

Corollary 1.19. Q is denumerable.

Proof. @x P Q, x “
p
q

where pp, qq “ 1, q ‰ 0. Then |Z| ď |Q| ď |Z ˆ Z|. By Corollary
1.11, |Q| “ |Z|.

Example 1.20. A “ tdisjoint open intervals of Ru. |A | ď |N|.

Proof. For every open interval I, take rI P Q X I. Then f : A Ñ Q, fpIq “ rI is an
injection. Hence |A | ď |Q| “ |N|.

Example 1.21. f : R Ñ R is monotonic increasing, then |t the discontinuous point of
fu| ď |N|.

Proof. Define g, for every discontinuous point x0 of f , mapping x0 to pfpx0´q, fpx0`qq “

Ix0 . Since f is increasing, Ix0 are disjoint open intervals and by Example 1.20, |t the
discontinuous point of fu| ď |N|.

Lemma 1.22. |N| ă |R| “ |PpNq|.

Proof. Clearly, |N| ď |R|. Consider x P p0, 1s, denote x “
ř8

n“1
an
2n

where an “ 0
or 1 and we require there are infinite many an “ 1. Consider a subset of N, Ωx “

tn1, n2, ¨ ¨ ¨ , nk, ¨ ¨ ¨ |aj “ 0, if j “ nk and aj ‰ 0, if j ‰ nku. Then we have an injection
x P p0, 1s ÞÑ Ωx P N, which implies |R| “ |p0, 1s| ď |PpNq|.

Conversely, let x “
ř

ně1
an
3n

. For every Ω Ď N, there is an injection Ω Ñ x P p0, 1s

similarly. Hence |PpNq| “ |R|. By Theorem 1.12, |N| ă |PpNq| “ |R|.

Theorem 1.23 (Continuum Hypothesis). There is no set A such that |N| ă |A| ă |R|.

Gödel showed that the Continuum Hypothesis is compatible with ZFC. And Cohen
showed that the Continuum Hypothesis can not be deduced from ZFC.

1.6 Topology of Rn and Metric Space
Example 1.24. dpx, yq “

a

řn
i“1pxi ´ yiq2, d8px, yq “ sup1ďiďn |xi ´ yi| and dpx, yq “

řn
i“1 |xi ´ yi| are metrics on Rn.

Here are some basic concepts in metric space pX, dq.

1. dpE,F q “ inftdpx, yq : x P E, y P F u.

2. diamE “ suptdpx, yq : x, y P Eu and E is bounded if diamE ă `8.
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1.6 Topology of Rn and Metric Space 1 SETS AND POINT SETS

3. Open ball centered at x with radius r: Brpxq “ ty P X|dpx, yq ă ru.

4. E is open if @x P E, Dr ą 0, Brpxq Ď E.

5. x is a limit point of E, denoted by x P E 1, if @r ą 0, Brpxq X Eztxu ‰ H.

6. E “ XFĚE,F is closedF .

Theorem 1.25 (Cantor’s Intersection Theorem). Let F1 Ą F2 Ą ¨ ¨ ¨ be closed and
bounded. Then

Ş8

n“1 Fn ‰ H.

Caution: Boundedness is necessary. For example, Fn “ rn,`8q.
Here we give a characterization of open sets in Rn.

Lemma 1.26. E Ď R1 is open. Then E can be written as disjoint union of open intervals.

Proof. For each x P E, define β “ suptb|px, bq Ď Eu and α “ infta|pa, xq Ď Eu. Let
Ix “ pα, βq Ď E. Then E “

Ť

xPE Ix. Claim that @x ‰ y, either Ix X Iy “ H or Ix “ Iy.
Suppose Ix X Iy ‰ H and z P Ix X Iy. Then Iz “ Ix “ Iy. Hence E is disjoint union of
open intervals.

Lemma 1.27. E Ď Rn is open. Then E can be written as disjoint union of half open
half closed blocks, i.e. pa1, b1s ˆ pa2, b2s ˆ ¨ ¨ ¨ ˆ pan, bns.

Proof. Let Γ0 “ thalf open half closed unit cubes with integer verticesu and Γ1 “ t re-
finement of cubes in Γ0 into half open half closed cubes with vertices coordinates k

2
, k P

Zu, ¨ ¨ ¨ ,Γn “ t refinement of cubes in Γn´1 into half open half closed cubes with vertices
coordinates k

2n
, k P Zu and so on.

Consider H0 “ tI P Γ0, I Ď Eu, H1 “ tI P Γ1, I Ď Gz
Ť

IPH0
Iu, ¨ ¨ ¨ , Hn “ tI P

Γn, I Ď Gz
Ťn´1

j“0

Ť

IPHj
Iu and so on. Then

Ť8

n“0

Ť

IPHn
I Ď E.

To prove E Ď
Ť8

n“0

Ť

IPHn
I, take x P E, we find a Bpx, δq Ď E. Clearly, we can find

unique Ik P Γk such that x P Ik and diamIk “
?
n

2k
. Hence Ik Ď Bpx, δq for sufficiently

large k, say k “ k0. Hence x P
Ť

IPHj
I for some j ď k0.

Remark. If we don’t require disjointness, then we find a countable open sets Bk

such that @E Ď Rn open, E “
Ť8

k“1 Bk. Precisely, we denote Q “ tr1, r2, ¨ ¨ ¨ u and
Bk,l “ Bprk,

1
l
q. Then tBk,lu fullfills the requirement.

Definition 1.28. E Ď Rn is compact if every open cover
Ť

αPΛ Uα of E admits a finite
subcover, i.e. DN such that E Ď

ŤN
i“1 Uαi

.

Theorem 1.29 (Heine-Borel). E Ď Rn is compact ðñ E is closed and bounded.

Caution: Ω Ď E is said open in E if @x P Ω, Dδ ą 0, Bδpxq X E Ď Ω. For example,
E “ p0, 1s,Ω “ p1

2
, 1s is open in E but not open in R1.

Lemma 1.30. For f P CpE,Rnq, f maps compact set to compact set.

Proof. @Ω P Rn compact, every open cover tUαuαPΛ of fpΩq. Then Ω Ď
Ť

αPΛ f
´1pUαq.

Since Ω is compact, there exists N such that Ω Ď
ŤN

i“1 f
´1pUαi

q. Hence fpΩq Ď
ŤN

i“1 Uαi
.

Corollary 1.31. If f P CpRn,Rq, then on compact set Ω, f is bounded and attains its
bounds.
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1.7 Borel Sets and σ-algebra 1 SETS AND POINT SETS

Proof. Since fpΩq is compact, it is closed and bounded. Hence f can attain its supremum
and infimum.

Lemma 1.32. For every E Ď Rn, fpxq “ dpx,Eq is uniformly continuous. (Lipschitz
with constant 1)

Proof. Given x ‰ y, ε ą 0, we find z P E such that dpx,Eq ď dpx, zq ď dpx,Eq `ε. Then
dpy, Eq ď dpy, zq ď dpy, xq ` dpx, zq ď dpx, yq ` dpx,Eq ` ε. Hence dpy, Eq ´ dpx,Eq ď

dpx, yq ` ε. Similarly, dpx,Eq ´ dpy, Eq ď dpx, yq ` ε. Since ε is arbitrary, we have
|fpxq ´ fpyq| ď |x ´ y|.

Lemma 1.33. @E,F closed and EXF “ ∅, we can find f P CpRnq such that 0 ď f ď 1,
fpxq “ 1 on E and fpxq “ 0 on F .

Proof. fpxq “
dpx,F q

dpx,Eq`dpx,F q
.

In topology, we can generalize the Lemma 1.33 to normal space pX, τ q.

Theorem 1.34 (Urysohn’s Theorem). @E,F closed and E X F “ ∅, we can find f P

CpX,Rq satisfies the same conclusion.

Lemma 1.35 (continuous extension). @E Ď Rn closed, f P CpEq and bounded, i.e.
|f | ď M , we can find f̃ P CpRnq such that f̃ |E “ f and |f̃ | ď M .

Proof. Let A “ tx P E|fpxq ě M
3

u, B “ tx P E|fpxq ď ´M
3

u and C “ tx P E||fpxq| ă
M
3

u. Then A,B are closed and disjoint. By Lemma 1.33, we can find h P CpRnq such
that 0 ď h ď 1, hpxq “ 1 on A and hpxq “ 0 on B. Take g0 “ 2M

3
h ´ M

3
P CpRnq.

Then ´M
3

ď g0 ď M
3

and f1 “ f ´ g0 P

$

’

&

’

%

r0, 2M
3

s, x P A

r´2M
3
, 0s, x P B

r´2M
3
, 2M

3
s, x P C

. |f ´ g0| ď 2M
3

on E

and f ´ g0 P CpRnq. Repeat the construction, we find g1 P CpRnq and |g0| ď 2M
32

and
|f1 ´ g1| ď 22M

32
on E.

Iterate the construction we get gk P CpRnq, k “ 0, 1, ¨ ¨ ¨ and |gk| ď 1
3

`

2
3

˘k
M and

|f ´
řk

i“0 gi| “ |fN`1| ď
`

2
3

˘k`1
M on E. Take g “

ř

kě0
1
3

`

2
3

˘k
M “ M . Take N Ñ 8,

we get f̃ “
ř8

k“0 gk P CpRnq and f̃ |E “ f and |f̃ | ď M .

Remark. Lemma 1.35 can be generalized to normal space pX, τ q. And if f is un-
bounded, we can take g “ arctan f bounded and apply Lemma 1.35 to get g̃ P CpRnq

and take f̃ “ tan g̃.

Theorem 1.36 (Tietze Extension Theorem). @E Ď X closed, f P CpE, r´M,M sq, we
can find f̃ P CpX, r´M,M sq such that f̃ |E “ f .

1.7 Borel Sets and σ-algebra
Definition 1.37. E is a Fσ set if E Ď Rn and E “

Ť8

k“1 Fk where Fk are closed. E is
a Gδ set if E Ď Rn and E “

Ş8

k“1 Uk where Uk are open.

Notice the fact that pFσ set q
c

“ Gδ set and pGδ set q
c

“ Fσ set .

Definition 1.38. The Borel hierarchy is all the sets we get as below:

9



1.7 Borel Sets and σ-algebra 1 SETS AND POINT SETS

1. Open and closed sets in Rn.

2. Countable union or intersection of sets in level 1, i.e. Fσ and Gδ sets.

3. Countable union or intersection of sets in level 2, i.e. Fσδ, Fσδ, Gδσ, Gδδ sets.

4. ¨ ¨ ¨

Definition 1.39. X is a set Γ P PpXq is a σ-algebra if

1. ∅ P Γ.

2. A P Γ ñ Ac P Γ

3. An P Γ, n “ 1, 2, ¨ ¨ ¨ ñ
Ť8

n“1 An P Γ.

We have some easy facts:

(a) X P Γ.

(b) An P Γ ñ
Ş8

n“1 An P Γ,
Ť8

n“1 An P Γ, limnÑ8An P Γ and limnÑ8An P Γ.

(c) A,B P Γ ñ AzB P Γ.

(d) If Γα, α P Σ are all σ-algebras, then
Ş

α Γα is a σ-algebra.

Definition 1.40. Given Σ Ď PpXq, the σ-algebra generated by Σ, denoted by
ΓpΣq “

Ş

ΓαĚΣ,Γα is a σ-algebra Γα. And clearly it is the smallest σ-algebra containing Σ.

Definition 1.41. B “ σ-algebra generated by all open sets in Rn is called Borel σ-
algebra and sets in B are called Borel sets.

Caution. B ‰ Borel hierarchy. The construction of Borel σ-algebra relies on transfinite
recursion.

Example 1.42. Q is a Fσ set because Q “
Ť8

k“1trku.

Example 1.43. f : G Ñ R, G Ď Rn open, S “ tthe continuous point of fu is Gδ set.

Proof. ωf px, δq “ supy,zPBδpxq |fpyq ´ fpzq|. Clearly ωf px, δq is decreasing as δ decreases.
f is continuous at x0 if and only if wf px0q :“ limδÑ0 wf px0, δq “ 0. Then, we have

S “

8
č

k“1

tx P G|wf pxq ă
1

k
u “

8
č

k“1

Gk.

We are left to prove Gk is open. Given x0 P Gk, Dδ0 ą 0 such that wf px0, δ0q ă 1
k
. Take

δ1 “ δ0
100

, then @x̃ P Bpx0, δ1q, Bpx̃, δ1q Ď Bpx0, δ0q and hence wf px̃, δ1q ď wf px0, δ0q ă 1
k
.

Hence x̃ P Gk and Bpx0, δ1q Ď Gk, which implies Gk is open.

10



1.8 Baire Category Theorem 1 SETS AND POINT SETS

1.8 Baire Category Theorem
Theorem 1.44 (Baire Category Theorem). E Ď Rn and E “

Ť8

k“1 Fk where Fn are
closed and has no interior point. Then E has no interior point.

Proof. Suppose E has interior point x0, then Bpx0, δ0q Ď E. Since F1 is closed and has no
interior, we can find x1 P Bpx0, δ0qzF1 and Bpx1, δ1q Ď Bpx0, δ0q such that Bpx1, δ1qXF1 “

∅. Repeat the process and we have Fk closed and has no interior, then we can find
xk P Bpxk´1, δk´1qzFk and Bpxk, δkq Ď Bpxk´1, δk´1q such that Bpxk, δkq X Fk ‰ ∅ and
δk ă

δk´1

2
. Hence txku is a Cauchy sequence and converges to x˚. Since txku8

kěN Ď

BpxN , δNq and BpxN , δNq is closed, x˚ P BpxN , δNq. Since BpxN , δNq XFN “ ∅, x˚ P FN .
This contradicts x˚ P E.

Actually, Baire Category Theorem holds for any complete metric space.

Definition 1.45. E Ď Rn is dense if E “ Rn. E is nowhere dense if E˝
“ ∅.

E is of first category or a meager set if E “
Ť8

k“1 Ek where Ek are nowhere dense.
E is of second category if it is not of first category.

Example 1.46. Qn is of first category and Rn is of second category.

Next is a useful corollary of Baire Category Theorem.

Corollary 1.47. If Un Ď Rn are open and dense, then
Ş8

n“1 Un is dense.

Proof. Let Fn “ U c
n, then Fn are closed and has no interior point. By Baire Category

Theorem,
`
Ť8

n“1 Fn

˘˝
“ ∅. Hence

Ş8

n“1 Un “
`
Ť8

n“1 Fn

˘c
“ Rn.

Example 1.48. Qn can not be Gδ set.

Proof. Suppose Qn “
Ş8

k“1 Uk where Uk are open. Since Qn Ď Uk, Uk are dense and
U c
k has no interior point. Rn “ Qn Y

Ť8

k“1 U
c
k “ trlulě1 Y

Ť8

k“1 U
c
k . By Baire Category

Theorem, Rn has no interior point, which is a contradiction.

Example 1.49. There exists no function f : R Ñ R such that f is continuous at Q and
discontinuous at Qc.

Proof. By Example 1.43, tcontinuous points of fu is a Gδ set. So it can not be Q.

1.9 Cantor Set

F0 “ r0, 1s, F1 “

„

0,
1

3

ȷ

Y

„

2

3
, 1

ȷ

“ F1,1 Y F1,2,

i.e. remove the middle 1
3

of F0 and then F1 contains two closed intervals each of length
1
3
. Then

F2 “

„

0,
1

9

ȷ

Y

„

2

9
,
1

3

ȷ

Y

„

2

3
,
7

9

ȷ

Y

„

8

9
, 1

ȷ

“ F2,1 Y F2,2 Y F2,3 Y F2,4

contains four intervals each of length 1
9
. Continue the process and we get Fn, which is

closed and contains 2n intervals each of length 1
3n

.

11



1.9 Cantor Set 1 SETS AND POINT SETS

Definition 1.50. The Cantor set is C “
Ş8

n“0 Fn.
Definition 1.51. E Ď Rn is a perfect set if E 1 “ E.

Notice some basic properties of Cantor set:
1. C is nonempty, closed and bounded.

2. C has no interior point.

3. C is not path connect.

4. C is a perfect set.

5. |C| “ |R|.
Proof. (2): For every x P C and any δ ą 0, consider px ´ δ, x ` δq X C. Take n0 large
enough such that 1

3n0
ă δ

10
and x P Fn0,j. Hence px ´ δ, x ` δq X Cc ‰ ∅. (3) is similar.

(4): For every x P C and every n such that x P Fn,jn . Take the endpoint of Fn,jn ,
which is not x, denoted by xn. Then xn P C and |xn ´ x| ď 1

3n
. Hence x is a limit point

of C and C Ď C 1. Since C is closed, C 1 Ď C and C “ C 1.
(5): For every x P C, x “

ř8

n“1
an
3n

where an “ t0, 2u. Consider f : C Ñ r0, 1s,
fpxq “

ř8

n“1

1
2
an
2n

, which is a surjection. Hence |r0, 1s| ď |C| ď |r0, 1s| and |C| “ |R|.

F0 “ r0, 1s, F1 is obtained by removing a middle interval of length 1
p

from F0, F2 is
obtained by removing two interval of length 1

p2
from F1 and so on. Then Fn contains 2n

intervals each of length 1
pn

.

Definition 1.52. The Harnack set is H “
Ş8

k“0 Fk.
The length of H is

|H | “ 1 ´

8
ÿ

i“1

2i´1

pi
“ 1 ´

1

p ´ 2
ą 0, p ą 3.

We now construct the Cantor-Lebesgue function. Recall that we have

f : C Ñ r0, 1s, fpxq “

8
ÿ

n“1

1
2
an

2n
.

Notice that fp0q “ 0, fp1q “ 1 and f is increasing.
Proposition 1.53. For each interval pα, βq removed in the construction, we have fpαq “

fpβq.
Proof.

α “

N
ÿ

k“1

ak
3k

`
1

3N`1
“

N
ÿ

k“1

ak
3k

`

8
ÿ

k“N`2

2

3k
, β “

N
ÿ

k“1

ak
3k

`
2

3N`1
.

Then fpαq “
řN

k“1

1
2
ak
2k

` 1
2N`1 and fpβq “

řN
k“1

1
2
ak
2k

` 1
2N`1 . Hence f is not injective.

Now we extend f to a function F : r0, 1s Ñ r0, 1s such that

F pxq “ suptfpyq, y P C, y ď xu.

Then F is increasing, onto and continuous. F is a constant on any intervals removed in the
construction and F 1 “ 0 in these intervals. However,

ş1

0
F 1pxqdx “ 0 ‰ F p1q ´ F p0q “ 1.

12



2 LEBESGUE MEASURE

2 Lebesgue Measure
2.1 Lebesgue Measure

Our goal is to construct measure on set X “ Rn.

Definition 2.1. Given X a set and A Ď PpXq a σ-algebra, then pX,A q is a measur-
able space. Given measurable space pX,A q, µ : A Ñ r0,`8s is a measure if

1. µp∅q “ 0.

2. If An P A , n “ 1, 2, ¨ ¨ ¨ are disjoint, then µ
`
Ť8

n“1 An

˘

“
ř8

n“1 µpAnq.

And pX,A , µq is called a measure space.

Here is a naive approach. We expect for I “ ra, bs, pa, bq, pa, bs or ra, bq, µpIq “ b ´ a
and for I “ I1 ˆ I2 ˆ ¨ ¨ ¨ ˆ In, µpIq “

śn
i“1 |Ii|.

Definition 2.2. Given E Ď Rn, tIjujě1 is a L-cover of E if Ij are open rectangles and
E Ď

Ť

jě1 Ij.

Definition 2.3. m˚pEq “ inf
!

ř8

j“1 |Ij| : tIjujě1 is a L-cover of E
)

is called the outer
Lebesgue measure of E.

Example 2.4. We have some basic facts:

(a) m˚p∅q “ 0 and m˚pRnq “ `8;

(b) m˚pQnq “ 0;

(c) For every open rectangle I, m˚pIq “ |I| “ m˚pIq.

Proof. (b): Qn “ trju
8
j“1. For every ε, take cube Ij centered at rj with volume ε

2j
, then

tIjujě1 is a L-cover of Qn and
ř8

j“1 |Ij| “ ε.
(c): The first equality follows from the definition. For the second equality, @λ ą 1,

I Ď λI and |λI| “ λn|I|. Hence m˚pIq ď |λI| and m˚pIq ď |I| as λ Ñ 1.

Theorem 2.5. Here are some properties:

1. m˚pEq ě 0;

2. E1 Ď E2 ñ m˚pE1q ď m˚pE2q.

3. m˚
`
Ť8

k“1 Ek

˘

ď
ř8

k“1 m
˚pEkq;

4. Outer regularity: m˚pEq “ inftm˚pOq, O Ě E,O is openu;

5. If dpE1, E2q “ δ ą 0, then m˚pE1 Y E2q “ m˚pE1q ` m˚pE2q;

6. m˚pE ` tx0uq “ m˚pEq.

7. m˚pλEq “ |λ|nm˚pEq.

13



2.1 Lebesgue Measure 2 LEBESGUE MEASURE

Proof. (2): Any L-cover of E2 is also a L-cover of E1.
(3): WLOG, assume

ř8

k“1 m
˚pEkq ă `8. Take L-cover of Ej such that

Ej Ď

8
ď

k“1

Ij,k,
ÿ

k

|Ij,k| ď m˚pEjq `
ε

2j
.

Then
Ť

j,k Ij,k is a L-cover of
Ť8

j“1 Ej and m˚
`
Ť8

k“1 Ek

˘

ď
ř

j,k |Ij,k| ď
ř8

j“1 m
˚pEjq ` ε.

Since ε is arbitrary, we get the conclusion.
(4): LHS ď RHS is obvious. For every ε, there exists an L-cover tIjujě1 such that

ř8

j“1 |Ij| ď m˚pEq`ε. Take O “
Ť8

j“1 Ij Ě E open, then m˚pOq ď
ř8

j“1 |Ij| ď m˚pEq`ε.
Since ε is arbitrary, we get the conclusion.

(5): LHS ď RHS follows from 3. For every ε ą 0, take L-cover tIjujě1 of E1 Y E2

such that
8
ÿ

j“1

|Ij| ď m˚pE1 Y E2q ` ε.

We refine the L-cover such that each Ij is decomposed into a collection of Ij,k (maybe open,
closed and half open and half closed) such that diamIj,k ă δ

10
. Consider ĂIj,k “ λI̊j,k, λ ą 1,

then
Ť

j,k
ĂIj,k is is a L-cover for E1 YE2 and diamĂIj,k ă δλ

10
. Then each ĂIj,k intersects with

atmost one of E1 or E2. Hence t ĂIj,ku
ĄIj,kXE1‰∅ and t ĂIj,ku

ĄIj,kXE2‰∅ are L-covers of E1 and
E2. Hence

m˚pE1q ` m˚pE2q ď
ÿ

j,k

| ĂIj,k| ď λn
ÿ

j,k

|Ij,k| “ λn
8
ÿ

j“1

|Ij| ď λnpm˚pE1 Y E2q ` εq.

Let ε Ñ 0 and λ Ñ 1, we get the conclusion.

Our motivation to construct a measure is to expect m˚pEq “ m˚pEq, where m˚pEq “

inft
ř8

j“1 |Ij| : tIjujě1 is a L-cover of Eu and m˚pEq “ supt
ř8

j“1 |Ij| : Ij open and
Ť8

j“1 Ij Ď Eu.
However, the expectation definition of ”measurable set” m˚pAq “ m˚pAq, which is

called the Jordan measure, is bad. Consider E “ r0, 1szQ, which is not measurable.
We fix the definition by @I Ě E,m˚pEq “ |I| ´ m˚pIzEq. We can rewrite m˚pEq “

|I| ´ m˚pIzEq, then m˚pEq ` m˚pIzEq “ |I|. Hence we have the following definition.

Definition 2.6. E Ď Rn is called measurable if @T Ď Rn,

m˚pT q “ m˚pT X Eq ` m˚pT X Ecq, (2.1)

where T is called a test set. This is called Carathéodory’s criterion.

m˚pT q ď m˚pT X Eq ` m˚pT X Ecq always holds, so we only need to check the other
direction.

An alternative definition of measurable set is: E is measurable if for every ε ą 0, there
exists O open such that m˚pOzEq ă ε. This is called Littlewood First Principle. We
will prove the equivalence later.

Denote M “ t collection of measurable setsu.

Example 2.7. If m˚pEq “ 0, then E P M .

14



2.1 Lebesgue Measure 2 LEBESGUE MEASURE

Proof. For every T , we have

m˚pT X Eq ` m˚pT X Ecq ď m˚pEq ` m˚pT q “ m˚pT q.

Definition 2.8. E is a null set if m˚pEq “ 0.

Example 2.9. A countable set and Cantor set are null sets.

Proposition 2.10. |M | “ |PpRq|.

Proof. Notice M Ď PpRqn „ PpRq. Also we have C P M and PpCq Ď M . By C „ R,
we have |M | “ |PpRq|.

Theorem 2.11. M is a σ-algebra and m˚|M is a measure, i.e.

1. ∅ P M .

2. A P M ñ Ac P M .

3. Aj P M ñ
Ť8

j“1 Aj P M .

4. m˚p∅q “ 0.

5. m˚

´

Ť8

j“1 Aj

¯

“
ř8

j“1 m
˚pAjq if Aj P M and disjoint.

Proof. (1), (2), (4) follows from definition.
Let’s first consider finite union A1 Y A2. For every T , we have

m˚pT X pA1 Y A2qq ` m˚pT X pA1 Y A2q
cq ď m˚pT X A1 X Ac

2q ` m˚pT X A1 X A2q

` m˚pT X Ac
1 X Ac

2q ` m˚pT X Ac
1 X A2q “ m˚pT X A1q ` m˚pT X Ac

1q “ m˚pT q.

Furthermore, if A1, A2 P M and A1 X A2 “ ∅, then m˚pA1 Y A2q “ m˚pA1q ` m˚pA2q.
Now for countable many An P M , WLOG, assume An are disjoint (otherwise, consider

ĂAn “ Anz
Ťn´1

k“1 Ak). Denote

SN “

N
ď

n“1

An, S8 “

8
ď

n“1

An.

For every T Ď Rn, we have

m˚pT q “ m˚pT X SNq ` m˚pT X Sc
Nq “

N
ÿ

j“1

m˚pT X Ajq ` m˚pT X Sc
Nq

ě

N
ÿ

j“1

m˚pT X Ajq ` m˚pT X Sc
8q ě

8
ÿ

j“1

m˚pT X Ajq ` m˚pT X Sc
8q

ě m˚pT X S8q ` m˚pT X Sc
8q ě m˚pT q.

Hence, S8 P M . Furthermore, take T “ S8, we have m˚p
Ť8

j“1 Ajq “
ř8

j“1 m
˚pAjq.

Definition 2.12. Denote m˚ “ m on M . m is called the Lebesgue measure.
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2.1 Lebesgue Measure 2 LEBESGUE MEASURE

Theorem 2.13. We show some properties of m:

1. E,F P M and E Ď F ùñ mpEq ď mpF q.

2. Subadditivity: Ej P M ñ m
´

Ť8

j“1 Ej

¯

ď
ř8

j“1 mpEjq.

3. Continuous from below: Ej P M and E1 Ď E2 Ď ¨ ¨ ¨ Ď En ¨ ¨ ¨ , then

mp lim
nÑ8

Enq “ lim
nÑ8

mpEnq. (2.2)

4. Continuous from above: Fj P M and F1 Ě F2 Ě ¨ ¨ ¨ Ě Fn ¨ ¨ ¨ and mpFk0q ă `8

for some k0, then
mp lim

nÑ8
Fnq “ lim

nÑ8
mpFnq. (2.3)

Proof. (3):

m

˜

8
ď

n“1

En

¸

“ m

˜

N
ď

n“1

pEnzEn´1q

¸

“

N
ÿ

n“1

mpEnzEn´1q

“ lim
NÑ8

N
ÿ

n“1

pmpEnq ´ mpEn´1qq “ lim
NÑ8

mpENq.

(4): WLOG, assume mpF1q ă `8. Denote En “ F1zFn P M , then En increases.

lim
nÑ8

pmpF1q ´ mpFnqq “ lim
nÑ8

mpEnq “ m
´

lim
nÑ8

En

¯

“ mp

8
ď

n“1

Enq

“ mpF1q ´ m

˜

8
č

n“1

Fn

¸

“ mpF1q ´ m
´

lim
nÑ8

Fn

¯

.

Caution: Without the finiteness of mpFk0q, the conclusion may not hold. For exam-
ple, let Fn “ rn,`8q, then

Ş8

n“1 Fn “ ∅ and mpFnq “ `8 for all n.

Corollary 2.14. For En P M , we have

m
´

lim
nÑ8

En

¯

ď lim
nÑ8

mpEnq, m
´

lim
nÑ8

En

¯

ě lim
nÑ8

mpEnq, (2.4)

provided mp
Ť

něk0
Enq ă `8 for some k0.

Proof.

m

˜

8
ď

n“1

8
č

k“n

Ek

¸

“ lim
nÑ8

m

˜

8
č

k“n

Ek

¸

ď lim
nÑ8

mpEnq.

m

˜

č

ně1

ď

kěn

Ek

¸

“ lim
nÑ8

m

˜

ď

kěn

Ek

¸

ě lim
nÑ8

mpEnq.
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2.2 Measurable Set 2 LEBESGUE MEASURE

Corollary 2.15 (Borel-Cantelli Lemma). If Ej P M ,
ř8

j“1 mpEjq ă `8, then

m
´

lim
nÑ8

En

¯

“ m
´

lim
nÑ8

En

¯

“ 0. (2.5)

Proof.
m

´

lim
nÑ8

En

¯

ď lim
nÑ8

m pEnq “ 0.

m
´

lim
nÑ8

En

¯

“ lim
nÑ8

m

˜

ď

kěn

Ek

¸

ď lim
nÑ8

ÿ

kěn

mpEkq “ 0.

2.2 Measurable Set
Our goal is to show Borel sets are measurable and measurable sets are not so far from

Borel sets and open sets. We begin with a useful lemma.

Lemma 2.16 (Carathéodory’s Lemma). Given G Ă Rn open and E Ď G, denote Ek “

tx P E : dpx,Gcq ě 1
k
u. Then

lim
kÑ8

m˚pEkq “ m˚pEq. (2.6)

Proof. Notice that Ek increases as k increases and E “
Ť8

k“1 Ek. Hence limkÑ8 m˚pEkq ď

m˚pEq.
To prove the reverse, denote Aj “ EjzEj´1 and E0 “ ∅, then we can notice that

dpAj, Aj`2q ą 0. WLOG, we assume limnÑ8 m˚pEkq ă 8. Since E2k “
Ťk

j“1 Aj Ě
Ťk

j“1 A2j, we have

m˚pE2kq ě m˚

˜

k
ď

j“1

A2j

¸

“

k
ÿ

j“1

m˚pA2jq. (2.7)

Similarly, m˚pE2k`1q ě
řk`1

j“1 m
˚pA2j´1q.

m˚pEq “ m˚

˜

E2k Y

˜

8
ď

j“k

A2j

¸

Y

˜

8
ď

j“k

A2j`1

¸¸

ď m˚pE2kq `

8
ÿ

j“k

m˚pA2jq `

8
ÿ

j“k

m˚pA2j`1q

(2.8)

Let k Ñ 8, we have m˚pEq ď limkÑ8 m˚pE2kq.

Theorem 2.17. B Ď M .

Proof. We only need to prove closed sets are measurable. For every F closed and T Ď Rn

a test set, apply Carathéodory’s lemma, we have tFku Ď T X F c, such that

dpFk, F q ě
1

k
, lim

kÑ8
m˚pFkq “ m˚pT zF q.

m˚pT q “ m˚ppT X F q Y pT X F cqq ě m˚ppT X F q Y Fkq “ m˚pT X F q ` m˚pFkq

Ñ m˚pT X F q ` m˚pT X F cq, k Ñ 8.
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2.2 Measurable Set 2 LEBESGUE MEASURE

Lemma 2.18. Let E P M , then for every ε ą 0, there exists G open and F closed such
that F Ď E Ď G, mpGzEq ă ε and mpEzF q ă ε.

Proof. First consider mpEq ă 8. Take L-cover tIju for E such that
ř8

j“1 |Ij| ď mpEq`ε.
Take G “

Ť8

j“1 Ij open and E Ď G, then mpGq ď
ř8

j“1 |Ij| ď mpEq`ε and mpGzEq ă ε.
When mpEq “ `8, consider

EN “ E X r´N,N sn.

For every N , take GN open such that GN Ě EN and mpGNzENq ă ε
2N

. Take G “
Ť8

N“1 GN open and E Ď G.

GzE “

8
ď

N“1

pGNzEq Ď

8
ď

N“1

pGNzENq, mpGzEq ď

8
ÿ

N“1

mpGNzENq ă ε.

Now consider Ec. Take rG open such that rG Ě Ec, mp rGzEcq ă ε. Take F “ rGc closed
and F Ď E, then we have mpEzF q “ mp rGzEcq ă ε.

Theorem 2.19. For E P M , we can find a Gδ set H and a Fσ set K such that
E “ HzZ1, E “ KzZ2 with Z1, Z2 null sets.

Proof. Take ε “ 1
k

in Lemma 2.18, we get Gk open and Fk closed such that Fk Ď E Ď Gk,
mpGkzEq ă 1

k
and mpEzFkq ă 1

k
. Take H “

Ş8

k“1 Gk and K “
Ť8

k“1 Fk, then

mpHzEq “ m

˜

8
č

k“1

pGkzEq

¸

ď m pGkzEq ă
1

k
Ñ 0,

mpEzKq “ m

˜

8
č

k“1

pEzFkq

¸

ď mpEzFkq ă
1

k
Ñ 0, k Ñ 8.

Remark: For E Ď Rn, the followings are equivalent:

(a) @T Ď Rn, m˚pT q “ m˚pT X Eq ` m˚pT X Ecq.

(b) @ε ą 0, DG Ě E open such that m˚pGzEq ă ε.

Proof. We have showed that (a) ñ (b). For (b) ñ (a): @T Ď Rn, take G Ě E open such
that m˚pGzEq ă ε. Take Gk “ tx P T X G : dpx,Gcq ě 1

k
u, then

lim
kÑ8

m˚pGkq “ m˚pT X Gq, m˚pT q ě m˚pGk Y pT X Gcqq “ m˚pGkq ` m˚pT X Gcq.

Let k Ñ 8, we get m˚pT q ě m˚pT X Gq ` m˚pT X Gcq. Since m˚pT X Gq ě m˚pT X Eq

and m˚pT XEcq ď m˚pT XEc XGq `m˚pT XEc XGcq ď ε`m˚pT XEc XGcq, we have

m˚pT q ě m˚pT X Eq ` m˚pT X Ecq ´ ε.

Since ε is arbitrary, we get the conclusion.

Definition 2.20. H is called a equi-measure hull of E and K is called a equi-measure
kernel of E.
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2.2 Measurable Set 2 LEBESGUE MEASURE

The concept of equi-measure hull can be generalized to arbitrary sets.

Theorem 2.21. If E Ď Rn, we can find a Gδ set H Ě E such that mpHq “ m˚pEq.

Proof. For every k P N, we find L-cover tI
pkq

j u8
j“1 of E such that

ř8

j“1 |I
pkq

j | ď m˚pEq ` 1
k
.

Take H “
Ş8

k“1

Ť8

j“1 Ij,k a Gδ set, then

m˚pEq ď m˚pHq ď m˚

˜

8
ď

j“1

I
pkq

j

¸

ď m˚pEq `
1

k
.

Let k Ñ 8, then we get the conclusion.

Caution: If m˚pEq ă 8, mpHq´m˚pEq “ 0, but this does not implies m˚pHzEq “ 0.
If m˚pHzEq “ 0, then HzE P M and hence E P M , but we are dealing with general
sets.

Corollary 2.22. For Ek Ď Rn, we have

1.
m˚

ˆ

lim
kÑ8

Ek

˙

ď lim
kÑ8

m˚pEkq. (2.9)

2. If Ek are increasing, then

m˚
´

lim
kÑ8

Ek

¯

“ lim
kÑ8

m˚pEkq. (2.10)

Proof. (1): Take Hk the equi-measure hull of Ek. Then

lim
kÑ8

Ek Ď lim
kÑ8

Hk, m˚

ˆ

lim
kÑ8

Ek

˙

ď m

ˆ

lim
kÑ8

Hk

˙

ď lim
kÑ8

mpHkq “ lim
kÑ8

m˚pEkq.

(2): If Ek are increasing, then

m˚pEkq ď m˚p

8
ď

k“1

Ekq ď lim
kÑ8

m˚pEkq ñ lim
kÑ8

m˚pEkq ď m˚
´

lim
kÑ8

Ek

¯

“ lim
kÑ8

m˚pEkq.

Remark: pRn,B,mq is a measure space and here m is called Lebesgue-Borel measure.
In general, given a measure space pX,A , µq and E Ď A such that µpEq “ 0, we don’t

know if subset of E is in A .

Definition 2.23. A measure µ is called complete if its domain contains all subsets of
null sets.

Theorem 2.24. For every measure space pX,A , µq, we can find a completion pX, ĂA , rµq

such that A Ď ĂA , rµ|A “ µ and rµ is complete.

In this sense, pRn,M ,mq is the completion of pRn,B,mq, where M is the σ-algebra
generated by B and all subsets of null sets.

Now we study sets with positive measure.
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2.2 Measurable Set 2 LEBESGUE MEASURE

Theorem 2.25. If E P M and mpEq ą 0, then for every λ P p0, 1q, we can find open
rectangle I such that λ|I| ă mpE X Iq.

Proof. WLOG, suppose 0 ă mpEq ă 8. Otherwise, take rE “ E X r´N,N s for N large
enough. Suppose the statement is false. Take ε (decided later) and L-cover tIju of E
such that

ř8

j“1 |Ij| ď mpEq ` ε. Then

λ|Ij| ě mpE X Ijq ùñ
mpEq

λ
“

m
´´

Ť8

j“1 Ij

¯

X E
¯

λ
ď

8
ÿ

j“1

mpIj X Eq

λ

ď

8
ÿ

j“1

|Ij| ď mpEq ` ε.

Hence we can take ε such that λε
1´λ

“ 1
2
mpEq and get the contradiction.

Theorem 2.26 (Steinhaus). If E P R measurable and mpEq ą 0, then there exists δ ą 0
such that

Bp0, δq Ă E ´ E “ tx ´ y : x, y P Eu.

Proof. WLOG, 0 ă mpEq ă 8. By Theorem 2.25, for λ P p0, 1q (decided later), we can
find open rectangle I such that λ|I| ă mpE X Iq and denote rE “ I X E Ă I.

Suppose the conclusion is false. Then we find xk Ñ 0 such that xk R rE ´ rE, i.e.
rE X rE ` txku “ ∅. Hence for k large enough, we have

2mp rEq “ mp rE Y p rE ` txkuqq ď mpI Y pI ` txkuqq

“ mpIq ` mpI ` txkuq ´ mpI X pI ` txkuqq ď 2|I| ´ 2´n|I| ď
2 ´ 2´n

λ
mp rEq

Take λ P p0, 1q such that λ ą 1 ´ 1
2n`1 , then we get contradiction.

Remark: Modern Problem: For E P M and Ω “ t|x´y||x, y P Eu, when will Ω have
nontrivial measure? Then we have Falconer’s distance problem: If Hausdorff dimension
of E ą n

2
, then Ω has non trivial measure.

Also, we can not take λ “ 1 in Theorem 2.25. Consider Example 2.27

Example 2.27. There exists E Ď r0, 1s such that for every I, we have

0 ă mpE X Iq ă |I|.

Proof. Take H1 the Harnack set such that mpH1q “ 1
2
, then Hc

1 is a countable union
of open intevals. Change them to closed intervals. Construct Harnack set for each
interval such that mpH1jq “

|I
p1q
j |

22
and H2 “

Ť8

j“1 H1j. Repeat the process and let
E “

Ť8

n“1 Hn.

Example 2.28. Suppose f : R Ñ R such that

fpx ` yq “ fpxq ` fpyq

and there exists E of positive measure such that @x P E, |fpxq| ď M . Then fpxq “ xfp1q.
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2.3 Non Measurable Set 2 LEBESGUE MEASURE

Proof. It’s easy to know @p P Q, |fppxq| “ |pfpxq|. By Steinhaus Theorem, E ´ E Ą

Bp0, δq, hence for every x P p´δ, δq, we have

x “ x1 ´ x2, xi P E ùñ |fpxq| “ |fpx1q ´ fpx2q| ď 2M.

For any x P R, we can find n P N large enough such that n ě 1
δ

and p P Q such that
|nx ´ p| ă δ. Then we have

|fpxq ´ xfp1q| “ |
1

n
fpnxq ´

1

n
fppq `

1

n
fppq ´ xfp1q| ď

1

n
|fpnx ´ pq| ` |

p

n
´ x||fp1q|

ď
2M

n
`

δ

n
|fp1q| Ñ 0, n Ñ 8.

Hence fpxq “ xfp1q.

2.3 Non Measurable Set
Theorem 2.29. There exists non-measurable sets in Rn.

Proof. We define an equivalence relation in Rn: x „ y if x ´ y P Qn, then rxs :“ tz P

Rn|z „ xu. By Axiom of Choice, we take W “ t pick one representative from each
equivalent class u. We claim W R M .

Suppose W P M , then mpW q “ 0. Because if mpW q ą 0, then there exists δ such
that Bp0, δq Ă W ´ W . That means there exists

r P Bp0, δq X Qn, r ‰ 0, r “ w1 ´ w2,

contradicts the construction of W . Hence mpW q “ 0.

Rn “
ď

rPQn

pW ` truq.

Then 8 “ mpRnq “
ř

rPQn mpW ` truq “ 0, which is a contradiction.

Remark: Consider the one dimension version. Take V Ă r0, 1s to be one such
construction, then V is called a Vitali set. Clearly, V is non-measurable.

Lemma 2.30. If g is continuous, then @A P B, g´1pAq P B.

Proof. Let’s prove Ω “ tA Ď Rn|g´1pAq P Bu is a σ-algebra. Notice open sets are in Ω.
Hence if Ω is σ-algebra, then B Ă Ω.

First we have ∅ P Ω. If A P Ω, then g´1pAcq “ pg´1pAqqc P B, then Ac P Ω. If
tAnu P Ω, then g´1p

Ť

Anq “
Ť

g´1pAnq P B, then
Ť

An P Ω.

Now we clarify some facts:

1. Lebesgue outer measure does not satisfy finite additivity.

2. It is impossible to find a functions µ : PpRnq Ñ r0,`8s satisfying

(a) µp∅q “ 0;
(b) µp

Ť

Ejq “
ř

µpEjq where Ej are disjoint;
(c) If E congruent to F , then µpEq “ µpF q;
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2.3 Non Measurable Set 2 LEBESGUE MEASURE

(d) µpp0, 1qnq “ 1.

3. Any set with positive measure must contain a non-measurable subset.

4. M zB ‰ ∅.
Proof. (1): Notice the following facts:

(a) m˚pV q ą 0;

(b) For any E Ă V and E P M , we have mpEq “ 0;

(c) m˚pr0, 1szV q “ 1. Suppose m˚pr0, 1szV q ă 1, take L-cover tIju of r0, 1szV such
that

ř

|Ij| ă m˚pr0, 1szV q ` ε ă 1 for ε small enough. Then mpr0, 1szp
Ť

Ijqq “

1 ´ mp
Ť

Ijq ě 1 ´
ř

|Ij| ą 0. Hence r0, 1szV Ă
Ť

Ij ñ r0, 1szp
Ť

Ijq Ă V . From
(b), we get contradiction.

Combine the three facts, we get
m˚pr0, 1sq ă m˚pV q ` m˚pr0, 1szV q “ 1 ` m˚pr0, 1szV q ă 1.

(2): We prove it for n “ 1. (Similar proof works for any n.) Consider Vitali set V ,
Vr “ tx ` r|x P V X r0, 1 ´ rqu Y tx ` r ´ 1|x P V X r1 ´ r, 1su. Clearly, Vr disjoint from
r P Q X r0, 1s. Since r0, 1q “

Ť

rPQXr0,1s Vr, we have

1 “ µpr0, 1qq “
ÿ

rPQXr0,1s

µpVrq “
ÿ

rPQXr0,1s

µpV q.

Since µpVrq “ µpV q, if µpV q ą 0, we have
ř

rPQXr0,1s µpVrq “ `8; if µpV q “ 0, we have
ř

rPQXr0,1s µpVrq “ 0. Both cases lead to contradiction.
(3): @E P M with mpEq ą 0,

R “
ď

rPQ

W ` tru, E “ E X R “
ď

rPQ

pE X Wrq.

If all E X Wr P M , then E X Wr is a measurable subset of Wr, hence mpE X Wrq “ 0
and mpEq “ 0, which is a contradiction.

(4): Consider the Cantor-Lebesgue function F : r0, 1s Ñ r0, 1s. Take hpxq “ x`F pxq :
r0, 1s Ñ r0, 2s strictly increasing, continuous and onto, hence h´1 exists and is continous.
Notice for any interval I Ď r0, 1szC, fpxq “ constant and mphpIqq “ mpIq. Hence
mphpr0, 1szCqq “ mpr0, 1szCq “ 1. Since mphpr0, 1sqq “ 2, mphpCqq “ 1.

Take N Ă hpCq non-measurable. h´1pNq Ă C is null, hence measurable. We claim
h´1pNq R B. Otherwise, apply Lemma 2.30 to h´1, then if h´1pNq P B, we have
N “ hph´1pNqq P B, which is a contradiction.

Remark:
(a) Axiom of Choice is necessary to the construction of non-measurable set. If we drop

Axiom of Choice, then we can construct a model where all sets are measurable
(Solovay 1970).

(b) For every α ą 0, there is a construction of W such that m˚pW q “ α.

(c) An interesting consequence of Axiom of Choice is Banach-Tarski Paradox: For
n ě 3, A,B Ď Rn nonempty, bounded and open, we can cut A “

Ťk
j“1 Aj and

B “
Ťk

j“1 Bj, such that Aj disjoint, Bj disjoint and Aj congruent to Bj. n “ 1, 2
holds for replacing with countable cut.
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2.4 Continuous Tranformation and Measurability 2 LEBESGUE MEASURE

2.4 Continuous Tranformation and Measurability
Lemma 2.31. Let T P CpRn,Rnq. Then T maps Fσ sets to Fσ sets.

Proof. First assume F “
Ť8

i“1 Fi where Fi is closed and bounded. Since Fi is compact,
T pFiq is compact. Hence T pF q “

Ť8

i“1 T pFiq is a Fσ set.
For general Fσ set F “

Ť8

i“1 Fi where Fi closed, take F pNq “ F X r´N,N sn “
Ť8

i“1pFi X r´N,N snq. Then T pF pNqq “
Ť8

i“1 T pFi X r´N,N snq is Fσ set and T pF q “
Ť8

N“1 T pF pNqq is Fσ set.

Lemma 2.32. Suppose T P CpRn,Rnq and for every null set Z Ď Rn, T pZq is null.
Then T maps measurable sets to measurable sets.

Proof. For every E P M , we have E “ K Y Z, where K is a Fσ set and Z is a null
set. Then T pEq “ T pKq Y T pZq, where T pKq is Fσ set and T pZq is null set, which is
measurable.

Lemma 2.33. T : Rn Ñ Rn is linear, i.e. T pxq “ Tnˆnx, where T “ Tnˆn is a n ˆ n
matrix with detT ‰ 0. Then for every E Ď Rn,

m˚pT pEqq “ | detT |m˚pEq. (2.11)

Proof. For every nonsingular T , T canbe written as a product of elementary matri-

ces. Let Aij “

¨

˚

˚

˚

˚

˚

˚

˚

˝

1
. . .

0 ¨ ¨ ¨ 1
1 ¨ ¨ ¨ 0

. . .
1

˛

‹

‹

‹

‹

‹

‹

‹

‚

, Bipλq “

¨

˚

˚

˚

˚

˚

˝

1
. . .

λ
. . .

1

˛

‹

‹

‹

‹

‹

‚

and Cijpλq “

¨

˚

˚

˚

˚

˚

˝

1
. . .

1 λ
. . .

1

˛

‹

‹

‹

‹

‹

‚

. Hence we reduce to the proof if I “ tx “ px1, ¨ ¨ ¨ , xnq, xi P p0, 1qu,

m˚pT pIqq “ | detT |m˚pIq

for T “ Aij, Bipλq, Cijpλq.

Corollary 2.34. If T is linear and nonsingular, then for every E P M , we have T pEq P

M and
mpT pEqq “ | detT |mpEq. (2.12)
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3 MEASURABLE FUNCTION

3 Measurable Function
3.1 Definition and Properties

Denote R “ R Y t˘8u. Assume the basic facts

1. x ` p˘8q “ ˘8, x ´ p˘8q “ ¯8

2. x ¨ p˘8q “

#

`8 x ą 0

´8 x ă 0

3. p˘8q ` p˘8q “ ˘8, p˘8qp˘8q “ `8, p˘8qp¯8q “ ´8

Caution: p˘8q ´ p˘8q and 0 ¨ p˘8q are undefined.

Definition 3.1. Let E Ď Rn. f : E Ñ R is a measurable function on E if @t P R,
tx P E|fpxq ą tu is measurable.

Theorem 3.2. We have the fact that the followings are equivalent:

1. tx P E|fpxq ą tu is measurable for all t P R;

2. tx P E|fpxq ě tu is measurable for all t P R;

3. tx P E|fpxq ă tu is measurable for all t P R;

4. tx P E|fpxq ď tu is measurable for all t P R;

5. tx P E|fpxq ą tu is measurable for all t P Ω where Ω is dense in R.

Proof. Simply notice the facts tx P E|fpxq ą tu “
Ť8

n“1tx P E|fpxq ě t ` 1
n

u and
tx P E|fpxq ě tu “

Ş8

n“1tx P E|fpxq ă t ´ 1
n

u.
Also if tn P Ω such that tn Ñ t and tn ą t, we have

tx P E|fpxq ą tu “

8
ď

n“1

tx P E|fpxq ą tnu.

Theorem 3.3. We have the following properties for E P M :

1. f : E Ñ R is measurable, then the following sets are measurable:

(a) tx P E|fpxq “ tu “ tx P E|fpxq ě tu X tx P E|fpxq ď tu;
(b) tx P E|fpxq “ `8u “

Ş8

n“1tx P E|fpxq ą nu or tx P E|fpxq “ ´8u “
Ş8

n“1tx P E|fpxq ă ´nu;
(c) tx P E|fpxq ă `8u “

Ť8

n“1tx P E|fpxq ă nu or tx P E|fpxq ą ´8u “
Ť8

n“1tx P E|fpxq ą ´nu;

2. f is measurable on E1 and E2, where E1, E2 P M , then f is measurable on E1 YE2;

3. f is measurable on E and A Ď E with A measurable, then f |A : A Ñ R is
measurable;
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3.1 Definition and Properties 3 MEASURABLE FUNCTION

4. E P M ðñ χE is measurable on Rn. If f : ra, bs Ñ R is monotonic, then f is
measurable.

5. f : E Ñ R measurable, Φ P CpR,Rq, then Φpfq : E Ñ R is measurable.

6. f : E Ñ R continuous, then f is measurable.

7. If f, g are measurable on E, then λf , f ˘g, f 2, f ¨g are all measurable (here λ P R).

8. tfku are measurable on E, then supkÑ8 fk, infkÑ8 fk, limkÑ8fk, limkÑ8fk are all
measurable.

9. f is measurable on E. Then f`pxq “ maxtfpxq, 0u, f´pxq “ maxt´fpxq, 0u are
measurable. Hence f “ f` ´ f´ and |f | “ f` ` f´ are measurable.

Caution: |f | is measurable œ f is measurable. Consider fpxq “

#

1 x P N

´1 x R N
,

where N is non-measurable.

10. fk Ñ f pointwisely and tfkpxqu are measurable, then f is measurable.

Proof. (2): tx P E1 Y E2|fpxq ą tu “ tx P E1|fpxq ą tu Y tx P E2|fpxq ą tu.
(3): tx P A|fpxq ą tu “ tx P E|fpxq ą tu X A.
(4): tx P ra, bs|fpxq ą tu is one of the following: an interval, a single point or empty

set, hence measurable.
(5): tx P E|Φpfq ą tu ùñ tx P E|fpxq P Φ´1ppt,`8qqu “

ŤN
j“1 Ij where Ij is open

and disjoint and N can be finite or infinite. Hence tx P E|fpxq P Φ´1ppt,`8qqu “
ŤN

j“1tx P E|fpxq P Ij “ paj, bjqu is measurable.
(6): tx P E|fpxq ą tu “ f´1ppt,`8qq is open in E.
(7):

tx P E : λf ą tu “

#

tx P E : f ą t
λ

u λ ą 0

tx P E : f ă t
λ

u λ ă 0
.

tx P E|fpxq ` gpxq ą tu “
ď

rnPQ

ptx P E|fpxq ą rnu X tx P E|gpxq ą t ´ rnuq .

tx P E|fpxq2 ą tu “

#

E t ă 0

tx P E|fpxq ą
?
tu Y tx P E|fpxq ă ´

?
tu t ě 0

.

Notice that f ¨ g “
pf`gq2´pf´gq2

4
.

(8):

tx P E| sup
kÑ8

tfkpxqu ą tu “

8
ď

n“1

tx P E|fnpxq ą tu.

Notice that infkÑ8 fk “ ´ supkÑ8p´fkq, limkÑ8fk “ infně1 supkěn fk and limkÑ8fk “

supně1 infkěn fk.

Definition 3.4. We say a property holds almost everywhere on E if it holds on E1

such that E “ E1 Y Z where Z is null.

Theorem 3.5. f “ g a.e. on E. If f is measurable on E, then g is measurable on E.
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Proof. Let E “ E1 Y Z such that Z is null and fpxq “ gpxq for x P E1.

tx P E|gpxq ą tu “ tx P E1|fpxq ą tu Y tx P Z|gpxq ą tu.

The main theorem here is the Approximation Theorem.

Definition 3.6. Suppose E is measurable.

f “

k
ÿ

i“1

aiχEi
(3.1)

where Ei are disjoint and
Ťk

i“1 Ei “ E. Then f is called a simple function on E.
If furthermore Ei P M , then f is called simple measurable function.
If Ei are rectangles (can be open/closed/half-open, can be of finite or infinite size),

we call f a step function.

Theorem 3.7 (Approximation Theorem). 1. If f ě 0 on E and f is measurable, then
there exists simple measurable functions tφkpxqu such that

0 ď φkpxq ď φk`1pxq, k “ 1, 2, ¨ ¨ ¨ and lim
kÑ8

φkpxq “ fpxq, @x P E.

2. If f is measurable on E, then there exists simple measurable functions tφkpxqu such
that |φkpxq| ď |f | and

lim
kÑ8

φkpxq “ fpxq, @x P E.

Remark: If f is bounded, then in (1) and (2), we have uniformly convergence.

Proof. (1): For every k P N, denote

Ek “ tx P E|fpxq ě 2ku, Ej
k “ tx P E|

j

2k
ď fpxq ď

j ` 1

2k
u, j “ 0, 1, ¨ ¨ ¨ , 22k ´ 1.

Take

φkpxq “

22k´1
ÿ

j“0

j

2k
χEj

k
pxq ` 2kχEk

pxq. (3.2)

We have 0 ď φkpxq ď φk`1pxq ď fpxq.
If fpx0q “ `8, then φkpx0q “ 2k, then φkpx0q Ñ fpx0q. If fpx0q ă `8, then there

exists k˚, for every k ą k˚, |φkpx0q ´ fpx0q| ă 1
2k

Ñ 0, as k Ñ 8.
Furthermore, if f is bounded |f | ď M , take 2k˚ ą M , then for every x P E we have

|φkpxq ´ fpxq| ă 1
2k

for k ą k˚. Hence we get uniform convergence.
(2): Since f is measurable, f` and f´ are measurable. Apply (1) to f˘, then we

get φ
p1q

k , φ
p2q

k . Then φk “ φ
p1q

k ´ φ
p2q

k , we have |φkpxq| ď φ
p1q

k pxq ` φ
p2q

k pxq ď f`pxq `

f´pxq “ |fpxq| and limkÑ8 φkpxq “ limkÑ8 φ
p1q

k pxq ´ limkÑ8 φ
p2q

k pxq “ f`pxq ´ f´pxq “

fpxq(Notice we don’t have issue with 8 ´ 8 here). When f is bounded, we have uniform
convergence from (1).

Definition 3.8. The support set of fpxq on E Ď Rn, denoted by supppfq, is the closure
of

tx : fpxq ‰ 0u.
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3.2 Mode of Convergence 3 MEASURABLE FUNCTION

Corollary 3.9. In the Approximation Theorem, we can replace φk by Ăφk which are simple
measurable functions with compact supports.

Proof. Take Ăφk “ φkχBp0,kq. This is because for every x˚ P Rn, we can find a k0 large
enough such that x˚ P Bp0, kq for k ě k0, then limkÑ8 Ăφkpx˚q “ limkÑ8 φkpx˚q “

fpx˚q.

3.2 Mode of Convergence
Recall in calculus, we have different notion of convergence/Cauchy sequence.

• fn Ñ f pointwise (p.w.) if for every x and ε ą 0, DN “ Npxq such that @n ą N ,
|fnpxq ´ fpxq| ă ε.

• fn Ñ f uniformly if N is independent of x.

• Now we have third convergence: fn Ñ f a.e. on E.

• Almost uniform convergence.

• Convergence in measure.

We have the fact: If fn Ñ f a.e. on E and fn are measurable on E, then f is
measurable on E.

Lemma 3.10. Suppose tfkpxqu are finite a.e. on E and mpEq ă `8. If fkpxq Ñ fpxq

a.e. on E, then for every ε ą 0, denote

Eε “ tx P E||fk ´ f | ě εu,

we have
lim
jÑ8

mp
ď

kěj

Ekpεqq “ 0. (3.3)

Proof. Notice that
Ş8

j“1

Ť

kěj Ekpεq Ď tx P E|fkpxq Û fpxqu. Because for every x P
Ş8

j“1

Ť

kěj Ekpεq, x P
Ť

kěj Ekpεq. Hence we find k1 ă k2 ă ¨ ¨ ¨ such that x P Ekipεq, i.e.,
|fkipxq ´ fpxq| ě ε. By the inclusion,

Ş8

j“1

Ť

kěj Ekpεq is null. Since
Ť

kěj Ekpεq Ď E has
finite measure, we have

lim
jÑ8

mp
ď

kěj

Ekpεqq “ mp

8
č

j“1

ď

kěj

Ekpεqq “ 0.

Theorem 3.11 (Egorov’s Theorem). Suppose mpEq ă `8 and fk, f are finite a.e. on
E. If fk Ñ f a.e. on E, then for every δ ą 0, there exists Eδ Ď E measurable with
mpEδq ď δ such that fk Ñ f on EzEδ.

Proof. Take ε “ 1
i
, we have

lim
jÑ8

m

˜

8
ď

kěj

Ekp
1

i
q

¸

“ 0.
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Take ji such that m
´

Ť

kěji
Ekp1

i
q

¯

ă δ
2i

and Eδ “
Ť8

i“1

Ť

kěji
Ekp1

i
q, then mpEδq ď δ.

EzEδ “

8
č

i“1

č

kěji

tx P E||fkpxq ´ fpxq| ă
1

i
u.

For every ε ą 0, take i˚ such that 1
i˚

ă ε. When k ě ji˚ , for all x P EzEδ,

|fkpxq ´ fpxq| ă
1

i
ă ε ùñ fkpxq Ñ f on EzEδ.

Remark:

(a) Theorem fails if mpEq “ `8. For example, fk “ χp0,kq and f “ χp0,`8q.

(b) For mpEq “ `8, we reformulate Egorov’s Theorem: For every M ą 0, there exists
EM Ď E such that mpEMq ą M and fk Ñ f on EM .

3.3 Relation of Measurable and Continuous Functions
Theorem 3.12 (Lusin’s Theorem). Suppose f : E Ă Rn Ñ R is measurable on E and
finite a.e. on E. Then for every δ ą 0, there exists F Ď E measurable such that
mpEzF q ă δ and f is continuous on F .

Corollary 3.13. Suppose f : E Ă Rn Ñ R is measurable on E and finite a.e. on E.
Then for every δ ą 0, there exists a continuous function gpxq on Rn such that

mptx P E|fpxq ‰ gpxquq ă δ.

Corollary 3.14. Suppose f : E Ă Rn Ñ R is measurable on E and finite a.e. on E.
Then there exists a sequence of continuous functions tgku on Rn such that

gk Ñ f a.e. on E.

Proof. Take δ “ 1
k

in Corollary 3.13, we find gk such that

mptx P E|fpxq ‰ gkpxquq ă
1

k
ùñ gk Ñ f by measure on E.

Apply Riesz’s Theorem, then we can find a subsequence

gkj Ñ f a.e. on E.

Recall that if f

Example 3.15. Let F pxq be Cantor-Lebesgue function on r0, 1s and hpxq “ x ` F pxq :
r0, 1s Ñ r0, 2s strictly increasing, continuous and onto, hence h´1 exists and is continuous.
Take N Ă hpCq non-measurable, then h´1pNq Ă C is null, hence measurable. Take
f “ χh´1ppNq measurable and g “ h´1 continuous. Then fpgq “ χh´1pNqph

´1pxqq “ χNpxq

is non-measurable.
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Theorem 3.16. Suppose T P CpRn,Rnq statisfies that for every null set Z Ď Rn, T pZq

is null. Then for every f : Rn Ñ R is measurable, then fpT pxqq is measurable.

Proof.

tx : fpT pxqq ą tu “ tx : T pxq : f´1ppt,`8qqu “ T´1pKq Y T´1pZq.

Corollary 3.17. If T is linear and nonsingular, then for every measurable function
f : E Ñ R, fpT pxqq is measurable.

Proof.
m˚pT pEqq “ | detT |m˚pEq.
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4 LEBESGUE INTEGRAL

4 Lebesgue Integral
4.1 Definitions and Properties

We start with non-negative measurable functions. Denote L` “ tf : Rn Ñ R measurable and f ě

0u and L`
E “ tf : E Ñ R measurable and f ě 0u.

Definition 4.1. Suppose f P L` is a simple measurable function

f “

k
ÿ

i“1

aiχAi
,

k
ď

i“1

Ai “ Rn, Ai X Aj “ ∅pi ‰ jq.

Given E Ď Rn measurable, we define
ż

E

fpxqdx “

k
ÿ

i“1

aimpAi X Eq. (4.1)

(Here we make the assumption 0 ¨ 8 “ 0.)

Definition 4.2. For every f P L`
E, we define

ż

E

fpxq dx “ sup

"
ż

E

φpxq dx

ˇ

ˇ

ˇ

ˇ

0 ď φ ď f on E, φ simple measurable on E

*

. (4.2)

Proposition 4.3. Here we consider nonnegative simple measurable functions.

1. C
ş

E
fdx “

ş

E
Cfdx.

2.
ş

E
pf ` gqdx “

ş

E
fdx `

ş

E
gdx.

3.
ş

EYF
fdx “

ş

E
fdx `

ş

F
fdx if E,F are disjoint measurable sets.

4. If Ek is measurable and tEku is increasing such that Ek Ñ E, then
ż

E

fpxqdx “ lim
kÑ8

ż

Ek

fpxqdx.

Proof. (2): For f “
řM

i“1 aiχAi
and g “

řN
j“1 bjχBj

, we have

f`g “

M
ÿ

i“1

N
ÿ

j“1

pai`bjqmpEXAiXBjq “

M
ÿ

i“1

aimpEXAiq`

N
ÿ

j“1

bjmpEXBjq “

ż

E

fdx`

ż

E

gdx.

(4):
k

ÿ

i“1

aimpEk X Aiq Ñ

k
ÿ

i“1

aimpE X Aiq.

Proposition 4.4. Here we only consider functions in L`
E.

1. 0 ď f ď g ùñ 0 ď
ş

E
fdx ď

ş

E
gdx.

2. 0 ď f ď F and
ş

E
fdx ă `8 ùñ

ş

E
fdx ă 8.
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3. If f is bounded and mpEq ă `8, then
ş

E
fdx ă `8.

4. If A Ď E measurable, then
ş

A
fpxqdx “

ş

E
fpxqχApxqdx.

5. f “ 0 a.e. on E ðñ
ş

E
fdx “ 0.

6. If
ş

E
fdx ă `8, then f ă `8 a.e. on E.

Proof. (4):
ż

A

fpxqdx “ sup

"
ż

A

φpxqdx

ˇ

ˇ

ˇ

ˇ

0 ď φ ď f on A,φ simple measurable on A

*

“ sup

"
ż

E

φpxqχApxqdx

ˇ

ˇ

ˇ

ˇ

0 ď φχA ď fχA on A,φ simple measurable on A

*

“ sup

"
ż

E

hdx

ˇ

ˇ

ˇ

ˇ

0 ď h ď fχA on E, h simple measurable on E

*

“

ż

E

fpxqχApxqdx.

(5): ñ: For every simple measurable function h ď f
ð: Suppose statement is false, i.e. mptx P E : fpxq ‰ 0uq “ δ ą 0. Ek “ tx P E :

fpxq ą 1
k
u. Then Ek increases to tx P E : fpxq ‰ 0u. Hence there exists k0 such that

mpEk0q ą δ
2
. Then

ş

E
fdx ě

ş

Ek0
fdx ě

ş

Ek0

1
k0
dx “

mpEk0
q

k0
ą 0, contradiction.

(6): tx P E : f “ `8u “
Ş8

k“1tx P E : fpxq ą ku. A “
ş

E
fdx ě

ş

E
fχEk

dx ě

kmpEkq. Hence mpEkq ď A
k

Ñ 0 as k Ñ 8.

Theorem 4.5 (Beppo Levi Monotone Convergence Theorem). Given

0 ď f1 ď f2 ď ¨ ¨ ¨ ď fk ď ¨ ¨ ¨

on E measurable and limkÑ8 fkpxq “ fpxq on E, then

lim
kÑ8

ż

E

fkpxqdx “

ż

E

fpxqdx.

Proof. Since fk ď f , we have
ş

E
fkdx ď

ş

E
fdx. Hence

lim
kÑ8

ż

E

fkdx ď

ż

E

fdx.

WLOG, we can assume f ă `8 on E. For every simple measurable function φ on E
such that 0 ď φ ď f and every α P p0, 1q, denote Ek “ tx P E : fkpxq ě αφpxqu, then Ek

increases to E.
ż

E

fkdx ě

ż

Ek

fkdx ě

ż

Ek

αφdx “ α

ż

Ek

φdx Ñ α

ż

E

φdx ñ lim
kÑ8

ż

E

fkdx ě α

ż

E

φdx.

Hence
lim
kÑ8

ż

E

fkdx ě α sup
0ďφďf

ż

E

φdx “ α

ż

E

fdx.

Let α Ñ 1, we get
lim
kÑ8

ż

E

fkdx ě

ż

E

fdx.
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Remark:

1. In Monotone Convergence Theorem, we can consider 0 ď f1 ď f2 ď ¨ ¨ ¨ a.e. on E
and fk Ñ f a.e. on E and the conclusion still holds.

2. In general, without monotonicity a.e., the statement fails. Consider fn “ χpn,n`1q

or gn “ nχp0, 1
n

q.

Corollary 4.6. For f, g P L`
E and α, β ě 0, we have

ż

E

αf ` βgdx “ α

ż

E

fdx ` β

ż

E

gdx. (4.3)

Proof. Take fn and gn simple measurable functions such that fn Ò f and gn Ò g. Then
apply Monotone Convergence Theorem.

Corollary 4.7. For fn P L`
E, we have

ż

E

8
ÿ

n“1

fndx “

8
ÿ

n“1

ż

E

fndx. (4.4)

Proof. Take Spxq “
ř8

n“1 fnpxq and SNpxq “
řN

n“1 fnpxq, then apply Monotone Conver-
gence Theorem.

lim
NÑ8

N
ÿ

n“1

ż

E

fnpxqdx “ lim
NÑ8

ż

E

SNpxqdx “

ż

E

Spxqdx.

Corollary 4.8. For E “
Ť8

k“1 Ek, where Ek are measurable and disjoint, and f P L`
E,

we have
ż

E

fpxqdx “

8
ÿ

k“1

ż

Ek

fpxqdx. (4.5)

Proof.
8
ÿ

k“1

fχEk
“ fχE.

Corollary 4.9. Given fk ě 0and fk Ó f a.e. on E measurable, then

lim
kÑ8

ż

E

fkpxqdx “

ż

E

fpxqdx.

Proof. Apply the Monotone Convergence Theorem.

Theorem 4.10 (Fatou’s Lemma). Given tfku Ď L`
E, then

ż

E

lim
kÑ8

fkpxqdx ď lim
kÑ8

ż

E

fkpxqdx. (4.6)
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Corollary 4.11. For tfnu, f P L` and fn Ñ f a.e. on E, then
ż

E

fpxqdx ď lim
nÑ8

ż

E

fnpxqdx.

Example 4.12. For f P L`
E such that f ă `8 a.e. on E and mpEq ă `8, take

0 ď y0 ă y1 ă y2 ă ¨ ¨ ¨ ă yn ă ¨ ¨ ¨ ă `8 such that yk`1 ´ yk ď δ. Denote Ek “ tx P E :
yk ď fpxq ă yk`1u, then

ż

E

fpxqdx ă `8 ðñ
ÿ

kě0

ykmpEkq ă `8.

Furthermore, under this condition,
ş

E
fdx “ limδÑ0

ř

kě0 ykmpEkq.

Proof.
ż

Ek

ykdx ď

ż

Ek

fpxqdx ď

ż

Ek

yk`1dx.

Hence
ykmpEkq ď

ż

Ek

fpxqdx ď pyk`1 ´ ykqmpEkq ` ykmpEkq.

Summing over k, we get

ÿ

kě0

ykmpEkq ď

8
ÿ

k“1

ż

Ek

fpxqdx ď
ÿ

kě0

yk`1mpEkq.

When δ Ñ 0, yk`1´yk Ñ 0, we have
ř

kě0 yk`1mpEkq´
ř

kě0 ykmpEkq “
ř

kě0pyk`1´

ykqmpEkq Ñ 0.

4.2 Lebesgue Integral for General Measurabe Functions
Definition 4.13. Given f measurable on E, if

ş

E
f`dx and

ş

E
f´dx at least one is finite,

then we define
ż

E

fdx “

ż

E

f`dx ´

ż

E

f´dx. (4.7)

If both are finite, then we say f is Lebesgue integrable on E.

Remark:

(a) Denote LpEq “ tf measurable and Lebesgue integrable on Eu. Notice that f P

LpEq ðñ |f | P LpEq and

|

ż

E

fpxqdx| ď

ż

E

|fpxq|dx.

We have the following basic properties.

1. f is bounded a.e. on E and mpEq ă `8 ùñ f P LpEq.

2. f P LpEq ùñ |f | ă `8 a.e. on E.
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3. f “ 0 a.e. on E ðñ
ż

E

fpxqdx “ 0.

4. |f | ď g a.e. on E and g P LpEq ùñ f P LpEq.

5. If f P LpRnq, then
lim
NÑ8

ż

|x|ěN

|fpxq|dx “ 0.

6. For any α, β P R and f, g P LpEq, we have
ż

E

pαfpxq ` βgpxqqdx “ α

ż

E

fpxqdx ` β

ż

E

gpxqdx.

7. f ď g and f, g P LpEq ùñ
ş

E
fpxqdx ď

ş

E
gpxqdx.

8. If f, g P LpEq, then (a) f “ g a.e. on E ðñ (b)
ş

E
|fpxq ´ gpxq|dx “ 0 ðñ (c)

For any Omega Ă E measurable,
ş

Ω
fpxqdx “

ş

Ω
gpxqdx.

9. Ek P M such that Ek disjoint and
Ť8

k“1 Ek “ E. For f P LpEq, we have
ż

E

fpxqdx “

8
ÿ

k“1

ż

Ek

fpxqdx.

Proof. (5): By Monotone Convergence Theorem,
ż

|x|ěN

|fpxq|dx “

ż

Rn

|fpxq|χBp0,Nqcpxqdx Ñ 0, N Ñ 8.

(6): First we prove
ş

E
αfdx “ α

ş

E
fdx. If α “ 0, it is trivial. If α ą 0, then

ż

E

αfdx “

ż

E

αf`dx ´

ż

E

αf´dx “ α

ˆ
ż

E

f`dx ´

ż

E

f´dx

˙

“ α

ż

E

fdx.

If α ă 0, we first consider α “ 1.
ż

E

p´fq dx “

ż

E

p´fq`dx ´

ż

E

p´fq´dx “

ż

E

f´dx ´

ż

E

f`dx “ ´

ż

E

fdx.

Hence for general α ă 0,
ż

E

αfdx “

ż

E

p´|α|fqdx “ ´|α|

ż

E

fdx “ α

ż

E

fdx.

Next we prove
ş

E
pf ` gqdx “

ş

E
fdx `

ş

E
gdx. Notice that

f`g “ pf`gq`´pf`gq´ “ f``g`´f´´g´ ùñ pf`gq``f´`g´ “ pf`gq´`f``g`.

(7): f` ´ f´ ď g` ´ g´ ùñ f` ` g´ ď g` ` f´ ùñ
ş

E
f`dx `

ş

E
g´dx ď

ş

E
g`dx `

ş

E
f´dx ùñ

ş

E
fdx ď

ş

E
gdx.

(8): (a) ñ (b) and (b) ñ (c): trivial. (c) ñ (a): Suppose statement is false, then
rE “ tf ‰ gu is not null ùñ rE1 “ tf ą gu or rE2 “ tf ă gu has positive measure.
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WLOG, we assume it is rE1 ùñ rE1 “
Ť

kě1tf ´ g ą 1
k
u. We find Ω “ tf ´ g ą 1

k0
u

for some k0, which has positive measure. Then
ş

Ω
fpxqdx ´

ş

Ω
gpxqdx ě 1

k0
mpΩq ą 0,

contradiction.
(9): The conclusion holds for f` and f´, hence

ż

E

fpxqdx “

ż

E

f`pxqdx ´

ż

E

f´pxqdx “

8
ÿ

k“1

ˆ
ż

Ek

f`pxqdx ´

ż

Ek

f´pxqdx

˙

“

8
ÿ

k“1

ż

Ek

fpxqdx.

Example 4.14. f P Lpra, bsq. If
ş

ra,cs
fpxqdx “ 0 for every c P ra, bs, then f “ 0 a.e. on

ra, bs.

Proof. Suppose statement is false. rE “ tx P ra, bs : fpxq ‰ 0u “ rE1 Y rE2 “ tx P ra, bs :
fpxq ą 0u Y tx P ra, bs : fpxq ă 0u is not null. Repeat the argument in (8). Take F Ă Ω
closed such that mpF q ą 0. G “ pa, bqzF is open and G “

Ť8

i“1pai, biq. Then

0 “

ż

ra,bs

fpxqdx “

ż

G

fpxqdx `

ż

F

fpxqdx ě
1

k0
mpF q `

ż

G

fpxqdx ùñ

ż

G

fpxqdx ‰ 0.

Hence there exists pαi, βiq such that
ş

pαi,βiq
fpxqdx ‰ 0 and at least one of

ş

rαi,βis
fpxqdx

and
ş

ra,αis
fpxqdx is not zero, contradiction.

Theorem 4.15 (Absolute Continuity of Integration). If f P LpEq, then for every ε ą 0,
there exists δ ą 0 such that for every measurable set Omega Ď E with mpΩq ă δ, we have

ˇ

ˇ

ˇ

ˇ

ż

Ω

fpxqdx

ˇ

ˇ

ˇ

ˇ

ă ε.

Proof. Take g “ |f | P L`pEq X LpEq. then we can find 0 ď φk ď g simple mea-
surable functions such that φk Ò g. By Monotone Convergence Theorem,

ş

E
φkpxqdx Ñ

ş

E
gpxqdx. In particular, for every ε ą 0, we can take k0 such that

ş

E
pg´φk0qpxqdx ă ε

100
.

Suppose |φk| ď M for some M , hence take δ “ ε
100M

, we have
ż

Ω

gpxqdx ď

ż

Ω

gpxqdx ď
ε

100
` MmpΩq ă ε.

Example 4.16. f P LpEq and

0 ă A “

ż

E

fpxqdx ă `8.

Then for every B P p0, Aq, we can find Ω Ď E such that
ż

Ω

fpxqdx “ B.
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Proof.
gptq “

ż

EXBp0,tq

fpxqdx.

Then gp0q “ 0 and limtÑ`8 gptq “ A. It suffices to show that g is continuous. For every
fixed t P r0,8q,

gpt ` ∆tq ´ gptq “

ż

EXpBp0,t`∆tqzBp0,tqq

fpxqdx Ñ 0, ∆t Ñ 0.

Lemma 4.17 (Jensen’s Inequality). ωpxq P L`pEq and
ş

E
ωpxqdx “ 1. f : E Ñ ra, bs is

measurable and fω P LpEq. φ : ra, bs Ñ R is a concave up function. Then

φ

ˆ
ż

E

fpxqωpxqdx

˙

ď

ż

E

φpfpxqqωpxqdx.

Remark: If we take ωpxq “ 1
mpEq

, then Jensen’s Inequality becomes

φ

ˆ

1

mpEq

ż

E

fpxqdx

˙

ď
1

mpEq

ż

E

φpfpxqqdx.

Proof. Since a ď fpxq ď b, we have aωpxq ď fpxqωpxq ď bωpxq ùñ a ď
ş

E
fpxqωpxqdx ď

b. We denote
y0 “

ż

E

fpxqωpxqdx.

Case 1: y0 P pa, bq. we can find L such that

φpyq ď φpy0q ` Lpy ´ y0q, @y P ra, bs.

Hence
ż

E

φpfpxqqωpxqdx ě φpy0q `

ż

E

Lpfpxq ´ y0qωpxqdx “ φpy0q “ φp

ż

E

fpxqωpxqdxq.

Case 2: y0 “ b (or y0 “ a). Since pb ´ fpxqqωpxq ě 0 and
ż

E

pb ´ fpxqqωpxqdx “ b ´ y0 “ 0 ùñ fpxqωpxq “ bωpxq a.e. on E.

Hence
ż

E

φpfpxqqωpxqdx “

ż

E

φpbqωpxqdx “ φpbq “ φp

ż

E

fpxqωpxqdxq.

Proposition 4.18 (Integration under Linear Transformation). f P LpRnq and T : Rn Ñ

Rn is a linear nonsingular. Then
ż

Rn

fpTxqdx “ | detT |´1

ż

Rn

fpxqdx.
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Proof. First we consider f “
řm

i“1 aiχAi
simple measurable function. Then fpTxq “

řm
i“1 aiχT´1pAiqpxq and

ż

Rn

fpTxqdx “

m
ÿ

i“1

aimpT´1pAiqq “

m
ÿ

i“1

ai| detT |´1mpAiq “ | detT |´1

ż

Rn

fpxqdx.

Then by standard procedure, we can prove the conclusion for f P L` and then f P

LpEq.

Example 4.19. f P Lr0,`8q, then

lim
nÑ8

fpx ` nq “ 0, a.e. x P r0,`8q.

Proof. We can reduce the problem to x P r0, 1s.
ż 8

1

|fpxq|dx “

8
ÿ

n“1

ż n`1

n

|fpxq|dx “

8
ÿ

n“1

ż 1

0

|fpx ` nq|dx

“

ż 1

0

8
ÿ

n“1

|fpx ` nq|dx ă `8.

(4.8)

Hence
ř8

n“1 |fpx ` nq| ă `8 a.e. x P r0, 1s ùñ limnÑ8 fpx ` nq “ 0 a.e. x P r0, 1s.

Theorem 4.20 (Dominated Convergence Theorem). fk P LpEq and

lim
kÑ8

fkpxq “ fpxq, a.e. x P E.

If there exists F pxq P LpEq such that

|fkpxq| ď F pxq, a.e. x P E, k “ 1, 2, ¨ ¨ ¨ ,

then f P LpEq and
lim
kÑ8

ż

E

fkpxqdx “

ż

E

fpxqdx. (4.9)

Proof. f P LpEq. By Fatou’s Lemma, we have
ż

E

lim
kÑ8

pF pxq ` fkpxqq dx ď lim
kÑ8

ż

E

pF pxq ` fkpxqqdx,

ż

E

lim
kÑ8

pF pxq ´ fkpxqq dx ď lim
kÑ8

ż

E

pF pxq ´ fkpxqqdx.

Hence
ż

E

pF pxq ` fpxqq dx ď

ż

E

F pxqdx ` lim
kÑ8

ż

E

fkpxqdx,

ż

E

pF pxq ´ fpxqq dx ď

ż

E

F pxqdx ´ lim
kÑ8

ż

E

fkpxqdx,

ùñ lim
kÑ8

ż

E

fkpxqdx ď

ż

E

fpxqdx ď lim
kÑ8

ż

E

fkpxqdx ùñ lim
kÑ8

ż

E

fkpxqdx “

ż

E

fpxqdx.
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Remark: In fact, since |fk ´f | ď 2F and Dominated Convergence Theorem, we have

lim
kÑ8

ż

E

|fkpxq ´ fpxq|dx “ 0.

We also have the convergence in measure version of Dominated Convergence Theorem.

Theorem 4.21. fk P LpEq and

lim
kÑ8

fkpxq “ fpxq in measure on E.

If there exists F pxq P LpEq such that

|fkpxq| ď F pxq, a.e. x P E, k “ 1, 2, ¨ ¨ ¨ ,

then f P LpEq and
lim
kÑ8

ż

E

fkpxqdx “

ż

E

fpxqdx. (4.10)

Also, we have limkÑ8

ş

E
|fkpxq ´ fpxq|dx “ 0.

Proof. fkj Ñ f a.e. on E for some subsequence tfkju. By Dominated Convergence
Theorem, we have

lim
jÑ8

ż

E

fkjpxqdx “

ż

E

fpxqdx.

ż

E

|fkpxq ´ fpxq|dx ď

ż

EXt|x|ěKu

|fkpxq ´ fpxq|dx

`

ż

EXt|x|ăKuX|fkpxq´fpxq|ěε1

|fkpxq ´ fpxq|dx

`

ż

EXt|x|ăKuX|fkpxq´fpxq|ăε1

|fkpxq ´ fpxq|dx

For any ε ą 0, take K large enough such that
ş

EXt|x|ěKu
|F |dx ď ε

100
and there exists

δ sucht that whenever mpΩq ă δ,
ş

Ω
|F |dx ď ε

100
. For ε1, there exists N such that for

k ě N , mptx P E : |fkpxq ´ fpxq| ě ε1uq ă δ. Hence for k ě N ,
ż

E

|fkpxq ´ fpxq|dx ă
ε

50
`

ε

50
` cε1K

n ă ε, if ε1 is small enough.

Remark: We say fk Ñ f in L1pEq if limkÑ8

ş

E
|fkpxq ´ fpxq|dx “ 0.

(a) fk Ñ f in L1pEq ø fk Ñ f a.e. on E. Consider nχp0, 1
n

q on E “ p0, 1q and the
‘moving characteristic function with shrinking area’.

(b) fk Ñ f in L1pEq ø fk Ñ f a.u. on E. Consider the same examples as in (a).

(c) fk Ñ f in L1pEq ùñ fk Ñ f in measure on E.
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Proof. (c): Denote Ek
ε “ tx P E : |fkpxq ´ fpxq| ě εu. Then

ż

E

|fkpxq ´ fpxq|dx ě

ż

Ek
ε

|fkpxq ´ fpxq|dx ě εmpEk
ε q

ùñ mpEk
ε q ď

1

ε

ż

E

|fkpxq ´ fpxq|dx Ñ 0, k Ñ 8.

Corollary 4.22. fk P LpEq and
ż

E

8
ÿ

k“1

|fkpxq|dx ă `8,

then
ř8

k“1 fkpxq converges a.e. x P E and

8
ÿ

k“1

ż

E

fkpxqdx “

ż

E

8
ÿ

k“1

fkpxqdx. (4.11)

Proof. Denote F pxq “
ř8

k“1 |fkpxq| ă `8 a.e. x P E, which implies that
ř8

k“1 fkpxq con-
verges a.e. x P E. Denote Snpxq “

řn
k“1 fkpxq, then |Snpxq| ď F pxq and by Dominated

Convergence Theorem, we have

lim
nÑ8

n
ÿ

k“1

ż

E

fkpxqdx “ lim
nÑ8

ż

E

Snpxqdx “

ż

E

lim
nÑ8

Snpxqdx “

ż

E

8
ÿ

k“1

fkpxqdx.

Corollary 4.23 (Differentiation Theorem). fpx, yq is defined on Eˆpa, bq, where E P M .
f is Lebesgue integrable as a function of x for every fixed y P pa, bq and f is differentiable
with respect to y. If there exists F pxq P LpEq such that

ˇ

ˇ

ˇ

ˇ

Bf

By
px, yq

ˇ

ˇ

ˇ

ˇ

ď F pxq ùñ
d

dy

ż

E

fpx, yqdx “

ż

E

Bf

By
px, yqdx. (4.12)

Proof. For every fixed y P pa, bq and for every hk Ñ 0 such that y ` hk P pa, bq, we have

lim
kÑ8

fpx, y ` hkq ´ fpx, yq

hk

“
Bf

By
px, yq

and by mean value theorem,
ˇ

ˇ

ˇ

ˇ

fpx, y ` hkq ´ fpx, yq

hk

ˇ

ˇ

ˇ

ˇ

ď F pxq.

By Dominated Convergence Theorem, we have

d

dy

ż

E

fpx, yqdx “ lim
kÑ8

ż

E

fpx, y ` hkq ´ fpx, yq

hk

dx “

ż

E

Bf

By
px, yqdx.
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4.3 Lebesgue Integrability and Continuity
Lemma 4.24. f P LpEq. For any ε ą 0, we can find g P CcpRnq (CcpRnq “ t continuous
and compactly supported functions: Rn Ñ Ru) such that

ż

E

|fpxq ´ gpxq|dx ă ε.

Proof. We consider φk simple measurable functions with compact support such that
|φk| ď |f | and φk Ñ f . By Dominated Convergence Theorem, we have

ż

E

|fpxq ´ φkpxq|dx Ñ 0, k Ñ 8.

Hence for any ε, we can take one simple measurable function φ with compact support
such that

ż

E

|fpxq ´ φpxq|dx ă
ε

2
.

For φ, we can find g P CpRnq such that mptx P E : gpxq ‰ φpxquq ď ε
4M

, where M is the
bound of φ. Since φ has compact support, we say supppφq Ă Bp0, Rq. We can take a

continuous function rg “ gh P CcpRnq, where h “

#

1, |x| ď R

0, |x| ě 2R
. Then

tx P E : φpxq ‰ rgpxqu Ď tx P E : φpxq ‰ gpxqu ùñ m ptx P E : φpxq ‰ rgpxquq ă
ε

4M
.

ż

E

|fpxq ´ rgpxq|dx ď

ż

E

|fpxq ´ φpxq|dx `

ż

E

|φpxq ´ rgpxq|dx

ă
ε

2
` 2Mmptx P E : φpxq ‰ rgpxquq ď

ε

2
` 2M ¨

ε

4M
“ ε.

Remark:

1. Notice in the conclusion, |φ| ď M ùñ |g| ď M .

2. In particular, given |f | ď M and f P LpEq, for any ε ą 0, we can find g P CcpRnq

such that |g| ď M and
ş

E
|fpxq ´ gpxq|dx ă ε.

Corollary 4.25. f P LpEq. We can find gk P CcpRnq such that

lim
kÑ8

ż

E

|fpxq ´ gkpxq|dx “ 0, lim
kÑ8

gkpxq “ fpxq a.e. x P E.

Furthermore, if |fpxq| ď M , we can require |gkpxq| ď M .

Corollary 4.26. f P LpEq. We can find φk step functions such that

lim
kÑ8

ż

E

|fpxq ´ φkpxq|dx “ 0, lim
kÑ8

φkpxq “ fpxq a.e. x P E.

Furthermore, if |fpxq| ď M , we can require |φkpxq| ď M .
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Proof. It suffices to prove for any ε, we can find a step function. First, we find g P CcpRnq

such that
ş

E
|fpxq´gpxq|dx ă ε

2
and supppgq Ă r´N,N sn. Since g is uniformly continuous

on r´N,N sn, for any ε1 ă ε
2p2Nqn

, there exists δ ą 0 such that |gpxq´gpyq| ă ε1, whenever
|x ´ y| ă δ, x, y P r´N,N sn.

Cut r´N,N sn “
Ťk

j“1 Ij into a union of disjoint cubes with side length less than
δ

100
?
n
. Take φ “

řk
j“1 ajχIj , where aj “ gpxjq for some xj P Ij. Then

@x P r´N,N sn, |gpxq ´ φpxq| ď ε1 ùñ

ż

E

|gpxq ´ φpxq|dx ă p2Nqnε1 ă
ε

2
.

Example 4.27. f P LpRnq. If for any φ P CcpRnq, we have
ż

Rn

fpxqφpxqdx “ 0 ùñ f “ 0 a.e. on Rn.

Proof. Suppose not true. WLOG, we find a set E such that f ą ε0 on E for some ε0 and
0 ă mpEq ă 8. Then

ż

Rn

fpxqχEpxqdx ě ε0mpEq ą 0.

Take gk P CcpRnq such that gk Ñ χE in L1 and a.e. on E and |gk| ď 1. By Dominated
Convergence Theorem, we have

ż

Rn

fpxqgkpxqdx Ñ

ż

Rn

fpxqχEpxqdx ą 0,

which contradicts the assumption.

Example 4.28. f P Lpr0, 1sq bounded and
ż

r0,1s

xnfpxqdx “ 0, n ě 0 ùñ f “ 0 a.e. on r0, 1s.

Proof. Assume |f | ď M . For any ε ą 0, we find g P CcpRq such that
ş

r0,1s
|fpxq´gpxq|dx ă

ε
10M

. For g, we apply Weierstrass Approximation Theorem and find polynomials pkpxq Ñ

g on r´N,N s Ą supppgq such that
ż

r0,1s

|gpxq ´ pkpxq|dx Ñ 0, k Ñ 8.

Hence we can find one polynomial ppxq such that
ż

r0,1s

|gpxq ´ ppxq|dx ă
ε

10M
ùñ

ż

r0,1s

f 2pxqdx ď

ż

r0,1s

|fpxq ´ gpxq||fpxq|dx `

ż

r0,1s

|gpxq ´ ppxq||fpxq|dx

`

ż

r0,1s

ppxqfpxqdx ă M
ε

10M
` M

ε

10M
ă ε ùñ

ż

r0,1s

f 2pxqdx “ 0.
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Lemma 4.29 (Riemann-Lebesgue, general version). gn are measurable on ra, bs and
satisfies

1. |gn| ď M ;

2. For any c P ra, bs,
lim
nÑ8

ż

ra,cs

gnpxqdx “ 0.

Then for any f P Lpra, bsq, we have

lim
nÑ8

ż

ra,bs

fpxqgnpxqdx “ 0. (4.13)

Proof. For any ε ą 0, take φ step function such that
ż

ra,bs

|fpxq ´ φpxq|dx ă
ε

2pM ` 1q
.

ˇ

ˇ

ˇ

ˇ

ż

ra,bs

fpxqgnpxqdx

ˇ

ˇ

ˇ

ˇ

ď

ż

ra,bs

|fpxq ´ φpxq||gnpxq|dx `

ˇ

ˇ

ˇ

ˇ

ż

ra,bs

φpxqgnpxqdx

ˇ

ˇ

ˇ

ˇ

ď M

ż

ra,bs

|fpxq ´ φpxq|dx `

ˇ

ˇ

ˇ

ˇ

ˇ

k
ÿ

j“1

λj

ż

rαj ,βjs

gnpxqdx

ˇ

ˇ

ˇ

ˇ

ˇ

ă M
ε

2pM ` 1q
`

ε

2
ă ε, for n large enough.

Lemma 4.30 (Riemann-Lebesgue, classical version). f P LpRq.

lim
nÑ8

ż

R
fpxq cosnxdx “ 0, lim

nÑ8

ż

R
fpxq sinnxdx “ 0. (4.14)

Proof. For any ε, take φ step function with compact support. Then we have
ˇ

ˇ

ˇ

ˇ

ż

R
fpxq cosnxdx

ˇ

ˇ

ˇ

ˇ

ď

ż

R
|fpxq ´ φpxq|| cosnx|dx `

ˇ

ˇ

ˇ

ˇ

ż

R
φpxq cosnxdx

ˇ

ˇ

ˇ

ˇ

ď

ż

R
|fpxq ´ φpxq|dx `

ˇ

ˇ

ˇ

ˇ

ˇ

k
ÿ

j“1

λj
sinnx

n

ˇ

ˇ

ˇ

βj

αj

ˇ

ˇ

ˇ

ˇ

ˇ

ă ε.

Example 4.31. λn Ñ 0. Denote

A “ tx P R : lim
nÑ8

sinλnx exists u ùñ mpAq “ 0.

Proof. For any B Ă R bounded and measurable, define fpxq “ limnÑ8 χApxq sinλnx. By
Dominated Convergence Theorem, we have

ż

B

fpxqdx “ lim
nÑ8

ż

B

χApxq sinλnxdx “ 0.
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By Riemann-Lebesgue Lemma, we have

lim
nÑ8

ż

r´N,Ns

χAXBpxq sinλnxdx Ñ 0 ùñ

ż

B

fpxqdx “ 0 ùñ fpxq “ 0 a.e. x P B.

By Dominated Convergence Theorem again, we have

0 “

ż

B

f 2pxqdx “ lim
nÑ8

ż

B

pχApxq sinλnxq
2 dx “ lim

nÑ8

ż

B

χApxq
1 ´ cos 2λnx

2
dx

“
1

2
mpA X Bq ´ lim

nÑ8

1

2

ż

B

χApxq cos 2λnxdx “
1

2
mpA X Bq.

Since B is arbitrary, we have mpAq “ 0.

Lemma 4.32. If f P LpRnq, then

lim
hÑ0

ż

Rn

|fpx ` hq ´ fpxq|dx “ 0. (4.15)

Proof. For every ε ą 0, take g P CcpRnq such that
ş

Rn |fpxq ´ gpxq|dx ă ε
3
. Suppose

suppg Ď r´N,N sn. Since g is uniformly continuous in r´N,N sn,

ż

Rn

|gpx ` hq ´ gpxq|dx “

ż

r´N,Nsn
|gpx ` hq ´ gpxq|dx ă ε1p2Nqn ă

ε

3
, h ă δ.

ż

Rn

|fpx`hq´fpxq|dx ď

ż

Rn

|fpx`hq´gpx`hq|dx`

ż

Rn

|gpx`hq´gpxq|dx`

ż

Rn

|gpxq´fpxq|dx ă ε.

Corollary 4.33. If E P M and mpEq ă `8, then mpE X E ` thuq Ñ mpEq as h Ñ 0.

Proof. mpEq “
ş

χEdx and mpE X E ` thuq “
ş

χEpxqχE`thupxqdx. Hence

|mpE X E ` thuq ´ mpEq| “

ˇ

ˇ

ˇ

ˇ

ż

χEpxqχE`thupxqdx ´

ż

χ2
Epxqdx

ˇ

ˇ

ˇ

ˇ

“

ˇ

ˇ

ˇ

ˇ

ż

χEpxqpχE`thupxq ´ χEpxqqdx

ˇ

ˇ

ˇ

ˇ

ď

ż

|χEpxq ´ χEpx ` hq|dx Ñ 0, h Ñ 0.

4.4 Lebesgue Integral and Riemann Integral
Theorem 4.34. Suppose f bounded on ra, bs. Then f P Rra, bs ðñ discontinuous points
of f have Lebesgue measure zero.

Theorem 4.35. f P Rra, bs ùñ f P Lpra, bsq and the two integerals take the same value.

Recall the notations and terminologies of Riemann integral. For Riemann integral,
we have a partition ∆ : a “ x0 ă x1 ă ¨ ¨ ¨ ă xn “ b and ∆xi “ xi ´ xi´1,∆ “

maxt∆xiu, ωi “ supx,yPrxi´1,xis
|fpxq ´ fpyq|. We know that f P Rra, bs ðñ

ř

ωi∆xi Ñ 0
as ∆ Ñ 0. ωf pxq “ limδÑ0 supy,zPBδpxq |fpzq ´ fpyq|.
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Proof. Denote E “ tdiscontinuous points of fu “ tx|ωf pxq ą 0u. First we show that
mpEq ùñ f R Rra, bs. E “

Ť

kě1 where Ek “ tx|ωf pxq ě 1
k
u. Since mpEq ą 0, there

exists k0 such that mpEk0q ą 0. For every partition ∆, we have
ÿ

ωi∆xi ě
ÿ

pxi´1,xiqXEk0
‰∅

ωi∆xi ě
1

k0

ÿ

rxi´1,xisXEk0
‰∅

∆xi ě
1

k0
mpEk0q ą 0.

Next, we show that mpEq “ 0 ùñ f P Rra, bs. Notice that mpra, bszEq “ mpra, bsq.
For every ε ą 0, take F Ď ra, bszE closed such that mppra, bszEqzF q ă ε1. For every
z P F , f is continuous at z. For every ε2, there exists δpzq such that |fpyq ´ fpzq| ă ε2

2

when |y ´ z| ď δpzq. In particular, for every x, y P Bpz, δpzqq, we have |fpxq ´ fpyq| ă ε2.
We cover F by

Ť

zPF Bpz, 1
10
δpzqq. Since F is compact, there is a finite subcover F Ď

ŤN
j“1 Bpzj,

1
10
δpzjqq. If we denote |f | ď M , then for any partition ∆,

ÿ

ωi∆xi “
ÿ

rxi´1,xisXF‰∅

ωi∆xi `
ÿ

rxi´1,xisXF“∅

ωi∆xi ď ε2pb ´ aq ` 2Mε1.

Take ε1 “ ε
4M

and ε2 “ ε
2pb´aq

, we have
ř

ωi∆xi ă ε. Hence f P Rra, bs.

Proof. Since f P Rra, bs, f is bounded. We show that f is measurable. ra, bs “ E Y

pra, bszEq “ E Y Z Y Fk, where E is the set of discontinuous points of f , Z is a null set
and Fk .

For every t P R, tx P ra, bs : fpxq ą tu “ ptx P E : fpxq ą tuq Y ptx P Z : fpxq ą

tuq Y p
Ť

kě1tx P Fk : fpxq ą tuq is measurable. Hence f and |f | is measurable and |f | is
Lebesgue integrable.

n
ÿ

i“1

mi∆xi ď

ż

ra,bs

fdx “

n
ÿ

i“1

ż

rxi´1,xis

fdx ď

n
ÿ

i“1

Mi∆xi, mi “ inf
rxi´1,xis

f,Mi “ sup
rxi´1,xis

f.

Since f P Rra, bs, we have
řn

i“1 Mi∆xi Ñ
şb

a
fpxqdx and

řn
i“1 mi∆xi Ñ

şb

a
fpxqdx as

∆ Ñ 0. Hence the two integrals are equal.

Remark: In the future, we will not distinguish the notations of Riemann integral
and Lebesgue integral.

Caution: The above discussion fails for singular integrals.

Example 4.36. Take fpxq “

#

sinx
x
, x P p0,`8q

0, x “ 0
. From calculus, we know f P Rr0,`8q

and
ş8

0
sinx
x
dx “ π

2
. However, f R Lr0,`8q. Because

ş8

0

ˇ

ˇ

sinx
x

ˇ

ˇ dx “
ř

ně0

şpn`1qπ

nπ
| sin y|

nπ`y
dy ě

ř

ně0
2

pn`1qπ
“ `8.

Example 4.37. hpxq “ 1
x
sin 1

x
but h R Lp0, 1q.

ş1

0
1
x
sin 1

x
dx “

ş8

1
y sin yd

´

1
y

¯

“
ş8

1
sin y
y
dy.

Lemma 4.38. Suppose Ek Ò E and f P LpEkq. If lim
ş

Ek
|f |dx ă `8, then f P LpEq

and
ş

E
fdx “ limkÑ8

ş

Ek
fdx.

Proof. gkpxq “ |fpxq|χEk
Ò |fpxq| on E. By Monotone Convergence Theorem,

ş

Ek
|f |dx “

ş

E
|gk|dx Ñ

ş

|f |dx ùñ f P LpEq. Now hk “ fχEk
Ñ f on E. Since |hk| ď |f |, by

Dominated Convergence Theorem, we have
ş

hkdx “
ş

Ek
fdx Ñ

ş

fdx.

Remark: |f | P Rr0,8q ùñ f P Lr0,8q.
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4.5 Tonelli and Fubini Theorems
Suppose fpx, yq with x P Rp, y P Rq and p ` q “ n. In calculus, we face the

problem for Riemann integrals: whether
ş ş

Rn fpx, yqdxdy,
ş

Rq

`ş

Rp fpx, yqdx
˘

dy and
ş

Rp

`ş

Rq fpx, yqdy
˘

dx are equal. We know that if |f | P RpRnq, then they are well-defined
and equal.

Now we want to extend the discussion to Lebesgue integrals.

Theorem 4.39 (Tonelli). Suppose f P L`pRnq, then we have

1. For a.e. y P Rq, fpx, yq P L`
x pRpq and for a.e. x P Rp, fpx, yq is in L`pRqq.

2. For a.e. y P Rq, hpyq “
ş

Rp fpx, yqdx and for a.e. x P Rp, gpxq “
ş

Rq fpx, yqdy are
both in L`pRqq and L`pRpq respectively.

3.
ş ş

Theorem 4.40 (Fubini).

The proof goes by considering F Ď L`pRnq satisfies

(A)

we will study the properties of F and eventually prove F “ L`pRnq. Step 1: Define F .
Step 2:

Lemma 4.41. 1. f P F ùñ af P F for every a ě 0.

2. f, g P F ùñ f ` g P F .

3. f, g P F , f ´ g ě 0 and g P LpRnq ùñ f ´ g P F .

4. fk P F , fk Ò f on Rn ùñ f P F .

5. fk P F , fk Ó f and f1 P LpRnq ùñ f P F .

Proof. (1)(2): follows from definition.
(3):

Step3: F “ L`pRnq. We reduce the proof to consider only characteristic functions
because of (1)(2)(4).

Now we consider E P M , starting with single case to the general case.
Case 1: E “ I1 ˆ I2, where I1 Ă Rp, I2 Ă Rq are both rectangles.
Case 2:
Case 3:
Case 4: E is null. E Ă Gk, where Gk is open and mpGkq ă 1

k
. Then E Ă H “

Ş8

k“1 Gk. We verify (A)(B)(C) for H and then for E. Use Case 4 for H.
Case 5: E P M . Then E “ GzZ, where G is a Gδ set and χE “ χG ´ χZ ě 0. Since

χG, χZ P F , χz P LpRnq, we have χE P F .
Step 5: Proof of Fubini Theorem. f P LpRnq ùñ f˘ P L`pRnq X LpRnq.
Remark:
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1. Tonelli Theorem fails for Riemann integrals. Consider E Ă r0, 1s2 such that dense,
countable and intersects with horizontal and vertical lines at most one point. Take
fpx, yq “ χEpx, yq, then f R Rpr0, 1s2q.

ż 1

0

fpx, yqdx “ 0 “

ż 1

0

fpx, yqdy

ùñ

ż 1

0

ˆ
ż 1

0

fpx, yqdx

˙

dy “ 0 “

ż 1

0

ˆ
ż 1

0

fpx, yqdy

˙

dx “ 0.

Let’s construct E. Denote Ω “ Q X r0, 1s2 “ tpxi, yiqu8
i“1. Take prx1, ry1q “ px1, y1q

and take prx2, ry2q P Ω X B
`

px2, y2q,
1
2

˘

such taht it does not lie on the horizontal
and vertical lines decided by prx1, ry1q. Generally, take prxn, rynq P Ω X B

`

pxn, ynq, 1
n

˘

such that it does not lie on the horizontal and vertical lines through prxi, ryiq, i “

1, 2, ¨ ¨ ¨ , n ´ 1.
E “ tprxn, rynqu8

n“1 is dense. That’s because for any px, yq P r0, 1s2 and any ε ą 0,
take n0 ą 2

ε
.

2. Even if the iterated integral exists and equal, it is not necessarily true that f P

LpRnq. Sierpinski construct non-measurable set in R2 such that the set intersects
with horizontal/vertical lines at most twice, then χE will be our example.

3. There exists examples of non integerable functions such that has iterated integrals
but not equal. Consider fpx, yq “

x2´y2

px2`y2q2
on r0, 1s2. We have

ż 1

0

fpx, yqdy “

ˆ

y

x2 ` y2

˙

ˇ

ˇ

ˇ

1

0
“

1

x2 ` 1
ùñ

ż 1

0

ˆ
ż 1

0

fpx, yqdy

˙

dx “
π

4
,

ż 1

0

fpx, yqdx “

ˆ

´
x

x2 ` y2

˙

ˇ

ˇ

ˇ

1

0
“ ´

1

y2 ` 1
ùñ

ż 1

0

ˆ
ż 1

0

fpx, yqdx

˙

dy “ ´
π

4
.

Proposition 4.42. For any E P M pRnq, fpx, yq “ χEpx, yq P L`pRnq. Then for a.e.
y P Rq, χEpx, yq P L`

x pRpq and for a.e. x P Rp, χEpx, yq P L`
y pRqq.

Proof. Ey “ tx P Rp : px, yq P Eu and Ex “ ty P Rq : px, yq P Eu. Fix x, χEpx, yq “

χExpyq. Fix y, χEpx, yq “ χEypxq.

mpExq “

ż

Rq

χEpx, yqdy P L`pRpq, mpEyq “

ż

Rp

χEpx, yqdx P L`pRqq.

mpEq “

ĳ

Rn

χEpxqdx “

ż

Rp

mpExqdx “

ż

Rq

mpEyqdy ă `8.

Remark: Converse is not true. Consider Sierpinski’s example. Ex, E
y are sets of three

kinds, ∅, one points and two points. Hence Ex, E
y are measurable for all x, y. However,

E is non-measurable.
We provide an easier case. E “ r0, 1s ˆ N , where N is non-measurable set. Ey “

tx P R : px, yq P r0, 1s ˆ Nu “

#

r0, 1s, y P N

∅, y R N
, but E is not measurable, since Ex “ N

non-measurable.
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Lemma 4.43. E1 P M pRpq, E2 P M pRqq. Then

E1 ˆ E2 P M pRnq, mpE1 ˆ E2q “ mpE1qmpE2q.

Proof. E1 “
`
Ť8

i“1 Fi

˘

YZ,E2 “

´

Ť8

j“1 Kj

¯

YW , where Fi, Kj are closed sets and Z,W

are null. Then E1 ˆ E2 is a countable union of sets of the type A ˆ B, where A,B are
closed or null.

Case 1: A,B are closed. Then A ˆ B is closed in Rn, hence measurable.
Case 2: mpAq ă 8 and mpBq “ 0. Find L-cover for A,B such that for any ε,

A Ă

8
ď

j“1

Ij,
8
ÿ

j“1

|Ij| ă mpAq ` ε, B Ă

8
ď

k“1

Jk,
8
ÿ

k“1

|Jk| ă ε.

A ˆ B Ă

8
ď

j,k“1

Ij ˆ Jk ùñ m˚pA ˆ Bq ď

8
ÿ

j,k“1

|Ij||Jk| ď pmpAq ` 1qε.

Notice
χE1ˆE2px, yq “ χE1pxq ¨ χE2pyq.

By Tonelli Theorem, we have the conclusion.

Now we introduce convolution.
Definition 4.44. f, g are measurable functions on Rn. If

ż

Rn

pfpx ´ yqgpyqq dy

exists for a.e. x P Rn, then we define the convolution of f and g as

pf ˚ gqpxq “

ż

Rn

fpx ´ yqgpyqdy. (4.16)

Remark: f ˚ g “ g ˚ f.

Theorem 4.45. f, g P LpRnq ùñ f ˚ g exists for a.e. x and f ˚ g P LpRnq. Furthermore,
ż

Rn

|pf ˚ gqpxq|dx ď

ˆ
ż

Rn

|fpxq|dx

˙ ˆ
ż

Rn

|gpyq|dy

˙

. (4.17)

Proof. |fpx ´ yqgpyq| “ F px, yq P L`pR2nq. By Tonelli Theorem,
ĳ

R2n

F px, yqdxdy “

ż

Rn

ˆ
ż

Rn

|fpx ´ yqgpyq|dx

˙

dy “

ż

Rn

|fpxq|dx

ż

Rn

|gpyq|dy ă `8.

Hence for a.e. x,
ż

Rn

|fpx ´ yqgpyq|dy ă `8,

ż

Rn

|fpx ´ yqgpyq|dy P LpRnq.

ˇ

ˇ

ˇ

ˇ

ż

Rn

fpx ´ yqgpyqdy

ˇ

ˇ

ˇ

ˇ

ď

ż

Rn

|fpx ´ yqgpyq|dy ă `8 a.e. x.

Also f ˚ g P LpRnq and
ż

Rn

|pf ˚ gqpxq|dx ď

ĳ

R2n

|fpx ´ yqgpyq|dxdy “

ˆ
ż

Rn

|fpxq|dx

˙ ˆ
ż

Rn

|gpyq|dy

˙

.
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Lemma 4.46. f P LpRnq and g is bounded and measurable. Then F pxq “
ş

Rn fpx ´

yqgpyqdy is uniformly continuous.

Proof. Assume |g| ď M . Since |fpx ´ yqgpyq| ď M |fpx ´ yq|, F pxq is well-defined for
every x.

|F px ` hq ´ F pxq| ď

ż

Rn

|fpx ` h ´ yq ´ fpx ´ yq||gpyq|dy

ď M

ż

Rn

|fpx ` h ´ yq ´ fpx ´ yq|dy Ñ 0, h Ñ 0.
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5 LEBESGUE DIFFERENTIATION THEORY

5 Lebesgue Differentiation Theory
Recall we have the following facts for Riemann integral:

1. If f P Rra, bs and f is continuous at x0 P ra, bs, then

F pxq “

ż x

a

fptqdt P Cra, bs

and F is differentiable at x0 with F 1px0q “ fpx0q.

2. f is differentiable on ra, bs and

f 1 P Rra, bs ùñ

ż x

a

f 1ptqdt “ fpbq ´ fpaq.

An easier case is f P C1ra, bs, which is the Fundamental Theorem of Calculus. In our
case, for any partition ∆ : a “ x0 ă x1 ă ¨ ¨ ¨ ă xn “ x of ra, xs, we have

fpxq ´ fpaq “

n
ÿ

i“1

pfpxiq ´ fpxi´1qq “

n
ÿ

i“1

f 1pξiq∆xi Ñ

ż x

a

f 1ptqdt, ∆ Ñ 0.

Now we want to generalize the above results to Lebesgue integral.

5.1 Lebesgue Differentiation Theorem

F pxq “

ż x

a

fptqdt, f P Lpra, bsq.

F px ` hq ´ F pxq

h
“

1

h

ż x`h

x

fptqdt “
1

h

ż h

0

fpx ` tqdt.

We can generalize the above discussion to

1

|Bpx, δq|

ż

Bpx,δq

fptqdt.

Or more generally for x P Br and |Br| Ñ 0 as r Ñ 0,

1

|Br|

ż

Br

fptqdt.

Theorem 5.1. f P L1pRnq. Then for a.e. x P Rn,

lim
δÑ0

1

|Bpx, δq|

ż

Bpx,δq

fpyqdy “ fpxq. (5.1)

Remark:

1. L1
locpRnq “ tf : measurable and f P LpKq for every compact K Ă Rnu. The

above theorem also holds for f P L1
locpRnq.
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2. If f P CpRnq, the result is trivial. When δ is small enough,
ˇ

ˇ

ˇ

ˇ

1

|Bpx, δq|

ż

Bpx,δq

pfpyq ´ fpxqq dy

ˇ

ˇ

ˇ

ˇ

ď ε.

Definition 5.2. The Hardy-Littlewood maximal function of f P L1
locpRnq is defined

as
Mfpxq “ sup

rą0

1

|Bpx, rq|

ż

Bpx,rq

|fpyq|dy. (5.2)

Lemma 5.3.
Arfpxq “

1

|Bpx, rq|

ż

Bpx,rq

fpyqdy

is a continuous function for px, rq P Rn ˆ R`.

Proof. For any px0, r0q P Rn ˆ R`, consider any pxk, ykq Ñ px0, r0q. We have

Lemma 5.4. Mf is measurable.

Proof. For any t P R,

tx P R : Mfpxq ą tu “
ď

rPQ`

tx P R : Ar|f |pxq ą tu .

Remark: Even if f P LpRnq, usually Mf R LpRnq.

Lemma 5.5 (Vitali Covering Lemma, Version 1). B1, ¨ ¨ ¨ , BN are finite many open balls
in Rn. Then there exists a subcollection of disjoint balls Bi1 , Bi2 , ¨ ¨ ¨ , Bik such that

k
ÿ

l“1

mpBilq ě
1

3n
m

˜

N
ď

i“1

Bi

¸

.

Proof. Notice that if Bpx1, r1q X Bpx2, r2q ‰ ∅ and r1 ą r2, then Bpx2, r2q Ă Bpx1, 3r1q.
Take Bi1 to be the ball with the largest radius and kick out all balls that intersect with

Bi1 . Repeat the process until no balls are left, then we get disjoint balls Bi1 , Bi2 , ¨ ¨ ¨ , Bik

such that
N
ď

i“1

Bi Ă

k
ď

j“1

3Bij ùñ m

˜

N
ď

i“1

Bi

¸

ď

k
ÿ

j“1

mp3Bijq “ 3n
k

ÿ

j“1

mpBijq.

Lemma 5.6 (Vitali Covering Lemma, Version 2). tBα, α P Λu is a collection of open
balls. For any c ă mp

Ť

αPΛ Bαq, we can find finite disjoint subcollection Bi1 , Bi2 , ¨ ¨ ¨ , BiL

such that

m

˜

L
ď

i“1

Bαi

¸

ě
c

3n
.
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Proof. We can find a compact set K Ă
Ť

αPΛ Bα such that c ă mpKq ă mp
Ť

αPΛ Bαq.
We find finite subcover for K such that K Ă

ŤN
i“1 Bαi

. By Version 1, we can find disjoint
subcollection Bi1 , Bi2 , ¨ ¨ ¨ , BiL such that

L
ÿ

j“1

|Bij | ě
1

3n
m

˜

N
ď

i“1

Bαi

¸

ě
1

3n
mpKq ą

c

3n
.

Theorem 5.7 (Maximal Function Theorem). For any f P LpRnq, there exists a constant
C such that

mptx P Rn : Mfpxq ą αuq ď
C

α

ż

Rn

|fpxq|dx. (5.3)

Proof. For α ą 0, denote Eα “ tx P Rn : Mfpxq ą αu. For any x P Eα, there exists
rx ą 0 such that

Arx |f |pxq “
1

|Bpx, rxq|

ż

Bpx,rxq

|fpyq|dy ą α.

Then tBpx, rxq : x P Eαu is a cover of Eα. By Vitali Covering Lemma, for any c ă

m
`
Ť

xPEα
Bpx, rxq

˘

, we find disjoint balls Bpxi, riq such that

N
ÿ

i“1

|Bpxi, riq| ě
c

3n
ùñ

ż

ŤN
i“1 Bpxi,riq

|fpyq|dy ě α
N
ÿ

i“1

|Bpxi, riq| ě
αc

3n
.

Let C Ñ mp
Ť

xPEα
Bpx, rxqq, we have

mpEαq ď m

˜

ď

xPEα

Bpx, rxq

¸

ď
3n

α

ż

Rn

|fpyq|dy.

Theorem 5.8. For any f P LpRnq, we have limrÑ0 Arfpxq “ fpxq for a.e. x.

Remark: If

Definition 5.9. g is measurable if
m ptuq

.

Example 5.10. gpxq “ 1
|x|

R L1pRq, but gpxq P L1,8pRq.

Proof. Notice if g P CpRnq, then limrÑ0 Argpxq “ gpxq. Given f P LpRnq, for any ε ą 0,
we can find g P CcpRnq such that

ş

Rn |fpxq ´ gpxq|dx ă ε. Then

|Arfpxq ´ fpxq| “

ˇ

ˇ

ˇ

ˇ

1

|Bpx, rq|

ż

Bpx,rq

pfpyq ´ fpxqqdy

ˇ

ˇ

ˇ

ˇ

ď
1

|Bpx, rq|

ż

Bpx,rq

|fpyq ´ gpyq| ` |gpyq ´ gpxq| ` |gpxq ´ fpxq|dy

ď Ar|f ´ g|pxq `
1

|Bpx, rq|

ż

Bpx,rq

|gpyq ´ gpxq|dy ` |gpxq ´ fpxq|.
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lim sup
rÑ0

|Arfpxq ´ fpxq| ď Mpf ´ gqpxq ` |gpxq ´ fpxq|.

Denote

Ek “ tx P Rn : lim sup
rÑ0

|Arfpxq ´ fpxq| ą
1

k
u

Ă tx P Rn : Mpf ´ gqpxq ą
1

2k
u Y tx P Rn : |gpxq ´ fpxq| ą

1

2k
u.

Definition 5.11. f P L1
locpRnq. A point x P Rn is called a Lebesgue point of f if

lim
rÑ0

1

|Bpx, rq|

ż

Bpx,rq

|fpyq ´ fpxq|dy “ 0. (5.4)

Denote Lf be the set of all Lebesgue points of f .

Theorem 5.12.
mpLc

f q “ 0.

Proof. For any c P Q, |fpxq ´ c| P L1
locpRnq. By

Remark: For any r ą 0, consider Er Ă Rn measurable such that Er Ă Bpx, rq and
mpErq ě C|Bpx, rq| for some constant C ą 0. Then for a.e. x P Rn,

Application: Define supppfq “ tx P Rn : fpxq ‰ 0u. Then supppf ˚ gq Ă supppfq`

supppgq.

Lemma 5.13. f P LpRnq, g P CkpRnq and |Bαg| ď M for all |α| ď k. Then f ˚g P CkpRnq

and
Bαpf ˚ gq “ f ˚ pBαgq, |α| ď k.

Proof. We only prove the case k “ 1. Fix x P Rn and consider h Ñ 0,

pf ˚ gqpx ` heiq ´ pf ˚ gqpxq

h
“

ż

Rn

fpyq

ˆ

gpx ` hei ´ yq ´ gpx ´ yq

h

˙

dy.

Since g P C1pRnq, we have
ˇ

ˇ

ˇ

ˇ

gpx ` hei ´ yq ´ gpx ´ yq

h

ˇ

ˇ

ˇ

ˇ

“ |Bxi
gpx ´ y ` θheiq| ď M

for some θ P p0, 1q.

Consider ϕ P C8
c pRnq such that

ş

Rn ϕ “ 1 and ϕεpxq “ 1
εn
ϕ

`

x
ε

˘

. This kind of function

exists, for example, ϕpxq “

#

e

´

1
|x|2´1

¯

, |x| ă 1

0, |x| ě 1
.

Theorem 5.14. f P LpRnq. Then

lim
εÑ0

f ˚ ϕε “ f

in LpRnq and for any x P Lf .
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Proof.
f ˚ ϕεpxq ´ fpxq “

ż

Rn

ϕεpyqpfpx ´ yq ´ fpxqqdy

“

ż

Rn

ϕpzqpfpx ´ εzq ´ fpxqqdz.

By Fubini Theorem,

}f ˚ ϕε ´ f}LpRnq “

ż

Rn

ˇ

ˇ

ˇ

ˇ

ż

Rn

ϕpzqpfpx ´ εzq ´ fpxqqdz

ˇ

ˇ

ˇ

ˇ

dx

ď

ż

Rn

|ϕpzq|

ˆ
ż

Rn

|fpx ´ εzq ´ fpxq|dx

˙

dz.

lim
εÑ0

|ϕpzq|

ż

Rn

|fpx´εzq´fpxq|dz “ 0, |ϕpzq|

ż

Rn

|fpx´εzq´fpxq|dz ď 2|ϕpzq|

ż

Rn

|fpxq|dx.

By Dominated Convergence Theorem, we have the conclusion.
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