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Abstract

This note is based on Functions of Real Variables, taught by Baoping Liu in Fall
2025 at Peking University and also refers to Theory of Functions of Real Variables
by Mingiang Zhou.
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1 SETS AND POINT SETS

1 Sets and Point Sets

1.1 Introduction

Definition 1.1. Given f bounded on [a,b], consider a partition A : a = zy < 77 <
<o <z, = b. Define M; = sup{f(z) : z € [x;_1,x;]}, m; := inf{f(x) : x € [z;_1,2;]} and
Ax; = x; — x;_1. The upper sum and lower sum of f with respect to A are defined as

Salf) = zMz‘A%’, SA(f) = ZmiAxi.
i1

i=1

Consider Darboux integrals

“rb b
Jf ;= inf Sa, ff:: sup S.

If they are equal, then f is Riemann integrable on [a,b], and the common value is
called the Riemann integral of f on [a,b], denoted by

b
J f(z)dz.
In fact lima 0 >, f(&) Az, & € [25-1, x;] exists if f € R|a,b]. And we have some basic
facts:
1. Ra,b] is a vector space.
2. Cla,b] = {f is continuous on [a,b]} = R[a,b]

3. If f € R[a,b], then f is not far from a continous function in the following sense.
Denote Q(f) = {xo € [a,b] : f is discontinuous at zo}. Ve > 0,31 = | JI; where I;
are disjoint intervals, such that ) |/;| < e and Q(f) < 1.

Example 1.2. We give two functions that are Riemann integrable.

f(:v)={(1)’ i~ f<x>={?’ e

. )
otherwise =, ==
q q
However, Riemann integral has some problems:

(a) Some "nice” functions are not Riemann integrable. For example, Dirichlet function

1
flz) = {07 ’ ; g is not Riemann integrable on any interval [0, 1].
, T

(b) Riemann integrability is not preserved by pointwise limits. For example, consider
1 c R

fule) = { ;g ji where @ A [0,1] = {z1,23,---}. Then f, — f
) 1" ydn

pointwise where f is the Dirichlet function, but each f,, is Riemann integrable with
integral 0.
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(c) If we equip R[0,1] with metric or distance d(f,g) = Sé |f(z) — g(z)|dx, then
(R[0,1],d) behaves like a metric space, but it is not complete. For example,

L 2el0,1]
fn = \/LEX[%J] and f = {\/E

0, w¢[0.1] Then f, € R[0,1] and d(f,, f) — 0,
but f ¢ R[0,1].

(d) Other problems. Let f € R[—m,7]. Then its Fourier series > a,e™® and we
have Parseval’s identity > " _|f(x)]Pdx = Y |a,|*. However, it may happen that
> aye™ diverges at some point. For example, f(z) = x on [—7, 7| and extended
periodically. Then its Fourier series diverges at x = 7.

(e) How to measure the length, area and volume of a geometric object in R"? "Measure”
means a function m : P(R) = { all subsets of R} — [0, +o0] satisfying: (1) If
I =[a,b], then m(I) = b—a. (2) f EynEy = J, then m(E, U Ey) = m(Ey)+m(Es)
(3) m(E + h) = m(E) for each h € R. Unfortunately, such m does not exist. How
to fix it? We can change the domain of m from P(R) to a smaller o-algebra

M < P(R).

(f) Integration. Let m = inf,y f, M = supy,, f. Consider a partition of [m, M]:
m=1yy <y <<y, =M. Define E; = {x € [a,b] : yi-1 < f(z) < y;}. Then
Sym(E;) — SZ f(x)dz. We'll discuss this later.

1.2 Sets
Definition 1.3. Let {Ax} be a family of sets. If

Ao Ay D DA D

then we say {A;} is a decreasing family of sets and [),_, Ay is the limit of {A4;},
denoted by limy_, o, Ag. If
AicAyc---c Ay,

then we say {4} is an increasing family of sets and | J,_, Ay is the limit of {A4;},
denoted by limy_,o Ag.

Definition 1.4. Let {A;} be a family of sets. The limit superior and limit inferior
of {A;} are defined as

0 ™ Sl
j=1k=j

j=1k—j k—o0

If they are equal, then we say the limit of {A} exists, denoted by limy_,, Ay.

Lemma 1.5. 1. limy_, Ay :={z:Vje N, Ik > j,x € A}, i.e. contains those x that
belong to infinitely many Ay.

2. limp—5 Ay = {x : 3j e N\Vk > j,x € A}, i.e. contains those x that belong to all
but finitely many Ay.
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1.3 Mappings

We notice some facts of mappings.

L. f(UA) = U f(An), f(NAa) () f(As). For example f(z) = sinx, A,, = [2n7 —

T, 2nm + 7).
2. fﬁl(UBa) = Ufil(Ba)a fﬁl(ﬂBa) =2 ﬂfﬁl(Ba)-
3. f7H(B°) = fTH(B)".

1.4 Orders and Axioms of Choice

The followings are equivalent:

1. (Hausdorff Maximal Principle) Every partially ordered set has a maximal linearly
ordered subset.

2. (Zorn’s Lemma) Every partially ordered set in which every linearly ordered subset
has an upper bound has a maximal element.

3. (Well Ordering Principle) Every nonempty set can be well-ordered.

4. (Axiom of Choice) If {A;};cs is a family of non-empty sets, then there exists a choice
function f : I — |J,.; Ai such that f(i) € A; for each i € [.

Example 1.6. Let X xY = {(z,y) : € X,y € Y}. Then [[, X, is defined as a map
f:+A— ], Xq such that f(a) € X,.

Lemma 1.7 (fixed point theorem form monotonic mapping). X is a nonempty set and
[ 2(X) - P(X) is a monotonic mapping, i.e. A< B = f(A) < f(B). There exists
T < P(X) such that f(T) =T.

Proof. Let S ={A:Ae P(X),Ac f(A)} and T = | J g A. Clearly, T < f(T) and by
f(T) < f(f(T)), we have f(T) e S and f(T) < T. Hence f(T) =T. O

1.5 Cardinality
Proposition 1.8. |A| < |B| < |B| = |A|.

Proof. =: Let f : A — B be an injection. Take any a € A fixed, denote g(b) =

-1
J), be f(A). Then g : B — A is a surjection.
a, b¢ f(A)
«: Let g : B — A be a surjection, i.e. g~'(a) = {be Blg(b) = a} # @. Also g *(a)
are disjoint for different a € A. Let f(a) be an element in g~'(a). Then f: A — B is an
injection. ]

Proposition 1.9. VA, B, either |A| < |B| or |B| < |A]|.
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Proof. WLOG, assume A, B # @. Consider f : Ay — B an injection where Ay € A, then
f corresponds to a set Qy = {(a, f(a)),a € A} < A x B. Conversely, consider 2 a subset
of A x B such that Consider ¢ = {collection of all injections f : subset of A — B} and

L ={Ylfe J} = P(AxB).

Impose partial order on ). defined as set inclusion. Every linearly ordered subset of
>, denoted by i has an upper bound. Hence by Zorn’s lemma, there exists a maximal
element Q2. If Ay # A and By # B, we get contradiction with maximality. Hence Ay = A
or By = B and either |A| < |B| or |B| < |A]. O
Theorem 1.10 (Schréder-Bernstein). If |A| < |B| and |B| < |A|, then |A| = |B].
Proof. Let f: A — B and g: B — A be injections. Vx € A, if x € g(B), then we can
define g~!(z) € B; if g7 (z) € f(A), we can define f~*(¢g~*(z)) and so on.

We break A into 3 disjoint sets: A, = {x € Althe algorithm goes for infinite steps},
Ax = {x € A| the algorithm stops at an element € A\g(B)} and A = {x € A| the
algorithm stops at an element € B\ f(A)}. Similarly, we can break B into 3 disjoint sets:

B = B, u By u Bg. We can verify that there are bijections between A, and By, Ax
and B, Ag and Bg. Hence there is a bijection between A and B. Define

h(x): f(SC), xerouAA'
gl (z), veAp
Then h is a bijection. [

Corollary 1.11. |A| < |B| < |C| and |A| = |C] = |A| = |B| = |C|. For example,
’(_171)’ = ’(_171]’ = ’[_171]’ = ’R‘

Theorem 1.12 (No Maximal Cardinality). VA # @, |A| < [Z(A)|.

Proof. Clearly, |A| < |#(A)|. Suppose |A| = |Z(A)|, then there exists a bijection
g: A — P(A). Consider B={xe A:x¢ g(x)}and denote b € g~*(B). Both
be g(b) =B and b ¢ g(b) lead to contradiction. O

In practice, denote |[N| = Xy and |R| = c.

Definition 1.13. A is denumerable or countably infinite if A ~ N. A is countable
if |A] < |N].

Theorem 1.14. Every infinite set A must contain a denumerable subset, i.e. |N| < |A|.
Proof. Take aj € A, as € A\{a1}, ---. Then E = {ay,as,a3,---} ~N. O
Proposition 1.15. Assume A is finite and B is denumerable. Then AuB is denumerable.

Proof. Let A = {ay,as, - ,a,} and B = {by,by,---}. f AnB = @&, AuB =
{a1,a9,- -+ ,an,b1,be, -} is denumerable. Otherwise, A U B = (A\B) u B repeats the
above argument. ]

Proposition 1.16. Assume A,, is denumerable (countable) for eachn € N. Then Ule A,
is denumerable (countable).

Proof. WLOG, assume A,, are disjoint, otherwise consider Z; = A\ UZ: Ag. Let A, =
{an1,ana, -+ }. Then UZO=1 A, = {a11, as1, aia, az, Gz, ays, - - - } is denumerable. 0

6
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Corollary 1.17. XY are countable = X x Y is countable.

Proof. X xY =, (@0, Ym) = U { (0, ym)|zn € X} is a countable union of countable
sets. [

Corollary 1.18. X, X5, -+, X,, are countable = X; x Xy x -+ x X,, is countable.

Caution: Corollary does not hold for infinite products. For example, S =
I1_,{0,1} = {(a1,a2, -+ ,an,---)} is uncountable. In fact, if S is countable, then we
can list all elements of S as sy, s9,---. Consider s* = (by,bq,---) where b, = 1 if the
n-th element of s, is 0 and b,, = 0 otherwise. Then t # s, for each n, contradicting the
assumption.

Corollary 1.19. Q is denumerable.
Proof. Yz € Q,x = £ where (p,q) = 1,¢ # 0. Then |Z| < [Q| < [Z x Z|. By Corollary

L1 0l = 121 &
Example 1.20. &/ = {disjoint open intervals of R}. |.o7| < |NJ.

Proof. For every open interval I, take r; € Q nI. Then f: o — Q,f(I) = r; is an
injection. Hence || < |Q| = |N|. O

Example 1.21. f : R — R is monotonic increasing, then |{ the discontinuous point of
fH <IN

Proof. Define g, for every discontinuous point zq of f, mapping xq to (f(xo—). f(xo+)) =
I,,. Since f is increasing, I, are disjoint open intervals and by Example , |{ the
discontinuous point of f}| < |N]. O

Lemma 1.22. |N| < |R| = |Z(N)|.
Proof. Clearly, |N| < |R|. Consider z € (0,1], denote z = >, % where a, = 0
or 1 and we require there are infinite many a,, = 1. Consider a subset of N, 2, =
{n1,ng, - g, --|a; =0, if j = ng and a; # 0, if j # ni}. Then we have an injection
z € (0,1] — Q, € N, which implies |R| = |(0, 1]| < |Z(N)|.

Conversely, let x = »; _, ¢=. For every 2. € N, there is an injection Q@ — z € (0, 1]

similarly. Hence |#(N)| = |R|. By Theorem ‘@, IN| < |[Z(N)| = |R]. O

Theorem 1.23 (Continuum Hypothesis). There is no set A such that |N| < |A] < |R|.
Godel showed that the Continuum Hypothesis is compatible with ZFC. And Cohen

showed that the Continuum Hypothesis can not be deduced from ZFC.

1.6 Topology of R" and Metric Space

Example 1.24. d(z,y) = />, (xi — y;)?, do(2,y) = sup <<, | — yi| and d(z,y) =
>, |z — yi| are metrics on R™.

Here are some basic concepts in metric space (X, d).
1. d(E, F) =inf{d(x,y) 1z € E,y € F}.

2. diamFE = sup{d(z,y) : x,y € E} and F is bounded if diamFE < +oo0.

7
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3. Open ball centered at x with radius r: B,(z) = {y € X|d(x,y) < r}.

4. Eisopen if Vxe E,3r > 0,B,.(z) < E.

5. x is a limit point of E, denoted by x € E', if Vr > 0, B.(z) n E\{z} # J.
6. E = NF2E,F is closed I

Theorem 1.25 (Cantor’s Intersection Theorem). Let Fy > Fy D --- be closed and
bounded. Then (\_, F, # &.

Caution: Boundedness is necessary. For example, F,, = [n, +0).
Here we give a characterization of open sets in R™.

Lemma 1.26. £ € R! is open. Then E can be written as disjoint union of open intervals.

Proof. For each x € E, define f = sup{b|(x,b) < E} and o = inf{a|(a,z) < E}. Let
I, = (a,8) < E. Then E = |J,.p I,. Claim that VYo # y, either I, n I, = & or I, = I,.
Suppose I, n I, # & and z € I, n I,. Then I, = I, = I,. Hence E is disjoint union of
open intervals. O

Lemma 1.27. F < R" is open. Then E can be written as disjoint union of half open
half closed blocks, i.e. (ay,bi] x (ag,ba] x -+ X (an, by].

Proof. Let T'y = {half open half closed unit cubes with integer vertices} and I'y = { re-
finement of cubes in I'y into half open half closed cubes with vertices coordinates %, ke
Z},--- I, = { refinement of cubes in I';,_; into half open half closed cubes with vertices
coordinates 2%,k € Z} and so on.

Consider Hy = {I € To,I < E}, Hy = {I € I',1 € G\Ujep, I}, Ho = {I €
Lo, I = G\UjZy Usen, I} and so on. Then 7y Uy, I < E.

To prove E < |J_, Usen, I, take x € B, we find a B(z,0) € E. Clearly, we can find

n

unique [ € I'y such that = € [ and diam/l, = 2£k Hence I, € B(x,d) for sufficiently

large k, say k = kq. Hence = € UleHj I for some j < ky. H

Remark. If we don’t require disjointness, then we find a countable open sets By
such that VE < R"™ open, E = |J,_, Bx. Precisely, we denote Q = {ry,r2,---} and
By, = B(ry, %) Then {By,} fullfills the requirement.

Definition 1.28. F < R" is compact if every open cover | J, ., Uq of E admits a finite
subcover, i.e. IN such that E < (J, U,

Theorem 1.29 (Heine-Borel). E € R™ is compact <= E is closed and bounded.

Caution: Q< F is said open in E if Vo € 2,35 > 0, Bs(x) n E < Q. For example,
E =(0,1],Q = (3,1] is open in E but not open in R*.
Lemma 1.30. For f e C(E,R"), f maps compact set to compact set.

Proof. Y2 € R"™ compact, every open cover {U,}aea of f(Q2). Then Q@ € |J cp [ (Ua)-
Since () is compact, there exists N such that Q < Uf\il f~Y(U,,). Hence f(Q) Uf\il Uy,

[
Corollary 1.31. If f € C(R™ R), then on compact set 2, f is bounded and attains its
bounds.
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Proof. Since f(€) is compact, it is closed and bounded. Hence f can attain its supremum
and infimum. n

Lemma 1.32. For every E < R", f(x) = d(x, E) is uniformly continuous. (Lipschitz
with constant 1)

Proof. Given x # y, ¢ > 0, we find z € E such that d(x, F) < d(z, z) < d(z, E) +&. Then
diy, F) < d(y,z) < d(y,z) + d(x,z) < d(z,y) + d(z, E) + . Hence d(y, E) — d(z, F) <
d(xz,y) + €. Similarly, d(z, E) — d(y, E) < d(z,y) + . Since ¢ is arbitrary, we have
[f(2) = f)l < [z =yl O

Lemma 1.33. VE, F closed and En F = &, we can find f € C(R") such that 0 < f < 1,
f(x) =1 o0on E and f(x) =0 on F.

d(x,F
Proof. f(x) = —d(x,E()+d()m,F)' O

In topology, we can generalize the Lemma to normal space (X, 7).

Theorem 1.34 (Urysohn’s Theorem). YE, F' closed and E n F = @&, we can find f €
C(X,R) satisfies the same conclusion.

Lemma 1.35 (continuous extension). YE < R" closed, f € C(E) and bounded, i.e.
|fl < M, we can find f e C(R™) such that flg = f and |f| < M.

Proof. Let A = {x € E|f(x) = &}, B= {z € E|f(z) < =%} and C = {z € E||f(z)| <
X}, Then A, B are closed and disjoint. By Lemma , we can find h € C(R") such
that 0 < h < 1, h(z) = 1 on A and h(z) = 0 on B. Take gy = 2'h — & € C(R).

[O,%], reA
Then _% S Jo S % and fi1 = f—go € [—%,0], reB. |f— gl < % on F
[—%,%], rxel

and f — go € C(R"). Repeat the construction, we find g; € C(R") and [go| < 23 and
|fi— gl < 2;—2M on E.
Iterate the construction we get g, € C(R"),k = 0,1,--- and |gg| < %(%)kM and
k+1 k
|f_2ffogi| = [frnl < (%) ’ M~0n E. Take 9= Zk20% (%) M = M. Take N — o,
we get f=>," gx € C(R") and f|g = f and |f| < M. O

Remark. Lemma can be generalized to normal space (X.7). And if f is un-
bounded, we can take g = arctan f bounded and apply Lemma TSH to get g € C'(R")
and take f = tang.

Theorem 1.36 (Tietze Extension Theorem). VE € X closed, f € C(E,[-M, M]), we
can find f e C(X,[—M, M]) such that f|gp = f.

1.7 Borel Sets and o-algebra

Definition 1.37. Fisa F, set if E € R" and I = Uszl F. where F}, are closed. FE is
a Gs set if E € R" and E = (),_, Uy where U}, are open.

Notice the fact that (F, set )* = G5 set and (Gj set ) = F, set .

Definition 1.38. The Borel hierarchy is all the sets we get as below:

9
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1. Open and closed sets in R™.
2. Countable union or intersection of sets in level 1, i.e. F,, and Gy sets.
3. Countable union or intersection of sets in level 2, i.e. F,s, F,s, Gso, Gss sets.
4. ...
Definition 1.39. X is a set ' e Z(X) is a o-algebra if
1. gel.
2. Ael'= Acel
3. A,elin=1,2--=J" A, el.
We have some easy facts:
Xel.

a

A, €T and lim,, A, €.

1n—>00

(a)
(b) A,eT="_, A e, U _ A, €T, lim
(¢c) ABel'= A\BeT.

(d) If 'y, € ¥ are all o-algebras, then () I, is a o-algebra.

Definition 1.40. Given ¥ < £(X), the o-algebra generated by ¥, denoted by
I'(%) = ST is a o-algebra L a- And clearly it is the smallest o-algebra containing .

Definition 1.41. & = o-algebra generated by all open sets in R" is called Borel o-
algebra and sets in & are called Borel sets.

Caution. # # Borel hierarchy. The construction of Borel o-algebra relies on transfinite
recursion.

Example 1.42. Q is a F,, set because Q = | J_,{rx}.
Example 1.43. f: G - R, G < R™ open, S = {the continuous point of f} is Gy set.

Proof. wy(x,0) = Sup, .ep, ) |f(y) — f(2)]. Clearly wf(z,9) is decreasing as ¢ decreases.
f is continuous at zg if and only if wy(xp) := lims_o w(zg,d) = 0. Then, we have

0 0
ﬂ {z € Glws(x ﬂ

We are left to prove Gy, is open. Given xy € Gy, 39y > 0 such that w(xg,dp) < l Take

o = 100, then Vz € B(xo,d1), B(Z,61) < B(wo,do) and hence wy(z, 1) < wf(xo,éo) <1

Hence 7 € Gy, and B(x,61) € Gg, which implies G, is open. O

?rl»—k

10



1.8 Baire Category Theorem 1 SETS AND POINT SETS

1.8 Baire Category Theorem

Theorem 1.44 (Baire Category Theorem). E € R™ and E = | J,_, Fi. where F, are
closed and has no interior point. Then E has no interior point.

Proof. Suppose E has interior point zq, then B(zg,d9) < F. Since F} is closed and has no
interior, we can find x; € B(xg, d)\F1 and B(xq,01) S B(xo, do) such that B(xy,d1)nF) =
&. Repeat the process and we have F} closed and has no interior, then we can find
T € B(C(Ik_l,(gk_l)\Fk and B(xk,ék) - B(Ik—la(sk—l) such that B<xk75k> M Fk # & and

Sp . :
0 < 5. Hence {z;} is a Cauchy sequence and converges to z*. Since {zx}ly S

B(IN,5N> and B($N,5N) is ClOSGd, z* e B($N75N). Since B(J]N,(SN) ﬁFN =, z* e FN.
This contradicts x* € E. O

Actually, Baire Category Theorem holds for any complete metric space.

Definition 1.45. E < R” is dense if E = R™. E is nowhere dense if E_ = @.
E is of first category or a meager set if F = | J,_, F}, where Ej, are nowhere dense.
E is of second category if it is not of first category.

Example 1.46. Q" is of first category and R" is of second category.
Next is a useful corollary of Baire Category Theorem.
Corollary 1.47. If U, < R" are open and dense, then ﬂle U, is dense.

Proof. Let F,, = U¢, then F), are closed and has no interior point. By Baire Category
Theorem, (J_, Fn)o = @. Hence (N, U, = (U, Fn)c = R", O

Example 1.48. Q" can not be Gy set.

Proof. Suppose Q" = ﬂzo:l U, where Uy are open. Since Q" < Uy, U, are dense and
Uf has no interior point. R" = Q" u | J,_, Uf = {ri}i=1 v U,_, Uf. By Baire Category
Theorem, R™ has no interior point, which is a contradiction. ]

Example 1.49. There exists no function f : R — R such that f is continuous at Q and
discontinuous at Q°.

Proof. By Example , {continuous points of f} is a G5 set. So it can not be Q. O

1.9 Cantor Set
1 2
Fo=10,1], F = [0, g] v, [571] = Fi1 v Fio,

i.e. remove the middle % of Fy and then F) contains two closed intervals each of length
1

z. Then

3

1 21 27 8
Fp, = [0, §] U [@g] Y [g, 5} v [5, 1] = F2,1 Y F2,2 v F2,3 v F2,4

contains four intervals each of length %. Continue the process and we get F),, which is
closed and contains 2" intervals each of length gin

11
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Definition 1.50. The Cantor set is C' = ()_, F,.
Definition 1.51. £ < R" is a perfect set if ' = FE.
Notice some basic properties of Cantor set:
1. C is nonempty, closed and bounded.
2. (' has no interior point.
3. C is not path connect.
4. C'is a perfect set.
5. |Cl = |R|.
Proof. (2): For every T e C' and any 0 > 0, consider (z — §,x + 0) n C. Take ny large
enough such that s < & and x € F,, ;. Hence (z — 6,z + 0) n C° # @. (3) is similar.

no
(4): For every 3x € C’ and every n such that v € F, . Take the endpoint of F), ; ,
which is not x, denoted by x,. Then z, € C and |z,, — z| < 3n. Hence zx is a limit point
of C'and C < C". Since C is closed, C' < C and C' = (C".
(5): For every x € C, z = >.° % where a, = {0,2}. Consider f : C — [0,1],

n=1 3n
1,
f(z) =37 2", which is a surjection. Hence |[0,1]| < |C| <[[0,1]] and |C| = |R]. O
Fy = [0,1], F} is obtained by removing a middle interval of length % from Fy, Fy is
obtained by removing two interval of length 1% from F; and so on. Then F,, contains 2"

intervals each of length z%

Definition 1.52. The Harnack set is 2% = (,_, F}.
The length of H is

) =1— =1———>0, p>3
=13 =
We now construct the Cantor-Lebesgue function. Recall that we have
0 la
n=1

Notice that f(0) =0, f(1) =1 and f is increasing.

Proposition 1.53. For each interval (o, B) removed in the construction, we have f(a) =

f(B).
Proof.
N N o o N o

Then f(a) = Zk 1 72(,1’“ + sxr and f(B) = Zivzl 52—?“ + QN% Hence f is not injective. [
Now we extend f to a function F': [0,1] — [0, 1] such that
F(z) = sup{f(y),y € C,y < x}.

Then F'is increasing, onto and continuous. F'is a constant on any intervals removed in the
construction and F’ = 0 in these intervals. However, Sé F'(x)de =0+ F(1) — F(0) = 1.

12



2 LEBESGUE MEASURE

2 Lebesgue Measure

2.1 Lebesgue Measure

Our goal is to construct measure on set X = R".

Definition 2.1. Given X a set and & € Z(X) a o-algebra, then (X, .«/) is a measur-
able space. Given measurable space (X, o), p: &/ — [0, +0] is a measure if

1. u(@)=0.
2. If A, e &/, n=1,2 - are disjoint, then pu (L_JZO:1 An) =37 (4.
And (X, o7, ;1) is called a measure space.

Here is a naive approach. We expect for I = [a,b], (a,b), (a,b] or [a,b), u(I) =b—a
and for [ = 1) x Iy x - x I, u(I) = T Ti, |4l

Definition 2.2. Given £ < R", {[;};>1 is a L-cover of E if I; are open rectangles and
EcUjz 1
Definition 2.3. m*(E) = inf {chzl |1;] : {I;}j>1 is a L-cover of E} is called the outer
Lebesgue measure of E.
Example 2.4. We have some basic facts:

(a) m*(@) = 0 and m*(R") = +o0;

(b) m*(@Q") = 0;

(¢) For every open rectangle I, m*(I) = |I| = m*(I).

Proof. (b): Q" = {r;}72,. For every ¢, take cube I; centered at r; with volume 35, then
{I;};j>11s a L-cover of Q™ and Zjozl |I;| = e.

_ (c): The first equality follows from the definition. For the second equality, VA > 1,
I < A\ and |AI| = A\*|I|. Hence m*(I) < |AI| and m*(I) < |I] as A — 1. O

Theorem 2.5. Here are some properties:

1. m*(E) = 0;

2. By € By = m*(E)) < m*(E»).

3om* (Urla Br) < Zkmam* (Bi);

4. Outer regularity: m*(F) = inf{m*(0),0 2 E,O is open};

5. If d(Ey, Es) =6 > 0, then m*™(Ey U Ey) = m*(Ey) + m*(E»);
6. m*(E + {xo}) = m*(E).

7. m*(AE) = |\|"m*(E).

13



2.1 Lebesgue Measure 2 LEBESGUE MEASURE

Proof. (2): Any L-cover of Es is also a L-cover of Ej.
(3): WLOG, assume Y, m*(E})) < 4. Take L-cover of Ej; such that

e}
g
<ULk DMl <m*(B) + oY
k=1 k

Then | J;,, I is a L-cover of [ J7Z, E; and m* (Uiz, Ex) < Dk ikl < 202 m*(Ej) +e.
Since ¢ is arbitrary, we get the conclusion.

(4): LHS < RHS is obvious. For every ¢, there exists an L-cover {/;},;>1 such that
Yoy | < m*(E)+e. Take O = |J;Z, I; 2 E open, then m*(0) < 372, |I;| < m*(E)+e.
Since ¢ is arbitrary, we get the conclusion.

(5): LHS < RHS follows from 3. For every ¢ > 0, take L-cover {I;};>; of Ey U Ej
such that

0
Z E1 U EQ)

We refine the L-cover such that each /; is decomposed into a collection of I, . (maybe open,

closed and half open and half closed) such that diam/; . Consider .f]vk = A ; Jes A > 1
then (J i Lk 18 1s a L-cover for B4 u By and dlamlj < @ Then each I  intersects with

atmost one of £ or Ey. Hence { and { are L-covers of F; and

FEs5. Hence

]Jf}IJ’k(’\El?ﬁ@ ]7k}Ij’kﬁE2?ﬁ®

m*(Ey) +m*( Z| <A k|_v2|z| m*(Ey U Ey) + ¢).
7,k

Let ¢ - 0 and A — 1, we get the conclusion. ]

Our motivation to construct a measure is to expect m*(E) = my(E), where m*(E) =
inf{> 7 [I;| : {I;};1is a L-cover of E} and m.(F) = sup{},, |[;| : I; open and
U;)‘O=1 Ij < E}

However, the expectation definition of "measurable set” m*(A) = m,(A), which is
called the Jordan measure, is bad. Consider £ = [0, 1]\Q, which is not measurable.

We fix the definition by VI 2 E,m.(E) = |I| — m*(I\F). We can rewrite m*(E) =
|I| — m*(I\E), then m*(E) + m*(I\E) = |I|. Hence we have the following definition.

Definition 2.6. ' < R" is called measurable if V1" < R",
m*(T) =m*(T n E) + m*(T n E), (2.1)
where T is called a test set. This is called Carathéodory’s criterion.

m*(T) < m*(T n E) + m*(T n E°) always holds, so we only need to check the other
direction.

An alternative definition of measurable set is: E' is measurable if for every € > 0, there
exists O open such that m*(O\F) < e. This is called Littlewood First Principle. We
will prove the equivalence later.

Denote .# = { collection of measurable sets}.

Example 2.7. If m*(E) =0, then E e .#.

14



2.1 Lebesgue Measure 2 LEBESGUE MEASURE

Proof. For every T, we have

m*(T' n E) +m*(T n E°) <m*(E) +m*(T) = m*(T).

Definition 2.8. E is a null set if m*(E) = 0.
Example 2.9. A countable set and Cantor set are null sets.
Proposition 2.10. [.Z]| = |Z(R)|.

Proof. Notice #4 = P (R)" ~ Z(R). Also we have C' € # and #(C) < 4. By C ~ R,
we have |.Z| = |Z(R). O

Theorem 2.11. . is a o-algebra and m*| 4, is a measure, i.e.
1. oe M.
2. Ae ll = A°e M.
3. Ajed = \J; L Aje M.
4. m*(@) = 0.
9. m* (ij=1 Aj) = Z;il m*(A;) if Aj € A and disjoint.

Proof. (1), (2), (4) follows from definition.
Let’s first consider finite union A; U As. For every T, we have

m* (T n (A1 U Ag)) +m* (T n (A1 U A2)S) <m* (T n Ay n AS) + m™ (T n Ay 0 Ay)
+m*(T n AS n AS) + m™ (T n Af N Ag) = m* (T n Ay) + m*(T n AY) = m*(T).
Furthermore, if Ay, Ay € 4 and Ay n Ay = @, then m*(A; U Ay) = m*(A;) + m*(As).

Now for countable many A,, € .#, WLOG, assume A,, are disjoint (otherwise, consider
A, = A\ UZ;% Ay). Denote

N o
%:U%7%:U%
n=1 n=1
For every T' < R", we have
N
m*(T) = m*(T o Sy) + m*(T' n S5) = Y m*(T n Aj) + m*(T ~ S§)
j=1

N 0
> Zm*(T NA;)+m*(TnS3) = Z m*(T n A;) + m*(T n SS)
j=1 j=1
=m*(T N Sy) + m* (T nSy) =m*(T).
Hence, Sy, € 4. Furthermore, take T' = Sy, we have m*(U;il Aj) = Z;’il m*(4;). O

Definition 2.12. Denote m* = m on .#. m is called the Lebesgue measure.
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2.1 Lebesgue Measure 2 LEBESGUE MEASURE

Theorem 2.13. We show some properties of m:

1. E,Fe# and EC F = m(E) < m(F).
2. Subadditivity: E; € M = m (U;Ozl Ej> < 22 m(Ey).
3. Continuous from below: E; € M and By € Ey < --- < E, ---, then

m(lim E,) = lim m(E,). (2.2)

n—o0 n—ao0

4. Continuous from above: Fj € M and Fy 2 Fy 2 --- 2 F,--- and m(F,) < +o©
for some kg, then

m(lim F,) = lim m(F,). (2.3)

n—0o0 n—00

Proof. (3):

(4): WLOG, assume m(F;) < +o0. Denote E,, = Fi\F, € ., then E, increases.

0
lim (m(Fy) —m(F,)) = im m(E,) =m (lim En> = m(U E
n—o0 n—ao0 n—o0 nel

_ ((Oj >_mF1 (JEISOF,J

]

Caution: Without the finiteness of m(Fj,), the conclusion may not hold. For exam-
ple, let F, = [n, +o0), then ()_, F,, = @ and m(F,,) = +o0 for all n.

Corollary 2.14. For E, € ./, we have

m (lim En> < lim m(E,), m (lim En> > limm(E,), (2.4)

n—ao0 n—0o0 n—00 n—ao

provided m(|J,,sy, En) < +00 for some ko.

“(

m( Ek> = lim m( Ek> > limm(E,).
n—00 n—00
n=1lk=n k=n

Proof.

s

52 = o ()

1 k=n

16



2.2 Measurable Set 2 LEBESGUE MEASURE

Corollary 2.15 (Borel-Cantelli Lemma). If E; € #, Z;’;l m(E;) <+, then

m (HEH) —m <lim En> — 0. (2.5)

n—00 n—0o0

Proof.

m (lim En> < lim m (E,) = 0.

n—0o0 n—o0

m (En) = fimm (U E) < i ), m(E) =

2.2 Measurable Set

Our goal is to show Borel sets are measurable and measurable sets are not so far from
Borel sets and open sets. We begin with a useful lemma.

Lemma 2.16 (Carathéodory’s Lemma). Given G < R™ open and E < G, denote Ej, =
{re E:d(z,G° = ;}. Then

lim m*(Ey) = m*(E). (2.6)

k—0o0

Proof. Notice that E} increases as k increases and E = UZO=1 E). Hence limy_,,, m*(E}y) <
m*(F).
To prove the reverse, denote A; = E;\E;_; and E;, = @, then we can notice that
d(Aj, Aji2) > 0. WLOG, we assume lim,_,o, m*(E)) < 0. Since Ey, = U;Ll A; 2
k
Uj—1 Agj, we have

*(Egp) = (U A2]> = Z m*(Ay). (2.7)

Similarly, m*(Eas1) = Y57 m*(Agj1).
2]+1>>

m*(E) = m* (Egk v (U ) (
m*(Agji1)

m* (Asy) +

TECS

(2.8)
m* (Egk) +

e
uMg

Let k — o0, we have m*(F) < limy_,o, m*(Ea). O
Theorem 2.17. B < A .
Proof. We only need to prove closed sets are measurable. For every F' closed and T' < R"

a test set, apply Carathéodory’s lemma, we have {F;.} € T n F°, such that

d(Fg, F) = %, klglolo m*(Fy,) = m*(T\F).
m*(T)=m* (T nF)u (T nF))=zm*"(T'nF)u Fy) =m*"(T n F)+m*(F)
m*(T'n F)+m*(T n F°), k— .

17



2.2 Measurable Set 2 LEBESGUE MEASURE

Lemma 2.18. Let E € .#, then for every ¢ > 0, there exists G open and F closed such
that F < E < G, m(G\F) < e and m(E\F) < ¢.

Proof. First consider m(E) < co. Take L-cover {I;} for E such that >} [I;| < m(E)+e.
Take G = (J;_, I open and E < G, then m(G) < 3772, |I;| < m(E) +¢ and m(G\E) < ¢.
When m(E) = 400, consider

Eyx = E ~ [=N, N]".

For every N, take Gy open such that Gy 2 Ey and m(Gn\Ey) < sv. Take G =
U?\?:l Gy open and F € G.

G\E = | J(GN\E) = | J(GN\Ex), m(G\E) < ) m(Gn\Ey) <
N=1 N=1 N=1

Now consider E°. Take G open such that G 2 E°, m(G\E°) < e. Take F' = G* closed
and F' € E, then we have m(E\F) = m(G\E°) < e. O

Theorem 2.19. For E € #, we can find a Gs set H and a F, set K such that
E = H\Z\,E = K\Zy with Zy, Zy null sets.

Proof. Take € = % in Lemma , we get G, open and Fj, closed such that F, € E < Gy,
m(Gp\E) < 1 and m(E\Fy) < ¢. Take H = (,_, Gy and K = | J,_, F}, then

m(H\E) — <ﬁ (G\E) ) m (GR\E) < % o,

~ )8

m(E\K) = m ( (E\F,Q) < m(E\F,) < % S0, ko

k=1

Remark: For F < R"”, the followings are equivalent:
(a) VI' < R™, m*(T) = m*(T n E) + m*(T n E°).
(b) Ye > 0,3G 2 E open such that m*(G\E) < ¢.

Proof. We have showed that (a) = (b). For (b) = (a): VT' < R", take G = F open such
that m*(G\E) < e. Take Gy = {x € T n G : d(z,G) > }, then

lim m*(Gy) = m*(T' n G), m*(T) =m*(Gy v (T n G°)) = m*(Gy) + m*(T n G°).

k—o0

Let k — oo, we get m*(T') = m*(T n G) + m*(T' n G°). Since m*(T'n G) = m*(T n E)
and m*(T'n E) <m* (T n E°nG)+m*(T'n E°nG°) <e+m*(T n E°nG°), we have

m*(T) =z m™(T n E) + m*(T n E°) —
Since ¢ is arbitrary, we get the conclusion. O

Definition 2.20. H is called a equi-measure hull of £/ and K is called a equi-measure
kernel of F.

18
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The concept of equi-measure hull can be generalized to arbitrary sets.

Theorem 2.21. If E < R", we can find a Gs set H 2 E such that m(H) = m*(E).

Proof. For every k € N, we find L-cover {I;k)};?';l of E such that >, |IJ(k)| <m*(E)+
Take H = (), U;O:I I a Gs set, then

1
-

Jj=1

m*(E) <m*(H) <m* (U ];k)> <m*(E) + %

Let k — oo, then we get the conclusion. O]

Caution: If m*(F) < oo, m(H)—m*(E) = 0, but this does not implies m*(H\E) = 0.
If m*(H\E) = 0, then H\E € .# and hence E € .4, but we are dealing with general
sets.

Corollary 2.22. For E;, < R"™, we have

1.
m* (lim Ek) < lim m*(Eg). (2.9)
k—o0 k—o0
2. If B}, are increasing, then
m* (hm Ek) — lim m*(E}). (2.10)
k—00 k—00

Proof. (1): Take Hj the equi-measure hull of Ej. Then

lim F;, € lim H,, m* (lim Ek) <m (hmHk> < lim m(Hy) = lim m*(Ey).

k—o0 k—o0 k—o0 k—o0 k—00 k—00

(2): If E} are increasing, then

e¢]
m*(Ey) < m*(U Ey) < lim m*(Ey) = lim m*(Ey) < m* (hm Ek> = lim m™(Ey).
k=1

k—o0 k—o0 k—o0 k—o0

]

Remark: (R", %, m) is a measure space and here m is called Lebesgue-Borel measure.
In general, given a measure space (X, o7, u) and F < &7 such that u(E) = 0, we don'’t
know if subset of F is in 7.

Definition 2.23. A measure p is called complete if its domain contains all subsets of
null sets.

~

Theorem 2.24. For every measure space (X, o/, i), we can find a completion (X, o, i)
such that & < o, Ji|o, = pu and i is complete.

In this sense, (R", .#,m) is the completion of (R™, &, m), where .# is the o-algebra
generated by Z and all subsets of null sets.
Now we study sets with positive measure.
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Theorem 2.25. If E € .# and m(E) > 0, then for every X € (0,1), we can find open
rectangle I such that \|I| < m(E n I).

Proof. WLOG, suppose 0 < m(E) < co. Otherwise, take E=En [N, N] for N large
enough. Suppose the statement is false. Take ¢ (decided later) and L-cover {[;} of £
such that 77 |I;] < m(E) + ¢. Then

e¢]
me) _m(ULh) 0 E) _&minm
L] = m(E 1)) = —= = S <;+
0
< Ll <m(E) +e.
j=1
Hence we can take € such that 1A_—€/\ = %m(E) and get the contradiction. []

Theorem 2.26 (Steinhaus). If E € R measurable and m(E) > 0, then there exists 6 > 0
such that
B(0,0))c E—E={x—y:z,ye E}.

Proof. WLOG, 0 < m(E) < o. By Theorem , for A € (0,1) (decided later), we can
find open rectangle I such that A\|I| < m(E n I) and denote E =1 n E < .

_ Suppose the conclusion is false. Then we find ry — 0 such that z; ¢ E — E, ie.
En E + {zx} = @. Hence for k large enough, we have

2m(E) = m(E U (E + {z})) < m(I v (I + {z3}))

2-27"  ~
= m(E)

= (1) + m(I + o)) —mlI o (I + {w}) < 201 — 27| <

Take X € (0,1) such that A > 1 — 5+, then we get contradiction. O

Remark: Modern Problem: For £ € .# and Q = {|z —y||z,y € E}, when will Q have
nontrivial measure? Then we have Falconer’s distance problem: If Hausdorff dimension
of £ > 7, then € has non trivial measure.

Also, we can not take A = 1 in Theorem . Consider Example

Example 2.27. There exists E < [0, 1] such that for every I, we have
0<m(EnlI)<]|I|.
Proof. Take H; the Harnack set such that m(H;) = %, then HY is a countable union
of open intevals. Change them to closed intervals. Construct Harnack set for each
&)
interval such that m(H;;) = % and Hy = U;ilHlj. Repeat the process and let

22

E=J", H,. O

Example 2.28. Suppose f : R — R such that

flx+y) = f(x)+ f(y)

and there exists E of positive measure such that Vo € E, |f(z)| < M. Then f(x) = zf(1).
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Proof. Tt’s easy to know Vp € Q, |f(pz)| = |pf(x)|. By Steinhaus Theorem, £ — E >
B(0,6), hence for every z € (—0,9), we have

r=x1— 2o, € B = |f(x)] = |f(x1) — fx2)] < 2M.

For any x € R, we can find n € N large enough such that n > : and p € Q such that

|nz — p| < §. Then we have

1
5

7() — 2 fO)] = |- Fnx) — - 7(p) + ()~ 2f ()] < H7na—p)] + 12 — 2] £ (D)
<%+%|f(1)\—»0, n — o0.
Hence f(z) = zf(1). O

2.3 Non Measurable Set

Theorem 2.29. There exists non-measurable sets in R™.

Proof. We define an equivalence relation in R™: x ~ y if x —y € Q", then [z] := {z €
R"|z ~ x}. By Axiom of Choice, we take W = { pick one representative from each
equivalent class }. We claim W ¢ ..

Suppose W € ., then m(W) = 0. Because if m(W) > 0, then there exists 0 such
that B(0,9) ¢ W — W. That means there exists

re B(0,0) nQ", r#0, 7r=w —wy,
contradicts the construction of W. Hence m(W) = 0.

R = | J (W +{r}).

reQn
Then o0 = m(R") = >, cgn m(W + {r}) = 0, which is a contradiction. O

Remark: Consider the one dimension version. Take V' < [0,1] to be one such
construction, then V is called a Vitali set. Clearly, V' is non-measurable.

Lemma 2.30. If g is continuous, then YA € 8,9 (A) € B.

Proof. Let’s prove ) = {A € R"|g'(A) € %} is a o-algebra. Notice open sets are in €.
Hence if € is o-algebra, then & c ().

First we have @ € Q. If A € Q, then g7 '(A°) = (¢7!(A))® € B, then A° € Q. If
{A,} € Q, then g7 (|J An) = Ug  (An) € B, then | A, € Q. O

Now we clarify some facts:
1. Lebesgue outer measure does not satisfy finite additivity.
2. Tt is impossible to find a functions p : Z(R™) — [0, +00] satisfying

(a) p(@) =0;
(b) u(UE;) = > n(E;) where Ej; are disjoint;
(c) If E congruent to F, then u(E) = u(F);
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(d) u((0,1)") = 1.

3. Any set with positive measure must contain a non-measurable subset.

A M\P + 2.
Proof. (1): Notice the following facts:
(a) m*(V) > 0;
(b) For any E < V and E € .#, we have m(E) = 0;

(c) m*([0,1]\V) = 1. Suppose m*([0,1]\V) < 1, take L-cover {I;} of [0,1]\V such
that > |1;| < m*([0,1]\V) + ¢ < 1 for ¢ small enough. Then m([0,1\(lJI;)) =
-m(JI;) =1-2>|] > 0. Hence [0,1\V <« UI; = [0,1\(UI;) = V. From
(b), we get contradiction.

Combine the three facts, we get
m*([0,1]) < m*(V) + m*([0, 1\V) = 1 + m*([0,1]\V) < 1.

( ): We prove it for n = 1. (Similar proof works for any n.) Consider Vitali set V,
={z+rjzeVnl0,1-r)}u{z+r—1zeV n[l—-r1]}. Clearly, V, disjoint from
re Q N [0,1]. Since [0,1) = [J,cqnfo.1] Vr» We have

L=p([0,1))= > p(Vy)= > )
reQn[0,1] reQn[0,1]
Since p(V;) = u(V), if p(V) > 0, we have > o101 (Vi) = +o0; if u(V) = 0, we have
2renoq) 4(Vr) = 0. Both cases lead to contradiction.
(3): VE € A with m(E) > 0,

R=|JW+{r}, E=EnR=|J(EnW,).
reQ reQ
If all En W, € 4, then E n W, is a measurable subset of W,., hence m(E nW,) = 0
and m(E) = 0, which is a contradiction.

(4): Consider the Cantor-Lebesgue function F' : [0, 1] — [0, 1]. Take h(z) = z+ F(x) :
[0,1] — [0, 2] strictly increasing, continuous and onto, hence h~! exists and is continous.
Notice for any interval I < [0,1]\C, f(z) = constant and m(h(I)) = m(I). Hence
m(h([0,1\C)) = m([0,1]\C) = 1. Since m(h([0,1])) = 2, m(h(C)) = 1.

Take N < h(C) non-measurable. h~'(N) < C is null, hence measurable. We claim
h=Y(N) ¢ %. Otherwise, apply Lemma to h™1, then if h™1(N) € £, we have
N = h(h™'(N)) € £, which is a contradiction. O

Remark:

(a) Axiom of Choice is necessary to the construction of non-measurable set. If we drop
Axiom of Choice, then we can construct a model where all sets are measurable
(Solovay 1970).

(b) For every a > 0, there is a construction of W such that m*(W) = «.

(c) An interesting consequence of Axiom of Choice is Banach-Tarski Paradox: For
n = 3, A,B < R" nonempty, bounded and open, we can cut A = U§:1 Aj and
B = U§=1 B;, such that A; disjoint, B; disjoint and A; congruent to B;. n = 1,2
holds for replacing with countable cut.
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2.4 Continuous Tranformation and Measurability

Lemma 2.31. Let T € C(R",R"). Then T maps F, sets to F, sets.

Proof. First assume F' = Ufil F; where F; is closed and bounded. Since F; is compact,
T(F;) is compact. Hence T'(F) = | J, T(F;) is a F, set.

For general F, set F' = |2, F; where Fj closed, take FY) = F A [-N,N]" =
U2 (F; A [=N,N]*). Then T(F™) = | J2, T(F; n [-N,N]") is F, set and T(F) =
Un_y T(FM) is F, set. O

Lemma 2.32. Suppose T' € C(R"™,R™) and for every null set Z < R™, T(Z) is null.
Then T maps measurable sets to measurable sets.

Proof. For every E € .#, we have E = K U Z, where K is a F, set and Z is a null
set. Then T(F) = T(K) v T(Z), where T(K) is F, set and T'(Z) is null set, which is
measurable. ]

Lemma 2.33. T : R" — R" is linear, i.e. T(x) = Tyynx, where T = Tyyp is an xn
matriz with det T # 0. Then for every E < R",

m*(T(E)) = | det T|m*(E). (2.11)

Proof. For every nonsingular T, T' canbe written as a product of elementary matri-
1

1
0 1 K
ces. Let Aij = 1 s Bz(/\) = A and CZJ()\) =
1 1
1
L A . Hence we reduce to the proof if I = {x = (z1,--- ,z,),x; € (0,1)},
1

m*(T(I)) = |det T|m*(I)

for T' = Ajj, B;(\), Cy(N).
O

Corollary 2.34. If T is linear and nonsingular, then for every E € M , we have T(F) €
M and
m(T(E)) = |det T|m(FE). (2.12)
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3 MEASURABLE FUNCTION

3 Measurable Function

3.1 Definition and Properties
Denote R = R U {£00}. Assume the basic facts

1. x + (+w0) = 0, x — () = Fowo

400 x>0
2. a:-(iroo):{_oo o0

3. (£w) + (£w) = +o, (+w)(tw) = +w, (+w)(Fw)=—wx

Caution: (+o) — (+0) and 0 - (+o0) are undefined.

Definition 3.1. Let £ < R*. f: E — R is a measurable function on F if Vt € R,
{x € E|f(z) > t} is measurable.

Theorem 3.2. We have the fact that the followings are equivalent:
1. {x € E|f(z) > t} is measurable for all t € R;
2. {x € E|f(x) =t} is measurable for all t € R;
4. {re E|f(x

5. {xz € E|f(x) > t} is measurable for all t € ) where ) is dense in R.

< t} is measurable for all t € R;

()
()
3. {w e E|f(x) <t} is measurable for allt € R;
()
()

Proof. Simply notice the facts {z € E|f(z) > t} = |J,_,{z € E|f(z) > t + 2} and

{reBlf(x) >t} =M,z e Blf(x) <t -}
Also if t,, € 2 such that t,, — t and t,, > ¢, we have

{zeB|f(zx) >t} = U{eru ) > t,).

Theorem 3.3. We have the following properties for E € M :

1. f: E — R is measurable, then the following sets are measurable:

(a) {x e E[f(x) =t} = {x e E[f(z) >t} n{z e E|f(z) < t};

(b) {x € E|f(z) = 40} = (_{z € E|f(z) > n} or {z € E|f(x) = —0} =
N {z € E|f(z) < —n};

(c) {x € E|f(x) < +oo} = U, {z € E|f(z) < n} or {z € E|f(z) > —o0} =
Ule{x € E|f(x) > —n};

2. f is measurable on Ey and Fy, where Ey, Es € A, then f is measurable on E1 U Fsy;

3. f is measurable on E and A < E with A measurable, then f|4 : A — R is
measurable;
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3.1 Definition and Properties 3 MEASURABLE FUNCTION

4. E € M < xg is measurable on R™. If f : [a,b] — R is monotonic, then f is
measurable.

f: E — R measurable, ® € C(R,R), then ®(f) : E — R is measurable.
f: E — R continuous, then f is measurable.

If f, g are measurable on E, then \f, f+g, f?, f-g are all measurable (here A € R).

RS =

{fi} are measurable on E, then sup,_,., fi, infroo fr, iMoo fr, lim, . fi are all
measurable.

9. f is measurable on E. Then f*(r) = max{f(x),0}, f~(z) = max{—f(z),0} are

measurable. Hence f = f* — f~ and |f| = fT + f~ are measurable.

1 N
Caution: |f| is measurable = f is measurable. Consider f(x) = { 1 . ; N’
-1 =z

where N 1s non-measurable.

10. fx, — f pointwisely and {fx(x)} are measurable, then f is measurable.

Proof. (2): {x € Ey v Ey|f(x) >t} ={ze E1|f(z) >t} u{xe E)f(x) >t}

(3): {xr e A|f(z) >t} ={r e E|f(z) >t} n A

(4): {z € [a,b]|f(x) > t} is one of the following: an interval, a single point or empty
set, hence measurable.

(5): {zx € E|®(f) >t} = {z € E|f(x) e D }((¢t,+x0))} = U]  I; where I; is open
and disjoint and N can be finite or infinite. Hence {x € E|f(z) € &~ ((t,+oo))} =
Ujvzl{x € E|f(xz) e I; = (aj,b;)} is measurable.

(6): {w e E|f(x) >t} = f1((t,+0)) is open in E.

(7):

{reE:f>%} A>0

{xEE:)\f>t}:{{er:f<§} A<0’

{re E|f(x)+ g(x) >t} = U ({z e E|f(x) >r,}n{re Elglx) >t—r,}).

rn€Q
E t<0
{ze B|f(x) >t} u{ze B|f(x) < =t} t=0

Notice that f-g = W_

(8):

{re Blf()? > t} =

{ﬂfeEI:Ego{fk( )} >t = U{er\fn x) > t}.

Notice that infy_e fr = —Supy o (—fr), iMg_oo fi = inf,s1 SUPgs, fr and limy | fr =
sup,,>1 infi>y fi. [l

Definition 3.4. We say a property holds almost everywhere on F if it holds on E;
such that £ = E; u Z where Z is null.

Theorem 3.5. f =g a.e. on E. If f is measurable on E, then g is measurable on E.
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3.1 Definition and Properties 3 MEASURABLE FUNCTION

Proof. Let E'= Ey u Z such that Z is null and f(z) = g(z) for x € Ej.

{re FElg(x) >t} ={xe E|f(x) >t} u{re Zlg(x) > t}.

[
The main theorem here is the Approximation Theorem.
Definition 3.6. Suppose E is measurable.
k
f= Z aiXE, (3.1)
i=1

where F; are disjoint and Uf:l E; = E. Then f is called a simple function on F.

If furthermore E; € ., then f is called simple measurable function.

If E; are rectangles (can be open/closed/half-open, can be of finite or infinite size),
we call f a step function.

Theorem 3.7 (Approximation Theorem). 1. If f = 0 on E and f is measurable, then
there exists simple measurable functions {pr(z)} such that

0 < () < ppr1(x),k=1,2,--- and lim pi(x) = f(z),Vz € E.

k—o0

2. If f is measurable on E, then there exists simple measurable functions {py(x)} such
that |pr(x)| < |f] and
lim ¢y (z) = f(z),Vx € E.

k—o0

Remark: If f is bounded, then in (1) and (2), we have uniformly convergence.

Proof. (1): For every k € N, denote

| j j+1,
Take
22k_1 .
J
pr(z) = i X (%) + 2"\, (). (3.2)
j=0

We have 0 < ¢i(7) < @rr1(2) < f(2).

If f(xg) = 400, then py(x) = 2%, then ¢y (zo) — f(z0). If f(x0) < +00, then there
exists ks, for every k > ky, or(z0) — f(xo)| < 35 — 0, as k — 0.

Furthermore, if f is bounded |f| < M, take 2¥* > M, then for every x € E we have
le(z) — f(z)| < 55 for k > k. Hence we get uniform convergence.

(2): Since f 1s measurable /T and f~ are measurable. Apply (1) to f*, then we

get oM 0. Then g %(f) o, we have |gp()| < so,i><>+so,2<> < fr(z) +

1 (@) = |f ()] and limg oo p(2) = limgop 937 (1) ~ limgon 97 (2) = f¥(2) = £~ (2) =
f(z)(Notice we don’t have issue with co — oo here). When f is bounded, we have uniform
convergence from (1). O

Definition 3.8. The support set of f(z) on E < R", denoted by supp(f), is the closure
of
{w: f(z) # 0}
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3.2  Mode of Convergence 3 MEASURABLE FUNCTION

Corollary 3.9. In the Approximation Theorem, we can replace i, by Pr which are simple
measurable functions with compact supports.

Proof. Take @ = wrXxBok). This is because for every z, € R", we can find a kg large
enough such that x, € B(0,k) for k = ko, then limy o @p(z:) = limy o op(z:) =
(@) O

3.2 Mode of Convergence

Recall in calculus, we have different notion of convergence/Cauchy sequence.

e fn — f pointwise (p.w.) if for every z and € > 0, 3N = N(x) such that Yn > N,
[fulz) = f(@)] <e.

e f, — f uniformly if N is independent of x.

Now we have third convergence: f, — f a.e. on F.

Almost uniform convergence.

Convergence in measure.

We have the fact: If f, — f a.e. on F and f, are measurable on F, then f is
measurable on E.

Lemma 3.10. Suppose {fr(x)} are finite a.e. on E and m(E) < +o0. If fi(x) —> f(x)
a.e. on E, then for every e > 0, denote

E. ={z e E|lfi — f| = ¢},

we have

lim m(|_| Ex(e)) = 0. (3.3)

j—® :

k=j

Proof. Notice that ﬂ;il U=, Br(e) = {z € E|fi(z) » f(z)}. Because for every x €
;21 Uss; Er(e), € Ups; Er(e). Hence we find ky < ky < --- such that x € Fy,(¢), i.e.,
|fr; () — f(z)] = e. By the inclusion, ﬂj’;l Uss; E(e) is null. Since (J,; Ex(¢) € E has
finite measure, we have

i (| Fe()) = ml() | Eele)) = 0.
L

Theorem 3.11 (Egorov’s Theorem). Suppose m(FE) < 4+ and fy, f are finite a.e. on
E. If f - f a.e. on E, then for every 6 > 0, there exists Es < E measurable with
m(Es) < § such that fr, =3 f on E\F;.

Proof. Take ¢ = %, we have



3.3 Relation of Measurable and Continuous FuncBiomM EASURABLE FUNCTION

Take j; such that m <Uk>ji Ek(l)> < % and Es = (J2, Uk, Ey(3), then m(Es) < 6.

)

2\Es = () (Ve e Bllfie) - £2)] < ).

i=1k>j;

For every € > 0, take 7, such that i <e. When k > j;,, for all x € E\Ej,

i) = J@)] < 5 <& = i) = on E\Es,

Remark:
(a) Theorem fails if m(E) = +o0. For example, fi = X(o) and f = x(0,+o0)-
(b) For m(E) = 40, we reformulate Egorov’s Theorem: For every M > 0, there exists

Ey € E such that m(Ey) > M and f =3 f on Eyy.

3.3 Relation of Measurable and Continuous Functions

Theorem 3.12 (Lusin’s Theorem). Suppose f : E = R® — R is measurable on E and
finite a.e. on E. Then for every 6 > 0, there exists ' < E measurable such that
m(E\F) < § and f is continuous on F.

Corollary 3.13. Suppose f : E < R* — R is measurable on E and finite a.e. on E.
Then for every 6 > 0, there exists a continuous function g(z) on R™ such that

m({x € E|f(z) # g(x)}) <.

Corollary 3.14. Suppose f : E ¢ R* — R is measurable on E and finite a.e. on E.
Then there ezists a sequence of continuous functions {gi} on R™ such that

g — f a.e. on E.

Proof. Take § = % in Corollary , we find gy such that

m({z € E|f(z) # gr(2)}) < % = g, — f by measure on F.

Apply Riesz’s Theorem, then we can find a subsequence

gr; — [ a.e. on E.

Recall that if f

Example 3.15. Let F'(x) be Cantor-Lebesgue function on [0, 1] and h(z) = x + F(x) :
[0,1] — [0, 2] strictly increasing, continuous and onto, hence h~! exists and is continuous.
Take N < h(C) non-measurable, then A~'(N) < C is null, hence measurable. Take
f = Xn-1((v) measurable and g = h~" continuous. Then f(g) = x4-1(n) (R (2)) = xn(z)
is non-measurable.
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3.3 Relation of Measurable and Continuous FuncBiomM EASURABLE FUNCTION

Theorem 3.16. Suppose T' € C(R",R") statisfies that for every null set Z < R", T(Z)
is null. Then for every f:R™ — R is measurable, then f(T(x)) is measurable.

Proof.
{z: f(T(x)) >t} ={2:T(x): f(({t,+0)}=T"YK)uT Y2).
]

Corollary 3.17. If T' is linear and nonsingular, then for every measurable function
f:E—>R, f(T(z)) is measurable.

Proof.
m*(T'(F)) = |det T|m*(E).
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4 LEBESGUE INTEGRAL

4 Lebesgue Integral

4.1 Definitions and Properties

We start with non-negative measurable functions. Denote L* = {f :R" - R measurable and f >
0} and L, = {f : E — R measurable and f > 0}.

Definition 4.1. Suppose f € L™ is a simple measurable function

f= ZazXA, UA R™, A; n A; = (i # §).

1=1 1=1

Given F < R"™ measurable, we define

JE f(z)dz = Z am(A; n E). (4.1)

(Here we make the assumption 0 - oo = 0.)

Definition 4.2. For every f € L}, we define

[RECEE { | etwraa

Proposition 4.3. Here we consider nonnegative simple measurable functions.
1. C§, fdz = §,Cfda.
2. $,(f+g)de = §, fdz + §, gdz.
3. SEUF fdz = SE fdz + SF fdx if E,F are disjoint measurable sets.

0< ¢ < fonFE, ¢simple measurable on E} . (4.2)

4. If Ey is measurable and {Ey} is increasing such that Ey, — E, then

f f(x)dx = lim f(z)dx
E k—0o0 By
Proof. (2): For f =3 a;xa, and g = Zjvzl bjxB,, we have

f+g = ZZ (a;+bj)m(EnA;nB;) = Zaim(EmAi)—&—Z bjm(EnB;) = J fdx+J gdzx.

i=1j=1 =1 j=1

(4):

Proposition 4.4. Here we only consider functions in L.

1.0<f<g=—=0<{, fdz <, gdz.
2. 0< f<Fand(, fde < 400 =, fdz < 0.
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8. If f is bounded and m(E) < +oo, then §, fdz < +o0.
4. If A< E measurable, then §, f(x)dx = §, f(z)xa(z)dz.
5. f=0ae on E < {_ fdz=0.

0. ]fSEfdx < 40, then f < 4+ a.e. on E.

Proof. (4):
) flx)dzr = sup{ Egp < ¢ < f on A, p simple measurable on A}
= sup{ Lgo 0 < pxa < fxa on A, p simple measurable on A}
= sup{ ( hdr | 0 < h < fya on E, h simple measurable on E }
Je
fumu

(5): =: For every simple measurable function h < f
<: Suppose statement is false, i.e. m({x € E: f(x) #0}) =0 > 0. Ey ={zr € E :
f(z) > ,lg} Then Ej increases to {z € E : f ( ) # 0}. Hence there exists ko such that

m(Ey,) > 5. Then {_ fdz > SE fdz = SE % > 0, contradiction.
(6): {er.f——i—oo}—ﬂk:l{er f()>k}.A=SEfdx>SEfXEkdx>
km(Ey). Hence m(Ey) < 24 — 0 as k — 0. O

Theorem 4.5 (Beppo Levi Monotone Convergence Theorem). Given

0<fi<fo<--<fi <

on E measurable and limy_,o, fr(z) = f(z) on E, then

hmjfk dm—ff

Proof. Since fi, < f, we have §, frdx < §, fdz. Hence

lim J frdx < J fdx.
k=0 Jp E

WLOG, we can assume f < 400 on E. For every simple measurable function ¢ on F
such that 0 < ¢ < f and every a € (0,1), denote Ey, = {x € E: fr(z) = ap(zr)}, then Ej
increases to E.

J frdz = frdz = J apdr = af odr — af odr = hm J frdz = J odx.
E By Ey Ey E

Hence

lim J frdz = o sup J pdr = aJ fdz.
k=0 Jp E E

O<p<f

fin | fide= | jar
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Remark:

1. In Monotone Convergence Theorem, we can consider 0 < f; < fo < --- a.e. on E
and fry — f a.e. on E and the conclusion still holds.

2. In general, without monotonicity a.e., the statement fails. Consider f, = Xmn+1)
OF gn = MX(0,1)-

Corollary 4.6. For f,g€ Lj and o, 8 = 0, we have

JE af + fgdr = aJE fdx + BJE gdz. (4.3)

Proof. Take f, and g, simple measurable functions such that f, 1 f and g, 1 ¢g. Then
apply Monotone Convergence Theorem. ]

Corollary 4.7. For f, € L}, we have

Lif e iL ude (1.4)

Proof. Take S(x) = >, fu(x) and Sy(z) = 25:1 fn(z), then apply Monotone Conver-
gence Theorem.

N
lim fnxdleim S :de=f5:vda:.
dm 35| oo = Jim | svteyie = | St

]

Corollary 4.8. For £ = Ukoo:1 Ey, where Ej are measurable and disjoint, and f € L,
we have

J;j(xﬁh7= > i f(x)dz. (4.5)

Proof.

roof. .
> fxe = fxe-
k=1

Corollary 4.9. Given f, = Oand fr | f a.e. on E measurable, then

1mLﬁmmzLﬂmm

k—0o0
Proof. Apply the Monotone Convergence Theorem. O

Theorem 4.10 (Fatou’s Lemma). Given {fy} < L}, then

| Jim Aode < tim | fule)d, (4.6)

k—0o0 k—o JE
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Corollary 4.11. For {f,},f € L" and f, — [ a.e. on E, then

L’ f(z)dz < lim JE fo(z)de.

n—oo

Example 4.12. For f € L, such that f < 4+ ae. on F and m(E) < 400, take
0<y <y <y <-+<yYp<--+<+00such that yx,1 — yr < J. Denote E, = {x e E :
Yr < f(2) < Yrs1}, then

fEf(x)dx < 400 = Z yem(Ey) < +o0.

k=0
Furthermore, under this condition, SE fdx = lims_o >0 yrm(Lk).
Proof.
[ war< [ swar<| par
By o8 o

Hence

yem(Ey) < ; f(x)dz < (Yes1 — yo)m(Ex) + yem(Ey).

Summing over k, we get
ee}
Dlum(B) < | fl@)de < O yam(E).
k=0 k=1 E k=0
When 6 — 0, yr+1—yx — 0, we have Zk>0 Yer1m(Ey) _Zkzo yem(Ey) = Zk>0(yk+1 -

4.2 Lebesgue Integral for General Measurabe Functions

Definition 4.13. Given f measurable on F, if SE ftdx and SE f~dx at least one is finite,

then we define
JE fdx = fE frde — JE fdx. (4.7)

If both are finite, then we say f is Lebesgue integrable on E.
Remark:
(a) Denote L(E) = {f measurable and Lebesgue integrable on E}. Notice that f €
L(E) < |f| € L(F) and
| s@aai < [ 1@
E E

We have the following basic properties.
1. fis bounded a.e. on F and m(F) < 400 = f e L(F).

2. fe L(E) = |f|] < 4w a.e. on E.
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3. f=0ae on £ <
Jf(:c)dxzo.
E

4. |fl<gae on Eand ge L(E) = fe L(E).

5. If f e L(R"), then
lim |f(z)|dz = 0.

6. For any a, f € R and f,g € L(FE), we have
| @rte)+ soaNds = a | fdo 45| g
E E E

7. f<gand f,ge L(E) — {, f(z)dz < §, g(z)dz

8. If f,g e L(E), then (a) f = g a.e. on B < (b) {,|f(x) — g(x)|dz = 0 < (c)
For any Omega — E measurable, {, f(z)dz = {, g(x)dx

9. By € . such that Ej disjoint and | J,_, Ex, = E. For f € L(E), we have

f f(x)dx = Z f(x)dz
E k=1 Ek

Proof. (5): By Monotone Convergence Theorem,

[ e = [ 1@z 0, N o

(6): First we prove {, ofdz = of, fda. If @ = 0, it is trivial. If & > 0, then

L afde = JE aftde — L af~dz = a (JE Frde — L f‘dx) - aL fdz.

If o < 0, we first consider a = 1.

JE (—f)dx = JE(—f)erx - L(—f)_dx = L frdx — fE frde = — JE fdax.

Hence for general o < 0,

fEafdxzj(—\a\f =—\a\f fda:—af fdx.

Next we prove SE(f + g)dz = SE fdz + SE gdx. Notice that
frg=(+9)" =(f+9) = fT+9" = =g = ([+9)" +[ +9 = (f+g9) +f"+g".
[ty g = [Ty <gt+f =, fTde+(,gdx <[, g"dx+
Sz f‘;i:c — {, fdz < §, gdz.
{f

: (a) = (b) and (b) = (c): trivial. (¢) = (a): Suppose statement is false, then
# g} is not null = E; = {f > g} or Fy = {f < g} has positive measure.
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WLOG, we assume it is By — Fy = Uisi{f —9 > 7} Wefind Q = {f —g > kio}
for some ko, which has positive measure. Then {, f(z)dz — {, g(z)dz > %m(Q) > 0,

contradiction.
(9): The conclusion holds for f* and f~, hence

JEf(x)d:c = JE fH(x)dx — JE [ (x)dr = i < [T (x)de — . f(x)da:)

= Z f(z)dz.
k=1"FEk

Example 4.14. f € L([a,b]). If S[a q f(z)dx = 0 for every c € [a,b], then f =0 a.e. on
[a, b].

Proof. Suppose statement is false. E = {z € [a,b] : f(z) # 0} = Ey U Ey = {z € [a,b] :
f(z) >0} u{z € [a,b] : f(z) <0} is not null. Repeat the argument in (8). Take F' < )
closed such that m(F) > 0. G = (a,b)\F is open and G = | J;,(a;, b;). Then

1
0= fz)dx = J f(z)dz + J flx)dz = —m(F) + J f(z)dr = f f(z)dz # 0.
[a,b] e F ko e e

Hence there exists (a;, 3;) such that § . f(z)dz # 0 and at least one of § .. f(z)dz

and §, . f(z)dz is not zero, contradiction. O

Theorem 4.15 (Absolute Continuity of Integration). If f € L(E), then for every e > 0,
there ezists § > 0 such that for every measurable set Omega < E with m(€)) < 0, we have

L f(x)dz

Proof. Take g = |f| € LT (E) n L(F). then we can find 0 < ¢ < ¢ simple mea-
surable functions such that ¢, 1 g. By Monotone Convergence Theorem, §, ¢y (2)dz —
§; 9(x)dz. In particular, for every € > 0, we can take kg such that {, (g —x,)(z)dz < 5.
Suppose |pr| < M for some M, hence take 6 = we have

<E.

_£
100M °

J g(x)dz < J g(x)dz < =4 Mm(Q) <e.
0 0 100

Example 4.16. f € L(F) and
0< A= f f(z)dzx < +oo.
E

Then for every B € (0, A), we can find Q € F such that

L f(x)dz = B.
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Proof.
o) = | fayd
EnB(0,t)

Then ¢(0) = 0 and lim;_, o, g(t) = A. It suffices to show that ¢ is continuous. For every
fixed t € [0, 0),

g(t + At) — f(z)dz — 0, At —0.

(t) = j
En(B(0,t+At)\B(0,t))
]

Lemma 4.17 (Jensen’s Inequality). w(x) € L*(E) and {,w(z)dz = 1. f: E — [a,b] is
measurable and fw € L(E). ¢ : [a,b] > R is a concave up functwn. Then

o ([ s < [ etr@netan

Remark: If we take w(x) = then Jensen’s Inequality becomes

(E)’

¢ (oot | 1000) < s [ et

Proof. Since a < f(z) < b, we have aw(x) < f(z)w(z) < bw(z) = a < §, f(2)w(z)dr <
b. We denote
Yo = J flz

Case 1: yo € (a,b). we can find L such that
o(y) < p(yo) + Ly —vo), Yy € [a,b].
Hence
| otr@nters = otw) + | L)~ whwta)ds = ¢ln) = o | fa)olie)

Case 2: yp = b (or yo = a). Since (b — f(z))w(z) = 0 and

JE(b — f@))w(x)dr =b—yp = 0 = f(2)w(z) = bw(z) a.e. on E.

Hence

f o(f(2))w(z)dz = f (D) (x)dz = p(b) = o fEﬂx)w(w)dx

E E
[l

Proposition 4.18 (Integration under Linear Transformation). f € L(R") and T : R™ —
R™ is a linear nonsingular. Then

f(Tz)dz = |detT|™' | f(z)dz.

Rn
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Proof. First we consider f = >, a;xa, simple measurable function. Then f(Tz) =
D aixr-1(a,)(z) and

f(Tx)dx = i am(T™HA)) = i a;|det T|7'm(A) = |det T|" | f(z)da.
R™ R™

i=1 i=1

Then by standard procedure, we can prove the conclusion for f € L* and then f €
L(E). O

Example 4.19. f € L[0, +0), then

lim f(x +n) =0, a.. xe€]l0,+00).

n—00

Proof. We can reduce the problem to z € [0, 1].

J ]dx—ZJ |dx—2j\fx+n|dx

(4.8)
J Z|fx+n |dx < +o0.

Hence )" | |f(x + n)| < 40 ae. z€[0,1] = lim,,, f(x +n) =0ae ze[0,1]. O

Theorem 4.20 (Dominated Convergence Theorem). fi € L(E) and

;}E%ofk(x) = f(x), a.e z€ekF.

If there exists F(x) € L(E) such that
|fe(x)| < F(x), ae xeBE k=12,
then f e L(E) and
lim J Fo(z)da — f f(z)de. (4.9)
E

k—o0 E

Proof. f e L(FE). By Fatou’s Lemma, we have

JE lim (F(z) + fu(2)) dz < lim | (F(@) + fulz))de,

k—o0 k—o JE

fln (F(z) - fi())dz < lim | (F(z) — fu(x))da

k—o0 k- JE
o L (F(z) + f(z)) dz < L 2)do -+ lim f e
| (F@) = s@ar < | Fyde i | oy
:>hmffk Jf <k1£roloffk d:zc=>hmjﬂC dx—ff
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Remark: In fact, since | fr, — f| < 2F and Dominated Convergence Theorem, we have
lim | |fe(z) — f(x)|dz = 0.

We also have the convergence in measure version of Dominated Convergence Theorem.

Theorem 4.21. f, € L(E) and

khm fr(x) = f(x) in measure on E.
—m

If there exists F(x) € L(E) such that
\fe(2)| < F(z), ae reE k=12,

then f e L(F) and
limJ fr(z)dx —f f(x (4.10)

k—o0

Also, we have limy_,o, § | fe(z) — f(x)|dz = 0.

Proof. fy, — f a.e. on E for some subsequence {fi }. By Dominated Convergence

Theorem, we have
lim J Ji,(z)dw = J f(z)dx
IR E

J @ =S |~ @l

v ula) — f ()l
Ec{lz|<K}olfe(z)—f(z)|=e1

+j fele) — f(2)|da
En{lz|<K}n|fi(x)—f(x)|<e1

For any ¢ > 0, take K large enough such that SEn{|x\>K} |[F|dz < 555 and there exists

d sucht that whenever m(Q) < 4, |F|dz < ;55. For ey, there exists N such that for

k=N, m({zeE:|fi(x)— f(z)| =e1}) < 6. Hence for k = N,

f | fr(x z)|dr < % + % + ce1 K" < ¢, if g; is small enough.

Remark: We say fi, — f in L'(E) if limy o §, | fr(x) — f(z)|dz = 0.

(a) fr — fin LY(E) < fi — faec. on E. Consider nxq 1y on E = (0,1) and the
‘moving characteristic function with shrinking area’.

(b) fx — fin LY(F) < fix — f a.u. on E. Consider the same examples as in (a).

(¢) fx — fin LY(E) = f; — f in measure on FE.
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Proof. (c): Denote E¥ = {z € E : | fy(z) — f(z)] = ¢}. Then

f i)~ f(@)lde > f k(o) = Sl > ()

Corollary 4.22. f, € L(F) and

LZm z)|de < 40,

k=1

then >.,- | fx(z) converges a.e. x € E and

S [ o [ 5 o .

k=1

Proof. Denote F(z) = Y| |fe(z)] < 40 a.e. x € E, which implies that .,” | fx(x) con-
verges a.e. « € E. Denote S,(x) = >,,_, fe(x), then |[S,(z)| < F(z) and by Dominated

Convergence Theorem, we have
e
lim Z f fu(2)de = lim ESn(x)dx = JET}%S z)dz = E;fk(x)dx
]

Corollary 4.23 (Differentiation Theorem). f(z,y) is defined on E % (a,b), where E € .4 .
f is Lebesque integrable as a function of x for every fized y € (a,b) and f is differentiable
with respect to y. If there exists F(x) € L(E) such that

of

d of
Y F(x z—ffx,ydxzj—x,ydx. 4.12
Tow|<r@ — 5 [ e = [ L (4.12)
Proof. For every fixed y € (a,b) and for every hy — 0 such that y + hy € (a,b), we have

lim f(xmy + hk) B f(x7y) _ a_f
k—o0 hk ay

(z,9)

and by mean value theorem,

‘f(xay"i_hk)_f(‘xay)’
hy,

< F(z).

By Dominated Convergence Theorem, we have

d . fwy+hk —fl@y) [ of
| far = pim | do= | L
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4.3 Lebesgue Integrability and Continuity

Lemma 4.24. f € L(E). For anye > 0, we can find g € C.(R™) (C.(R™) = { continuous
and compactly supported functions: R™ — R} ) such that

f]f )|dz < e.

Proof. We consider ¢ simple measurable functions with compact support such that
lox| < |f] and ¢r — f. By Dominated Convergence Theorem, we have

J\f z)lde - 0, k — oo.

Hence for any e, we can take one simple measurable function ¢ with compact support

such that
€
)|d <
| 1) = t@ae < 5.

For ¢, we can find g € C(R™) such that m({z € E : g(x) # p(2)}) < where M is the

< T
bound of ¢. Since ¢ has compact support, we say supp(¢) < B(0, R). We can take a
. L~ 1, |z|<R
continuous function § = gh € C.(R™), where h = . Then
0, |z|]=2R
- N €
e Brp(r) #g(@)} clre E: o) # g(a)} = m({ze B o) # §(2)}) < 7
| 1@ = g@as < j 0) = plallde + | Jola) =)l
E
<2—|—2Mm({a:€E o(x) # g(r)}) < 2—1—2]\/[ m:a
O

Remark:
1. Notice in the conclusion, |p| < M = |g| < M

2. In particular, given |f| < M and f € L(FE), for any £ > 0, we can find g € C.(R™)
such that |g| < M and {, |f(z) — g(z)|dz < e.

Corollary 4.25. f e L(E). We can find gi € C.(R™) such that
lim J \f(z z)|[de =0, lim gy(x) = f(z) a.e. x € E.
k—o0 k—c0

Furthermore, if | f(x)] < M , we can require |g(z)| < M.

Corollary 4.26. f € L(E). We can find ¢y step functions such that

lim f |f(z z)|dz =0, klirn vp(z) = f(x) a.e. z€ E.

k—o0

Furthermore, if | f(x)| < M , we can require |px(z)| < M.
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Proof. 1t suffices to prove for any e, we can find a step function. First, we find g € C.(R")
such that §, |f(z)—g(x)|dz < § and supp(g) < [-N, N]". Since g is uniformly continuous
n [—N,N|", for any ¢; < there exists 0 > 0 such that |g(x)—g(y)| < €1, whenever
|z —y| < d,z,y e [—N,N|"
Cut [-N,N|" = U?:I I; into a union of disjoint cubes with side length less than
ﬁ. Take ¢ = Z§=1 a;Xr;, where a; = g(z;) for some x; € I;. Then

2(2N)”’

Ve e [-N,N]", |g(z)—¢ 51:J lg(z z)|dx < (2N)" €1<§

Example 4.27. f e L(R"). If for any ¢ € C.(R™), we have
f(x)p(x)dr = 0= f =0 a.e. on R™.
Proof. Suppose not true. WLOG, we find a set £ such that f > ¢; on E for some ¢y and

0 <m(F) < oo. Then
f(@)xp(x)de = egm(E) > 0.
Rn

Take g, € C.(R™) such that gy — xg in L! and a.e. on E and |g;| < 1. By Dominated
Convergence Theorem, we have

. f(z)gx(z)dz — . f(z)xe(z)dz > 0,

which contradicts the assumption. ]

Example 4.28. f € L(]0,1]) bounded and
f 2" f(z)de =0, n>=0= f=0a.e. on[0,1].
[0,1]
Pmof Assume |f| < M. Forany e > 0, we find g € C.(R )suchthatSOl |f(x)—g(z)|dz <

Ton7- For g, we apply Weierstrass Approximation Theorem and find polynonnals pr(z) =
g on [N, N] o supp(g) such that

J lg(x) — pp(z)|de — 0, k — co.
[0,1]

Hence we can find one polynomial p(x) such that

g
g(z) —plr)|dr < — =
J 190 Pt < 7

J A a)dr < f (@) - g(@)|f(@)|de + j 19(2) — p()]| (@) |da
[0,1] [0,1]

[0,1]

dy < M—— + M- 2(z)dz = 0,
+J[01]p(>f<>x< 106 © 10M<€:>[01]f(>
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Lemma 4.29 (Riemann-Lebesgue, general version). g, are measurable on [a,b] and
satisfies

1. |ga| < M;

2. For any c € |a,b],

Then for any f € L([a,b]), we have

lim f(z)gn(z)dz = 0. (4.13)

"% Jla,b]

Proof. For any € > 0, take ¢ step function such that

3

J., 17 = et < gy
Lb o) = (@ + | otanaan
Z)\f gn(x)dz

[a;,85]

[ oo

<M x)|dz +

€
+ = <¢, for n large enough.

2(M +1) 2
O]
Lemma 4.30 (Riemann-Lebesgue, classical version). f € L(R).
lim f( Jcosnzdzr =0, lim f( ) sinnaxdx = 0. (4.14)
n—0o0 n—0o0
Proof. For any ¢, take ¢ step function with compact support. Then we have
) cos nzdz| < f |f(z x)|| cos nz|dzr + J @(x) cosnaxdx
R
sin nx |5
)|dz + Aj <e.
< | 170 - pla)lae Z <
O

Example 4.31. )\, — 0. Denote

A= {xeR: lim sin \,x exists } = m(A) = 0.
n—0o0

Proof. For any B < R bounded and measurable, define f(x) = lim, o xa(x) sin A,z. By
Dominated Convergence Theorem, we have

J f(z)dx = lim | xa(z)sinA,zdz = 0.
B

n—o0 B
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By Riemann-Lebesgue Lemma, we have

lim Xang(Z)sin \zdr — 0 = J f(z)de =0 = f(z) =0 ae. z€ B.
=% J[-N,N] B

By Dominated Convergence Theorem again, we have

1 —cos2
O_J f*(@)de = lim (XA( )sin A, z)* dz = lim XA($)Md$

n—0o0 n—o Jp 2

1 1
m(An B) — lim —J xa(z) cos 2\ zde = im(A N B).
B

n—>OO
Since B is arbitrary, we have m(A) = 0. O
Lemma 4.32. If f € L(R"), then

lim f e+ h) — fG)lde = 0. (4.15)

Proof. For every ¢ > 0, take g € C.(R") such that §, |f(z) — g(z)|dz < . Suppose
suppg < [N, N]™. Since g is uniformly continuous in [N, N|",

f lg(z + h) — g(a)|dz — J g(z + h) — g(x)|dz < 12N < S, h<d.
n [_N7N]n 3

| 1@ -p@ld < | (frn-glamlde | lgtrm-g@ldet | gt~ f@)lds <<

]

n

Corollary 4.33. If E € .# and m(F) < 4o, then m(E n E + {h}) > m(E) as h — 0.
Proof. m(E) = xgdz and m(E n E + {h}) = { xg(2)xp+ny (z)dz. Hence

m(E A B+ (b)) — m(E)| = \ [xe@nesme - [

= UXE(ZE)(XEHM (2) = xp(z))dz

JXE —xe(z+ h)|de -0, h—0.

4.4 Lebesgue Integral and Riemann Integral

Theorem 4.34. Suppose f bounded on |a,b]. Then f € R|a,b] <= discontinuous points
of f have Lebesque measure zero.

Theorem 4.35. f € R[a,b] = f € L([a,b]) and the two integerals take the same value.

Recall the notations and terminologies of Riemann integral. For Riemann integral,
we have a partition A : a = 29 < 1 < - < x, = band Ax; = v; — x;_1, A =
max{Az;},w; = SUp, ye(y; 1.1 1f (@) = f(y)]. We know that f € R[a,b] <= > wiAz; — 0
as A — 0. wy(z) = limsosupy ep, o) 1f(2) = f(y)]-
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Proof. Denote E = {discontinuous points of f} = {z|ws(z) > 0}. First we show that
m(E) = f ¢ Rla,b]. E = >, where E; = {z|ws(z) > +}. Since m(E) > 0, there
exists ko such that m(Ey,) > 0. For every partition A, we have

1 1
EWiAxi = Z wiAxi = k}_g Z AZL’Z = ]{J_Om(EkO) > 0.
(@i—1,25) "By #2 [zi—1,2i] N By #2
Next, we show that m(E) = 0 = f € R|a,b]. Notice that m([a,b\E) = m([a,b]).
For every € > 0, take F' < [a,b]\E closed such that m(([a,b]\E)\F) < ;. For every
z € I, f is continuous at z. For every e, there exists §(z) such that |f(y) — f(2)] < %
when |y — z| < 0(2). In particular, for every x,y € B(z,0(z)), we have |f(z) — f(y)| < ea.
We cover F' by (.. B(z,$50(2)). Since F is compact, there is a finite subcover F <

Uj.vzl B(zj, 156(z;)). If we denote |f| < M, then for any partition A,

ZwiAxi = Z (.UZ'A$1‘ + Z wiAl'i < SQ(b — G) + 2M€1.
[xifl,xi]ﬁF#@ [wi,1,$i]ﬁF=@
Take e, = ;57 and g5 = 2(1;;—@’ we have Y w;Ax; < e. Hence f € R[a,b]. O

Proof. Since f € R[a,b], f is bounded. We show that f is measurable. [a,b] = E U
([a,0]\F) = E U Z U Fy, where E is the set of discontinuous points of f, Z is a null set
and Fj, .

For every t € R, {z € [a,b] : f(x) >t} = {z e E: f(x)>t})) v ({r e Z: f(x) >
t}) U (Ups1iz € Fr : f(x) > t}) is measurable. Hence f and |f| is measurable and |f| is
Lebesgue integrable.

D imiAx; < f fdx:Zf fdo <Y MiAz;, m;= inf fM;= sup f.
i=1 [a,b] i=1 [a:i_l,xi] i=1 [xiflvxi] [Z'i—lami]
Since f € Rla,b], we have >, | M;Az; — SZ f(z)dz and > |, m;Az; — SZ f(x)dz as
A — 0. Hence the two integrals are equal. ]

Remark: In the future, we will not distinguish the notations of Riemann integral
and Lebesgue integral.

Caution: The above discussion fails for singular integrals.
sinac7 = (O, +OO)

Example 4.36. Take f(zx) =< *
0, z=0
and SSO SL g = 2. However, f ¢ L[0, +90). Because Sgo |Sigl°| dr =3 ., Sf;‘r“)” %dy >

2 _
2inz0 s = T

. From calculus, we know f € R[0, +0)

Example 4.37. h(z) = lsind but h ¢ L(0,1). § Llsinlde = {ysinyd (i) =

0z
@ siny
|y dy.

Lemma 4.38. Suppose Ey 1 E and f € L(Ey). If lim SEk |fldx < 400, then f € L(E)
and §, fdr = limy_ SEk fdz.

Proof. gip(x) = |f(z)|xg, 1|f(x)] on E. By Monotone Convergence Theorem, SEk |fldx =
Sploklde — §|flde — f e L(E). Now hy = fxg, — [ on E. Since |hi| < |f|, by
Dominated Convergence Theorem, we have § hydz = SEk fdz — § fdz. O

Remark: |f| € R[0,0) = f € L[0, ).
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4.5 Tonelli and Fubini Theorems

Suppose f(z,y) with x € RP, y € R? and p + ¢ = n. In calculus, we face the
problem for Riemann integrals: whether §{.. f(z,y)dady, §;, (S f(z,y)dz)dy and
$er ($go f(z,y)dy) dz are equal. We know that if | f| € R(R"), then they are well-defined
and equal.

Now we want to extend the discussion to Lebesgue integrals.

Theorem 4.39 (Tonelli). Suppose f € LT(R"), then we have
1. For a.e. yeRY, f(x,y) e LT (RP) and for a.e. x € RP, f(x,y) is in LT (R?).

2. For a.e. y e RY, h(y) = §g, f(x,y)dz and for a.e. x € RP, = (po fz,y)dy are
both in L*(R?) and LT (RP) respectively.

Theorem 4.40 (Fubini).
The proof goes by considering .# < L*(R") satisfies
(A)

we will study the properties of .# and eventually prove .% = LT (R™). Step 1: Define .Z.
Step 2:

Lemma 4.41. 1. fe.¥% = af € ¥ for every a = 0.
2. fge F — f+ge 7.
3. fLge F,f—g=0andge L(R") = f—ge F
4 ke F it fonR"= feF
5. freZ, fxl fand e LR") = feF

Proof. (1)(2): follows from definition.

(3):
O

Step3: % = L*(R™). We reduce the proof to consider only characteristic functions
because of (1)(2)(4).

Now we consider F € ., starting with single case to the general case.

Case 1: E = I, x Iy, where I; < RP, [, < R? are both rectangles.

Case 2:

Case 3:

Case 4: E is null. E < Gy, where Gy, is open and m(Gy) < 1. Then E ¢ H =
Nz Gx. We verify (A)(B)(C) for H and then for E. Use Case 4 for H.

Case 5: F € #. Then E = G\Z, where G is a G5 set and xg = xg — xz = 0. Since
Xas Xz € F, X, € L(R™), we have xp € Z.

Step 5: Proof of Fubini Theorem. f e L(R") = f* e LT(R") n L(R").

Remark:
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1. Tonelli Theorem fails for Riemann integrals. Consider E < [0, 1]? such that dense,
countable and intersects with horizontal and vertical lines at most one point. Take

f(x,y) = xe(x,y), then f ¢ R([0,1]?).

[ stz =0= [ sy
:Ll (Llf(x,y)dx) dyzOle (Llf(x,y)dy) dz — 0.

Let’s construct E. Denote Q = Q n [0,1]? = {(x;,v:)}2,. Take (T1,71) = (21,91)
and take (%2,92) € Q@ N B ((22,92), 3) such taht it does not lie on the horizontal
and vertical lines decided by (Z1,91). Generally, take (Z,,7,) € 2 n B ((a:n, Yn) 1)

‘n
such that it does not lie on the horizontal and vertical lines through (Z;,7;),i =

1,2, n—1.
E = {(Tn,Un)}>_, is dense. That’s because for any (z,y) € [0,1]*> and any ¢ > 0,
take ng > 2.

2. Even if the iterated integral exists and equal, it is not necessarily true that f €
L(R™). Sierpinski construct non-measurable set in R? such that the set intersects
with horizontal /vertical lines at most twice, then xg will be our example.

3. There exists examples of non integerable functions such that has iterated integrals

but not equal. Consider f(z,y) = (I;Jr—y)z on [0,1]?. We have

' Yy ! 1 ! ! T
J, st = () = e = [ ([ smn) o=
1 T 1 1 1 1 T

Proposition 4.42. For any E € .#(R"), f(z,y) = xg(z,y) € LT(R™). Then for a.e.
y e R, xp(v,y) € LT (RP) and for a.e. v € RP, xp(z,y) € L, (RY).

Proof. BV = {x e R? : (x,y) € E} and E, = {y € R? : (z,y) € E}. Fix z, xp(z,y) =
xe.(y). Fix y, xp(r,y) = xp(2).

m(E.) - f xle)dy e LR, m(E) = | xple.p)de € LY ()

Jf xe(r)dr = pr m(E,)dr = JRq m(EY)dy < +oo.
[

Remark: Converse is not true. Consider Sierpinski’s example. F,, EY are sets of three
kinds, &, one points and two points. Hence E,, EY are measurable for all x,y. However,
FE is non-measurable.

We provide an easier case. E = [0,1] x N, where N is non-measurable set. EY =

{reR: (z,y) €[0,1] x N} = {[071], yeN

, but E' is not measurable, since £, = N
@, y¢ N
non-measurable.
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Lemma 4.43. FE, € # (RP), Ey € # (R?). Then

Ey x By e #(R"), m(E; x Ey) = m(Ey)m(E>).
Proof. B, = (Ufo:1 E) uZ,FEy = (U;Ozl Kj> u W, where F;, K; are closed sets and Z, W
are null. Then F; x F5 is a countable union of sets of the type A x B, where A, B are
closed or null.

Case 1: A, B are closed. Then A x B is closed in R", hence measurable.
Case 2: m(A) < oo and m(B) = 0. Find L-cover for A, B such that for any ¢,

a0 a0 0 a0
Ac|Jn, Y Il<m@) +e, Be |, YAl <e
j=1 j=1 k=1 k=1

AchU1><Jk:>m (A x B) 2|I||Jk (A) + 1)e.

k=1 k=1
Notice
XEixEs (T, Y) = XE, (%) - XE, ()
By Tonelli Theorem, we have the conclusion. ]

Now we introduce convolution.

Definition 4.44. f g are measurable functions on R". If

fn (f(z—y)g(y)) dy

exists for a.e. x € R", then we define the convolution of f and ¢ as

(f*g)(z) = . flz —y)g(y)dy. (4.16)

Remark: fxg=g=f.
Theorem 4.45. f,g € L(R") = f =g exists for a.e. x and f+ge€ L(R™). Furthermore,

[t awiae < ([ 1) ([ o). (@17

Proof. |f(z —v)g(y)| = F(x,y) € LT (R?*). By Tonelli Theorem,

HF(x,y)dfcdy = fRn (fR fz - y)g(y)\dx> dy = fRn |f(2)|d JR |9(y)|dy < +c0.

Hence for a.e. x,

fn |f(x —y)g(y)|dy < +oo, J |f(x —y)g(y)|dy € L(R").

n

A= 0)gl)dy
Also f = g e L(R") and

[ 1wt < [[16 = nawiasay = ([ 1rlas) ([ 1atwiar).

R2n

< fn lf(x —y)g(y)|dy < +o0 a.e. z.
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4.5 Tonelli and Fubini Theorems 4 LEBESGUE INTEGRAL

Lemma 4.46. f € L(R") and g is bounded and measurable. Then F(x) = {,, f(z —
y)g(y)dy is uniformly continuous.

Proof. Assume |g| < M. Since |f(z — y)g9(y)| < M|f(z —y)|, F(z) is well-defined for
every .

F(z+h) — F(z)| < f @+ h—y) — fz—)llg(y)ldy

n

<M | |fe+h-y)-flx—y)ldy—>0, h—0.

R

48



5 LEBESGUE DIFFERENTIATION THEORY

5 Lebesgue Differentiation Theory

Recall we have the following facts for Riemann integral:

1. If f € R[a,b] and f is continuous at zg € [a, b], then

7) = ff(t)dt e Cla, ]

and F' is differentiable at xy with F'(xo) = f(z0).

2. f is differentiable on [a,b] and
frerlet] — [ £ = f0) - fla).

An easier case is f € C'[a,b], which is the Fundamental Theorem of Calculus. In our
case, for any partition A :a =xg <1 < -+ <z, = z of [a, z], we have

9= 1@ = B0 S = D @Aaaff A0,
i=1 i=1
Now we want to generalize the above results to Lebesgue integral.

5.1 Lebesgue Differentiation Theorem

7) :ff(t)dt, f e L([a,b]).

F(:v+h J i) %Johf($+t)dt

We can generalize the above discussion to

1

_— dt.
B 0)] Sy IO

Or more generally for x € B, and |B,| — 0 as r — 0,

1
|B:| Jg,

f(t)de
Theorem 5.1. f € LY(R"). Then for a.e. x € R",

B 5 J (o) = Jl). (5.1)

Remark:

1. L (R") = {f : measurable and f € L(K) for every compact K < R"}. The
above theorem also holds for f € L (R").
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5.1 Lebesgue Difterentiation ThebrethEBESGUE DIFFERENTIATION THEORY

2. If f e C(R"), the result is trivial. When ¢ is small enough,

el UCRELE

Definition 5.2. The Hardy-Littlewood maximal function of f € L} _(R") is defined
as

M) = sup s ,BM ‘ f . (5.2)
Lemma 5.3. )
A, = d
PO = 10w S T

is a continuous function for (x,r) € R™ x R,.

Proof. For any (xg,79) € R™ x R, , consider any (xy,yr) — (zo,70). We have

O

Lemma 5.4. M f is measurable.

Proof. For any t € R,

freR:Mf(z)>t}= ] {zeR: A|fl(x) > t}.
reQ+
O
Remark: Even if f € L(R"™), usually M f ¢ L(R").
Lemma 5.5 (Vitali Covering Lemma, Version 1). By, -+, By are finite many open balls

in R™. Then there exists a subcollection of disjoint balls B;,, B;,,- - , B;, such that

=1

Proof. Notice that if B(xy,r1) 0 B(xa,79) # @ and r1 > rg, then B(xg,15) < B(x1,3r1).

Take B;, to be the ball with the largest radius and kick out all balls that intersect with
B;,. Repeat the process until no balls are left, then we get disjoint balls B;,, B;,, - - , B;,
such that

N k N k
UBiCUBBij=m<U ) Z (3B;,) = 3" > m(Bj)).

Lemma 5.6 (Vitali Covering Lemma, Version 2). {B,,«a € A} is a collection of open
balls. For any ¢ < m(|J,cp Ba), we can find finite disjoint subcollection B;,, By, -+ , B,

such that
m ( Bai) > =
3

aeN

iC-



5.1 Lebesgue Difterentiation ThebrethEBESGUE DIFFERENTIATION THEORY

Proof. We can find a compact set K < |J ., Ba such that ¢ < m(K) < m(J.,cp Ba)
We find finite subcover for K such that K < Uf\il B,,. By Version 1, we can find disjoint
subcollection B;,, B,,,- -, B;, such that

L

L
1 1 c

]

Theorem 5.7 (Maximal Function Theorem). For any f € L(R"), there exists a constant
C such that o

m({xeR": Mf(z) > a}) < Efn |f(x)|dx. (5.3)

Proof. For a« > 0, denote E, = {z € R" : Mf(x) > a}. For any x € E,, there exists
ry > 0 such that

A1) = 5 J Dy > o

Then {B(z,r,) : © € E,} is a cover of E,. By Vltah Covering Lemma, for any ¢ <
m (Upep, B(x,72)), we find disjoint balls B(z;, ;) such that

N
QC
|m%m>7=ﬁ' F@ldy = o [Blanr)| = 2.
Z 3 UY., Blairs) 2 3

i=1

Let C — m(U,ep, B(¥,72)), we have

M&Km<UB@mO<XJJMMy

xeF,

Theorem 5.8. For any f € L(R™), we have lim,_,o A, f(z) = f(x) for a.e. x.
Remark: If

Definition 5.9. ¢ is measurable if

m ({})

Example 5.10. g(x) = l L ¢ LY(R), but g(z) € LY*(R).

Proof. Notice if g € C(R"), then lim,_,q A,g(z) = g(x). Given f € L(R"), for any ¢ > 0,
we can find g € C.(R") such that §,, |f(z) — g(z)|dz <e. Then

L&ﬂm—fx|=h§;BTB(5ﬂw—fu»@|
xr|f 90|+ l9(9) — 9(@)| +|9(x) — F(@)dy
< Alf gl Ir|f | 19(0) ~g(@)ldy + loe) — S @)

o1



5.1 Lebesgue Difterentiation ThebrethEBESGUE DIFFERENTIATION THEORY

limsup |4, /() — f(2)] < M(f - g)(z) + lg(z) — f(@)].

r—0

Denote

Er = {z e R" : limsup |A, f(x) — f(zx)| > %}
r—0

c{reR": M(f—g)(x)> i}u{xeR”ﬂg(w)—ﬂxﬂ > % :

0

Definition 5.11. f e L] _(R"). A point z € R" is called a Lebesgue point of f if

(a0~ Tl =0 (5.4)
Denote Ly be the set of all Lebesgue points of f.
Theorem 5.12.
m(L$) = 0.

Proof. For any ce Q, |f(z) — c| € L] (R™). By

]

Remark: For any r > 0, consider £, < R™ measurable such that E, < B(z,r) and
m(FE,) = C|B(z,r)| for some constant C' > 0. Then for a.e. x € R™,
Application: Define supp(f) = {x € R™: f(z) # 0}. Then supp(f = g) < supp(f)+

supp(9)-
Lemma 5.13. f € L(R"), g € C¥(R") and |0%g] < M for all|a| < k. Then f+g e C*(R")

and

0(f=g)=f=(0%), laf<k.
Proof. We only prove the case k = 1. Fix z € R” and consider h — 0,

(f = g)(x + he;) — (f = g)(z) g(x + he; —y) — glx —y)
: - [ ( / )

Since g € C'(R"), we have

‘g(x+h6¢—y)—g(ﬂs—y)’

h = |ang(x —y+ eh(il)’ <M

for some 6 € (0,1). O
Consider ¢ € CZ(R") such that §,, ¢ = 1 and ¢.(z) = Z¢ (£). This kind of function

e<|x|2%1), x| <1

exists, for example, ¢(z) =
0, lz| =1

Theorem 5.14. f € L(R™). Then
hr%f * e = f
in L(R™) and for any x € Ly.
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5.1 Lebesgue Difterentiation ThebrethEBESGUE DIFFERENTIATION THEORY

Proof.
Feoua) = 1) = [ 6. —y)~ Sy

- | o) —en) - flana

By Fubini Theorem,

If * de — fllo@n) = f N (2)(f(z —e2) — f(z))dz|dz
< [ o ([ 176 - 29 - flar) as
R" R”
lim [¢(2)| . |f(z—ez)=f(x)|dz = 0, [¢(2)| . |[f(z—ez)=f(2)|dz < 2|¢(2)] . |f ()|dz.
By Dominated Convergence Theorem, we have the conclusion. ]
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