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1 BASIC LAW OF THERMODYNAMICS

1 Basic Law of Thermodynamics

1.1 Equation of State
Definition 1.1. The thermal expansion coefficient α, the pressure coefficient β
and the isothermal compressibility κT are defined as

α “
1

V

ˆ

BV

BT

˙

p

, β “
1

p

ˆ

Bp

BT

˙

V

, κT “ ´
1

V

ˆ

BV

Bp

˙

T

(1.1)

By fpp, V, T q “ 0 we have
ˆ

Bp

BT

˙

V

ˆ

BT

BV

˙

p

ˆ

BV

Bp

˙

T

“ ´1, α “ κTβp (1.2)

To more accurately describe the state of real gases, we have the following equations of
state.

Proposition 1.2 (Van der Waals Equation).
ˆ

p ` a
n2

V 2

˙

pV ´ nbq “ nRT (1.3)

where a, b are determined by experiments.

Proposition 1.3 (Onnes Equation).

p “
nRT

V

ˆ

1 `
n

V
BpT q `

n2

V 2
CpT q ` ¨ ¨ ¨

˙

(1.4)

1.2 The First Law
Proposition 1.4 (First Law of Thermodynamics).

dU “ đQ ` đW (1.5)

1.3 Heat Capacity and Enthalpy
Definition 1.5. The heat capacity C, molar heat capacity Cm and specific heat
capacity c are defined as

C “ lim
∆TÑ0

∆Q

∆T
“

đQ
dT

, Cm “
C

n
, c “

C

m
. (1.6)

The heat capacity at constant volume CV and at constant pressure Cp are defined as

CV “

ˆ

BQ

BT

˙

V

, Cp “

ˆ

BQ

BT

˙

p

. (1.7)

Definition 1.6. The enthalpy H is defined as

H “ U ` pV (1.8)

Then, we have

Cp “ lim
∆TÑ0

∆Q

∆T
“ lim

∆TÑ0

∆U ` p∆V

∆T
“ CV ` p

ˆ

BV

BT

˙

p

“

ˆ

BH

BT

˙

p

. (1.9)
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1 BASIC LAW OF THERMODYNAMICS

1.4 Internal Energy of Ideal Gas
Proposition 1.7 (Joule’s Law). The internal energy of an ideal gas is determined solely
by its temperature and independent of volume, i.e. U “ UpT q.

By Joule’s law and assuming constant heat capacity, we have

U “ U0 `

ż

dU “ U0 `

ż

CV dT “ U0 ` CV T. (1.10)

Similarly, for enthalpy we have

H “ H0 `

ż

CpdT “ H0 ` CpT. (1.11)

By pV “ nRT , we have
Cp ´ CV “ nR, γ “

Cp

CV

. (1.12)

Therefore,
CV “

nR

γ ´ 1
, Cp “

γnR

γ ´ 1
. (1.13)

1.5 Adiabatic Process of Ideal Gas
For an adiabatic process, we have đQ “ 0, thus

dU ´ đW “ CV dT ` pdV “
nR

γ ´ 1
dT ` pdV “

1

γ ´ 1
pγpdV ` V dpq “ 0.

Integrating the above equation gives

pV γ “ const, TV γ´1 “ const, T γ

pγ´1
“ const. (1.14)

1.6 Carnot Cycle of Ideal Gas
Definition 1.8. The efficiency η of a heat engine is defined as

η “
W

Q1

“ 1 ´
Q2

Q1

(1.15)

where Q1 is the heat absorbed from the hot reservoir, Q2 is the heat released to the cold
reservoir, and W is the work done by the engine. And the coefficient of performance
ε of a refrigerator is defined as

ε “
Q2

W
“

Q2

Q1 ´ Q2

(1.16)

For a Carnot cycle, we consider the following four processes:

(1) Isothermal expansion at T1: pV “ nRT1, V1 Ñ V2, Q1 “ ´W1 “
şVB

VA
pdV “

nRT1 ln
V2

V1
.

(2) Adiabatic expansion: Q “ 0.
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1 BASIC LAW OF THERMODYNAMICS

(3) Isothermal compression at T2: pV “ nRT2, V3 Ñ V4, Q2 “ nRT2 ln
V3

V4
, W3 “ ´Q2.

(4) Adiabatic compression: Q “ 0.

By TV γ´1 “ const, we have
η “ 1 ´

T2

T1

ă 1. (1.17)

Similarly, for a Carnot refrigerator, we have

ε “
T2

T1 ´ T2

. (1.18)

1.7 The Second Law
The second law of thermodynamics can be stated in two equivalent ways.

Proposition 1.9 (Kelvin’s Statement). It is impossible to construct a device that operates
in a cycle and produces no effect other than the extraction of heat from a single reservoir
and the performance of an equivalent amount of work.

Proposition 1.10 (Clausius’ Statement). It is impossible to construct a device that
operates in a cycle and produces no effect other than the transfer of heat from a cooler
body to a hotter body.

1.8 Carnot Theorem
Theorem 1.11 (Carnot Theorem). No engine operating between two heat reservoirs can
be more efficient than a Carnot engine operating between the same reservoirs.

All Carnot engines operating between the same two heat reservoirs have the same
efficiency.

1.9 Temperature Scale
The efficiency of a Carnot engine depends only on the temperatures of the two reser-

voirs and so does the heat, then we have

Q2

Q1

“ F pθ1, θ2q,

where θ is the temperature measured by a certain scale.
Assume there is another Carnot engine operating between θ3 and θ1, then we have

Q1

Q3

“ F pθ3, θ1q.

By combining the two engines, we have

Q2

Q3

“ F pθ3, θ2q, F pθ1, θ2q “
F pθ3, θ2q

F pθ3, θ1q
.

Since θ3 is arbitrary, we can write F pθ1, θ2q “
fpθ2q

fpθ1q
. And we choose a temperature scale

such that fpT ˚q ∝ T ˚, then we have Q2

Q1
“

T˚
2

T˚
1

. This temperature scale is called the
absolute temperature scale.

5



1 BASIC LAW OF THERMODYNAMICS

1.10 Clausius’ Theorem
Theorem 1.12 (Clausius’s Theorem). For any cyclic process, we have

Q1

T1

`
Q2

T2

ď 0,
n

ÿ

i“1

Qi

Ti

ď 0. (1.19)

In other words,
¿

đQ
T

ď 0. (1.20)

The equality holds if and only if the process is reversible.

Proof.
η “ 1 ´

Q2

Q1

ď 1 ´
T2

T1

ùñ
Q1

T1

`
Q2

T2

ď 0.

1.11 Entropy
By Clausius’s theorem,

şB

A
đQ
T

is independent of the path from A to B.

Definition 1.13. The entropy S is defined as

SpBq ´ SpAq “

ż B

A

đQ
T

. (1.21)

Then we have the fundamental thermodynamic equation

dS “
dU ` pdV

T
, dU “ TdS ´ pdV, dU “ TdS `

ÿ

i

Yidyi. (1.22)

For an ideal gas, we have

dS “
dU ` pdV

T
“

CV

T
dT `

nR

V
dV, S “ CV lnT ` nR lnV ` S0. (1.23)

Similarly, we have
S “ Cp lnT ´ nR ln p ` S0. (1.24)

From a microscopic point of view, we have

S “ k lnW, (1.25)

where W is the number of microstates corresponding to the macrostate.
By Clausius’s theorem

şA

B
đQr

T
`

şB

A
đQ
T

ď 0, we have

SB ´ SA “

ż B

A

đQr

T
ě

ż B

A

đQ
T

.

By dS ě
đQ
T

, we have
dU ď TdS ´ pdV.

6



1 BASIC LAW OF THERMODYNAMICS

Theorem 1.14 (Principle of Entropy Increase). For an isolated system, we have

SB ´ SA ě 0. (1.26)

The equality holds if and only if the process is reversible.

Proof. For equilibrium states A and B, we have Q “ 0, we have

SB ´ SA ě

ż B

A

đQ
T

“ 0.

For general cases, we can divide the system into n subsystems, each of which is isolated
and goes from equilibrium state Ak to Bk. Then we have

ż B

A

đQ
T

`

n
ÿ

k“1

ż Bk

Ak

đQr

T
ă 0 ùñ

n
ÿ

k“1

SBk
´

n
ÿ

k“1

SAk
ą

ż B

A

đQ
T

ùñ SB ´ SA ě 0.

1.12 Free Energy and Gibbs Function
Definition 1.15. The free energy F is defined as

F “ U ´ TS. (1.27)

By dF “ dU ´ TdS ´ SdT ď ´SdT ` đW , we have the maximum work principle.

Proposition 1.16 (Maximum Work Principle). For a system at constant temperature,
the maximum work obtainable from the system is equal to the decrease in its free energy.

Proposition 1.17 (Free Energy Criterion). For a system at constant temperature and
volume, the free energy never increases and always decreases for irreversible processes.
The equilibrium state is the state of minimum free energy.

Definition 1.18. The Gibbs function G is defined as

G “ F ` pV “ U ´ TS ` pV. (1.28)

Hence, we have dG “ dU ´ TdS ´ SdT ` V dp ` pdV ď ´SdT ` V dp. For a system
at constant temperature and pressure, we have G ď 0.

Proposition 1.19 (Gibbs Function Criterion). For a system at constant temperature
and pressure, the Gibbs function never increases and always decreases for irreversible
processes. The equilibrium state is the state of minimum Gibbs function.
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2 HOMOGENEOUS SUBSTANCES

2 Homogeneous Substances

2.1 Internal Energy, Enthalpy, Free Energy and Gibbs Function
Since dU “ TdS ´ pdV , we have

T “

ˆ

BU

BS

˙

V

, p “ ´

ˆ

BU

BV

˙

S

ùñ

ˆ

BT

BV

˙

S

“ ´

ˆ

Bp

BS

˙

V

. (2.1)

Since dH “ TdS ` V dp, we have

T “

ˆ

BH

BS

˙

p

, V “

ˆ

BH

Bp

˙

S

ùñ

ˆ

BT

Bp

˙

S

“

ˆ

BV

BS

˙

p

. (2.2)

Since dF “ ´SdT ´ pdV , we have

S “ ´

ˆ

BF

BT

˙

V

, p “ ´

ˆ

BF

BV

˙

T

ùñ

ˆ

BS

BV

˙

T

“

ˆ

Bp

BT

˙

V

. (2.3)

Since dG “ ´SdT ` V dp, we have

S “ ´

ˆ

BG

BT

˙

p

, V “

ˆ

BG

Bp

˙

T

ùñ

ˆ

BS

Bp

˙

T

“ ´

ˆ

BV

BT

˙

p

. (2.4)

These four equations are called the Maxwell relations.

2.2 Simple Applications of Maxwell Relations
Proposition 2.1.

Cp ´ CV “ T

ˆ

Bp

BT

˙

V

ˆ

BV

BT

˙

p

“ TpV αβ “
TV α2

κT

. (2.5)

Proof. Since dU “ TdS ´ pdV and dS “
`

BS
BT

˘

V
dT `

`

BS
BV

˘

T
dV , we have

CV “

ˆ

BU

BT

˙

V

“ T

ˆ

BS

BT

˙

V

,

ˆ

BU

BV

˙

T

“ T

ˆ

BS

BV

˙

T

´ p “ T

ˆ

Bp

BT

˙

V

´ p. (2.6)

Since dH “ TdS ` V dp, we have

Cp “

ˆ

BH

BT

˙

p

“ T

ˆ

BS

BT

˙

p

,

ˆ

BH

Bp

˙

T

“ T

ˆ

BS

Bp

˙

T

` V “ V ´ T

ˆ

BV

BT

˙

p

. (2.7)

Therefore,

Cp ´ CV “ T

˜

ˆ

BS

BT

˙

p

´

ˆ

BS

BT

˙

V

¸

“ T

ˆ

Bp

BT

˙

V

ˆ

BV

BT

˙

p

“ TpV αβ “
TV α2

κT

.

For ideal gases, we have Cp ´ CV “ nR.
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2 HOMOGENEOUS SUBSTANCES

2.3 Joule-Thomson Process
Consider a steady flow of gas through a porous plug from a region of high pressure

p1 to a region of low pressure p2. Assume the process is adiabatic, then we have

U2 ´ U1 “ p1V1 ´ p2V2 ùñ H1 “ H2. (2.8)

Definition 2.2. The Joule-Thomson coefficient µ is defined as

µ “

ˆ

BT

Bp

˙

H

. (2.9)

Proposition 2.3. In a Joule-Thomson process, we have

µ “ ´

´

BH
Bp

¯

T
`

BH
BT

˘

p

“
1

Cp

˜

T

ˆ

BV

BT

˙

p

´ V

¸

“
V

Cp

pTα ´ 1q. (2.10)

For ideal gases, T “ 1
α

and µ “ 0. For real gases, µ is positive if T ă 1
α

and negative
if T ą 1

α
. The curve α “ 1

T
is called the inversion curve and 1

α
is called the inversion

temperature.
For Onnes equation p “ nRT

V

`

1 ` n
V
BpT q

˘

, where n
V
BpT q ! 1, by substituting n

V
“

p
RT

, we have

V “ n

ˆ

RT

p
` BpT q

˙

ùñ µ “
n

Cp

ˆ

T
dB

dT
´ B

˙

. (2.11)

Consider the adiabatic expansion of the gas. If the process is quasi-static, then we
have dS “

`

BS
BT

˘

p
dT `

´

BS
Bp

¯

T
dp “ 0, hence we have

µS “

ˆ

BT

Bp

˙

S

“ ´

´

BS
Bp

¯

T
`

BS
BT

˘

p

“
T

Cp

ˆ

BV

BT

˙

p

“
V Tα

Cp

ą 0. (2.12)

2.4 Basic Thermodynamical Functions
Taking T and V as state variables, we have

U “

ż
ˆ

CV dT `

ˆ

T

ˆ

Bp

BT

˙

V

´ p

˙

dV

˙

` U0, S “

ż
ˆ

CV

T
dT `

ˆ

Bp

BT

˙

V

dV

˙

` S0.

(2.13)

Proposition 2.4. If we know C0
V at some volume, then we can calculate CV at any

volume by

CV “ C0
V ` T

ż V

V0

ˆ

B2p

BT 2

˙

V

dV. (2.14)

Proof. Since CV “ T
`

BCV

V

˘

V
, we have

ˆ

BCV

BV

˙

T

“

ˆ

BT

BV

˙

T

ˆ

BCV

BT

˙

V

`T

ˆ

B

BV

ˆ

BS

BT

˙

V

˙

T

“ T

ˆ

B

BT

ˆ

BS

BV

˙

T

˙

V

“ T

ˆ

B2p

BT 2

˙

V

9



2 HOMOGENEOUS SUBSTANCES

Taking T and p as state variables, we have

H “

ż

˜

CpdT `

˜

V ´ T

ˆ

BV

BT

˙

p

¸

dp

¸

` H0, S “

ż

˜

Cp

T
dT ´

ˆ

BV

BT

˙

p

dp

¸

` S0.

(2.15)
And U can be obtained by U “ H ´ pV .

Proposition 2.5. If we know C0
p at some pressure, then we can calculate Cp at any

pressure by

Cp “ C0
p ´ T

ż p

p0

ˆ

B2V

BT 2

˙

p

dp. (2.16)

Proof. Since Cp “ T
`

BS
BT

˘

p
, we have

ˆ

BCp

Bp

˙

T

“

ˆ

BT

Bp

˙

T

ˆ

BCp

BT

˙

p

` T

˜

B

Bp

ˆ

BS

BT

˙

p

¸

T

“ T

ˆ

B

BT

ˆ

BS

Bp

˙

T

˙

p

“ ´T

ˆ

B2V

BT 2

˙

p

2.5 Characteristic Functions
Theorem 2.6 (Massieu). Taking independent variables properly, from one thermodynam-
ical function, we can derive all the thermodynamical functions by partial differentiation.

Definition 2.7. Thermodynamical functions in Theorem 2.6 are called characteristic
functions, including UpS, V q, HpS, pq, SpU, V q, F pT, V q and GpT, pq.

Proposition 2.8. Gibbs-Helmholtz equation is given by

S “ ´
BF

BT
ùñ U “ F ´ T

BF

BT
, H “ G ´ T

BG

BT
. (2.17)

2.6 Thermodynamics of Magnetic Medium
Denote the magnetization by M and the magnetic field intensity by H , then m “

MV is the total magnetic moment.

Proposition 2.9 (Curie Law). For a paramagnetic substance, we have

m “
CV

T
H . (2.18)

where C is the Curie constant.

If the system does not contain magnetic fields and volume work, then we have

đW “ µ0V H dm.

By substituting p Ñ µ0H and V Ñ m, we have

dU “ TdS ` µ0H dm ùñ

ˆ

BT

Bm

˙

S

“ µ0

ˆ

BH

BS

˙

m

. (2.19)

10



2 HOMOGENEOUS SUBSTANCES

Similarly, we have the following Maxwell relations:

dH “ TdS ` ´mµ0dH ùñ

ˆ

BT

BH

˙

S

“ ´µ0

ˆ

Bm

BS

˙

H

, (2.20)

dF “ ´SdT ` µ0H dm ùñ

ˆ

BS

Bm

˙

T

“ ´µ0

ˆ

BH

BT

˙

m

. (2.21)

dU “ ´SdT ` ´µ0mdH ùñ

ˆ

BS

BH

˙

T

“ µ0

ˆ

Bm

BT

˙

H

. (2.22)

Fixing the magnetic field, we have the capacity of magnetic medium

CH “ T

ˆ

BS

BT

˙

H

. (2.23)

Then we have
ˆ

BT

BH

˙

S

“ ´

ˆ

BS

BH

˙

T

ˆ

BT

BS

˙

H

ùñ

ˆ

BT

BH

˙

S

“ ´
µ0T

CH

ˆ

Bm

BT

˙

H

. (2.24)

Proposition 2.10 (Magnetocaloric Effect). When the magnetic field is decreased adia-
batically, the temperature of a paramagnetic substance decreases.

Proof. Supppose that the magnetic media follows the Curie law m “ CV
T

H , then we
have

ˆ

BT

BH

˙

S

“ ´
µ0T

CH

ˆ

Bm

BT

˙

H

“
CV

CH T
µ0H ą 0.

Proposition 2.11. If we consider the change of volume, then we have
ˆ

BV

BH

˙

T,p

“ ´µ0

ˆ

Bm

Bp

˙

T,H

. (2.25)

This Maxwell relation describes the relationship between magnetostriction and the pres-
sure dependence of magnetization.

Proof.

dG “ ´SdT ` V dp ´ µ0H dm ùñ V “

ˆ

BG

Bp

˙

T,H

, ´µ0m “

ˆ

BG

BH

˙

T,p

.

11



3 PHASE TRANSITION OF ONE COMPONENT SYSTEMS

3 Phase Transition of One Component Systems

3.1 Equilibrium Criterion
Consider the Taylor expansion of U :

∆U “
dU

dx
δx `

1

2

d2U

dx2
δx2 ` ¨ ¨ ¨ .

The equilibrium condition is given by dU
dx

“ 0. The stability condition is given by

• d2U
dx2 ą 0 ùñ stable or metastable equilibrium

• d2U
dx2 ă 0 ùñ unstable equilibrium;

• d2U
dx2 “ 0 ùñ neutral equilibrium.

Proposition 3.1. By the stability condition of U , we have stability conditions of other
thermodynamical functions:

δ2S ă 0, δ2F ą 0, δ2G ą 0, δ2U ą 0, δ2H ą 0. (3.1)

For an isolated homogeneous system, consider any small part of the system as the
subsystem and the rest as the medium,

#

U ` U0 “ constant
V ` V0 “ constant

ùñ

#

δU ` δU0 “ 0

δV ` δV0 “ 0
. (3.2)

Medium

T0, p0

Subsystem
T, p

Proposition 3.2. The equilibrium conditions are given by

T “ T0, p “ p0. (3.3)

Proof. The change of entropy is given by

∆S “ δS `
1

2
δS2, ∆S0 “ δS0 `

1

2
δS2

0 .

By the equilibrium condition, the entropy should reach maximum at equilibrium, hence
δS ` δS0 “ 0. Then we have

δS ` δS0 “
δU ` pδV

T
`

δU0 ` p0δV0

T0

“

ˆ

1

T
´

1

T0

˙

δU `

ˆ

p0
T0

´
p

T

˙

δV “ 0.

Since δU and δV are independent, we have

T “ T0, p “ p0.

12



3 PHASE TRANSITION OF ONE COMPONENT SYSTEMS

Proposition 3.3. The stability conditions are given by

CV ą 0,

ˆ

Bp

BV

˙

T

ă 0. (3.4)

Proof. Since the subsystem is much smaller than the medium, the maximum entropy
condition requires

δ2S ` δ2S0 « δ2S “

ˆ

B2S

BU2

˙

δU2 `

ˆ

B2S

BV 2

˙

δV 2 ` 2

ˆ

B2S

BUBV

˙

δUδV ă 0.

Since
`

BS
BU

˘

V
“ 1

T
and

`

BS
BV

˘

U
“

p
T

, we have

δS2 “

ˆ

B

BU

ˆ

1

T

˙

δU `
B

BV

ˆ

1

T

˙

δV

˙

δU `

ˆ

B

BU

´ p

T

¯

δU `
B

BV

´ p

T

¯

δV

˙

δV

“

ˆ

δ

ˆ

1

T

˙˙

δU `

´

δ
´ p

T

¯¯

δV “ ´
1

T 2
δT

ˆ

CV δT `

ˆ

T

ˆ

Bp

BT

˙

V

´ p

˙

δV

˙

`

ˆˆ

1

T

ˆ

Bp

BT

˙

V

´
p

T 2

˙

δT `
1

T

ˆ

Bp

BV

˙

TδV

˙

δV “ ´
CV

T 2
δT 2 `

1

T

ˆ

Bp

BV

˙

T

δV 2 ă 0

3.2 Thermodynamic Fundamental Equations of Open Systems
Definition 3.4. A one component system is a thermodynamical system consisting
of only one chemical substance. A multiphase system is a thermodynamical system
which is not homogeneous, but consists of several homogeneous parts.

For an open system, the amount of substance is changing, then we have

dG “ ´SdT ` V dp ` µdn, (3.5)

where µ is the chemical potential defined by

µ “

ˆ

BG

Bn

˙

T,p

. (3.6)

Since GpT, p, nq “ nGmpT, pq, we have

µ “

ˆ

BG

Bn

˙

T,p

“ Gm. (3.7)

Proposition 3.5.

S “ ´

ˆ

Bµ

BT

˙

p,n

, V “

ˆ

Bµ

Bp

˙

T,n

, µ “

ˆ

BG

Bn

˙

T,p

.

ˆ

BS

Bp

˙

T,n

“ ´

ˆ

BV

BT

˙

p,n

,

ˆ

BS

Bn

˙

T,p

“ ´

ˆ

Bµ

BT

˙

p,n

,

ˆ

BV

Bn

˙

T,p

“

ˆ

Bµ

Bp

˙

T,n

. (3.8)

Definition 3.6. The grand potential J is defined as

JpT, V, µq “ F ´ µ. (3.9)

13



3 PHASE TRANSITION OF ONE COMPONENT SYSTEMS

Then we have
dJ “ ´SdT ´ pdV ´ ndµ. (3.10)

Proposition 3.7.

S “ ´

ˆ

BJ

BT

˙

V,µ

, p “ ´

ˆ

BJ

BV

˙

T,µ

, n “ ´

ˆ

BJ

Bµ

˙

T,V

.

ˆ

BS

BV

˙

T,µ

“

ˆ

Bp

BT

˙

V,µ

,

ˆ

BS

Bµ

˙

T,V

“

ˆ

Bn

BT

˙

V,µ

,

ˆ

Bp

Bµ

˙

T,V

“

ˆ

Bn

BV

˙

T,µ

. (3.11)

3.3 Multiphase Equilibrium Condition of One Component Sys-
tems

Consider an isolated one component system consisting of two phases α and β.

Proposition 3.8. The equilibrium conditions are given by

T α “ T β, pα “ pβ, µα “ µβ. (3.12)

Proof.
$

’

&

’

%

Uα ` Uβ “ constant
V α ` V β “ constant
nα ` nβ “ constant

,

$

’

&

’

%

δUα ` δUβ “ 0

δV α ` δV β “ 0

δnα ` δnβ “ 0

,

#

δSα “
δUα`pαδV α´µαδnα

Tα

δSβ “
δUβ`pβδV β´µβδnβ

Tβ

.

By the equilibrium condition, we have δSα ` δSβ “ 0. Hence we have the conclusion.

If the equilibrium conditions are not satisfied, then the system will spontaneously
evolve towards the direction that increases the total entropy.

• T α ‰ T β ùñ heat transfer from high temperature phase to low temperature phase;

• pα ‰ pβ ùñ volume of high pressure phase will increase while that of low pressure
phase will decrease;

• µα ‰ µβ ùñ substance transfer from high chemical potential phase to low chemical
potential phase.

3.4 Equilibrium Properties of One Component Multiphase Sys-
tems

Given T and p, the stable phase is the one with the lowest µ.
If two phases coexist at equilibrium, then they have the same µ, T and p. Only one

of T, p is independent along the coexistence curve of two phases. Since µα “ µβ, two
phases can coexist at any amount ratio and the Gibbs function will not change, hence
the system is in a neutral equilibrium state.

Proposition 3.9 (Clapeyron Equation). For a one component two-phase system at equi-
librium, we have

dp

dT
“

L

T pV β
m ´ V α

mq
, L “ T pSβ

m ´ Sα
mq. (3.13)

14



3 PHASE TRANSITION OF ONE COMPONENT SYSTEMS

Proof. Suppose pT, pq and pT `dT, p`dpq are two equilibrium states of the system, then
we have

µαpT, pq “ µβpT, pq, µαpT ` dT, p ` dpq “ µβpT ` dT, p ` dpq ùñ dµα “ dµβ.

Since dµ “ ´SmdT ` Vmdp, we have

dp

dT
“

Sβ
m ´ Sα

m

V β
m ´ V α

m

“
L

T pV β
m ´ V α

mq
,

where L is the latent heat per mole of the phase transition from phase α to phase β.

While evaporation and sublimation, we have L ą 0 and V β
m ą V α

m , hence dp
dT

ą 0.
Most substances expand, i.e. dp

T
ą 0, when they melt. However, water is an exception.

Example 3.10. Saturated vapor is in equilibrium with its liquid. Denote α as the liquid
phase and β as the vapor phase, then we have V β

m " V α
m and pV β

m “ RT . Hence, the
Clapeyron equation reduces to

1

p

dp

dT
“

L

RT 2
ùñ ln p “ ´

L

RT
` A, p “ p0e

´ L
R

´

1
T

´ 1
T0

¯

.

3.5 Critical Points and Gas-Liquid Phase Transition
At a high temperature, the isotherm is similar to that of ideal gases. At a low temper-

ature, the isotherm has a part parallel to the volume axis. At a certain temperature
Tc, the parallel part shrinks to a point, corresponding to critical pressure pc.

On the isotherm,

dµ “ ´SmdT ` Vmdp ùñ µ ´ µ0 “

ż p

p0

Vmdp.

Proposition 3.11.
Vmc “ 3b, Tc “

8a

27Rb
, pc “

a

27b2
. (3.14)

Proof. At the critical point, since
´

Bp
BVm

¯

T
“ 0 and

´

B2p
BV 2

m

¯

T
“ 0, we have

ˆ

Bp

BVm

˙

T

“ ´
RT

pVm ´ bq2
`

2a

V 3
m

“ 0,

ˆ

B2p

BV 2
m

˙

T

“
2RT

pVm ´ bq3
´

6a

V 4
m

“ 0.

By the Van der Waals equation, we have

Vmc “ 3b, Tc “
8a

27Rb
, pc “

a

27b2
.
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3 PHASE TRANSITION OF ONE COMPONENT SYSTEMS

3.6 Classification of Phase Transition
The phase transition of water from liquid to vapor increases the volume. We call this

kind of phase transition as first-order phase transition.
Definition 3.12. A first-order phase transition is a phase transition satisfies

#

µp1qpT, pq “ µp2qpT, pq
Bµp1q

BT
‰

Bµp2q

BT
, Bµp1q

Bp
‰

Bµp2q

Bp

. (3.15)

Definition 3.13. A second-order phase transition is a phase transition satisfies
$

’

&

’

%

µp1qpT, pq “ µp2qpT, pq
Bµp1q

BT
“

Bµp2q

BT
, Bµp1q

Bp
“

Bµp2q

Bp
B2µp1q

BT 2 ‰
B2µp2q

BT 2 , B2µp1q

Bp2
‰

B2µp2q

Bp2

. (3.16)

For two sides of the isotherm, there exists latent heat and volume change. At the
critical point, the latent heat and volume change both vanish.
Theorem 3.14 (Ehrenfest Equations). For a second-order phase transition, we have

dp

dT
“

c
p2q
p ´ c

p1q
p

Tvpαp2q ´ αp1qq
“

αp2q ´ αp1q

κ
p2q

T ´ κ
p1q

T

. (3.17)

3.7 Critical Phenomenon and Critical Exponents
Ferromagnetic materials have a critical temperature Tc. When T ă Tc, the material

is ferromagnetic. When T ą Tc, the material is paramagnetic.
Definition 3.15. The magnetization of ferromagnetic materials is non-zero even without
external magnetic field and this magnetization is called spontaneous magnetization
M pT q.

The spontaneous magnetization of paramagnetic materials is zero.
Proposition 3.16. We have the following experiment results.

1.
M pT q9p´tqβ, t Ñ ´0, β «

1

3
. (3.18)

2. Magnetic susceptibility χ “
`

BM
BH

˘

T
is divergent when t Ñ ˘0, and

#

χ9t´γ, t Ñ `0, 1.2 ď γ ď 1.4

χ9p´tq´γ1

, t Ñ ´0, 1.0 ď γ1 ď 1.2
. (3.19)

3. When t “ 0 or the magnetic field is very weak, we have
M 9H 1{δ, 4.2 ď δ ď 4.8. (3.20)

4. The heat capacity at zero magnetic field cH pH “ 0q follows
#

cH 9t´α, t Ñ `0, 0 ď α ď 0.2

cH 9p´tq´α1

, t Ñ ´0, 0 ď α1 ď 0.2
. (3.21)

Actually, this is similar with the liquid-gas fluid system. We have the following cor-
respondence:

ρf ´ ρg ÐÑ M , κT ÐÑ χ, p ´ pc ÐÑ H .
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3 PHASE TRANSITION OF ONE COMPONENT SYSTEMS

3.8 Landau Theory of Phase Transition
In 1937, Landau proposed the concept of order parameter. The characteristic of

continuous phase transition is the change of symmetry. The order parameter is zero
in the high symmetry phase and non-zero in the low symmetry phase. For the three-
dimensional homogeneous ferromagnetic system, atoms has fixed magnetic moments and
the interaction energy is lower when the magnetic moments of two adjacent atoms are
parallel.

Tc

M

Tc

M

´M

Since at low temperature the system is well ordered while at high temperature the
system is disordered, we can choose the order parameter as the magnetization M . Near
the critical temperature Tc, the free energy per unit volume can be expanded as

F pT,M q “ F0pT q `
1

2
apT qM 2 `

1

4
bpT qM 4 ` ¨ ¨ ¨ . (3.22)

Since F is an even function of M , only even order terms appear in the expansion.
At a stable equilibrium, F reaches minimum, hence we have

BF

BM
“ M pa ` bM 2q “ 0,

B2F

BM 2
“ a ` 3bM 2 ą 0 ùñ M “ 0,˘

c

´
a

b
. (3.23)

M “ 0 represents the disordered state
Landau theory is adapted to system with one-dimensional order parameter. Landau

theory is a theory of mean field approximation, neglecting the fluctuation.
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4 EQUILIBRIUM OF MANY COMPONENT SYSTEMS

4 Equilibrium of Many Component Systems

4.1 Thermodynamic of Many Component Systems
A many component system contains at least two chemical substances.
First, we recall Euler’s theorem.

Theorem 4.1 (Euler’s Theorem). If a function fpx1, x2, ¨ ¨ ¨ , xnq is a homogeneous func-
tion of degree m, then we have

n
ÿ

i“1

xi

ˆ

Bf

Bxi

˙

“ mf. (4.1)

Proof.
fpλx1, λx2, ¨ ¨ ¨ , λxnq “ λmfpx1, x2, ¨ ¨ ¨ , xnq.

Differentiate both sides with respect to λ and let λ “ 1, we have the conclusion.

Consider a many component system with k components. To describe the system, we
introduce the quantity of substance n1, n2, ¨ ¨ ¨ , nk as state variables.

$

’

&

’

%

V “ V pT, p, n1, n2, ¨ ¨ ¨ , nkq

U “ UpT, p, n1, n2, ¨ ¨ ¨ , nkq

S “ SpT, p, n1, n2, ¨ ¨ ¨ , nkq

ùñ

$

’

’

’

’

&

’

’

’

’

%

V “
ř

i ni

´

BV
Bni

¯

T,p,nj

“
ř

i nivi

U “
ř

i ni

´

BU
Bni

¯

T,p,nj

“
ř

i niui

S “
ř

i ni

´

BS
Bni

¯

T,p,nj

“
ř

i nisi

, (4.2)

where vi, ui, si are the molar volume, molar internal energy and molar entropy of compo-
nent i respectively.

Consider the Gibbs function, we have

dG “

ˆ

BG

BT

˙

p,ni

dT`

ˆ

BG

Bp

˙

T,ni

dp`
ÿ

i

ˆ

BG

Bni

˙

T,p,nj

dni “ ´SdT`V dp`
ÿ

i

µidni, (4.3)

By U “ G ` TS ´ pV , we have

dU “ TdS ´ pdV `
ÿ

i

µidni. (4.4)

4.2 Equilibrium Conditions of Many Component Multiphase
Systems

Suppose the system contains φ phases. Consider δn1
i , δn

2
i , ¨ ¨ ¨ , δnφ

i as the changes of
the amount of substance i in each phase, then we have

φ
ÿ

α“1

δnα
i “ 0, i “ 1, 2, ¨ ¨ ¨ , k. (4.5)

The change of Gibbs function when temperature and pressure are fixed is given by

δGα “
ÿ

i

µα
i δn

α
i ùñ δG “

φ
ÿ

α“1

δGα “

k
ÿ

i“1

φ
ÿ

α“1

µα
i δn

α
i . (4.6)
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4.3 Gibbs Phase Rule
For water, equilibrium of three phases only exists at the triple point with T “ 0.01˝C,

p “ 611.657Pa.
Suppose that the system contains k components and φ phases and there is no chemical

reaction. Replace nφ
i by xα

i “ nα
i {ni, then we have

k
ÿ

i“1

xα
i “ 1, α “ 1, 2, ¨ ¨ ¨ , φ. (4.7)

There are k´1 independent xα
i in each phase, hence there are totally φpk´1q independent

xα
i .

f “ pk ` 1qφ ´ pk ` 2qpφ ´ 1q “ k ´ φ ` 2. (4.8)

4.4 Third Law
Theorem 4.2 (Nernst). As T Ñ 0, the entropy change of any isothermal process ap-
proaches zero, i.e.

lim
TÑ0

p∆SqT “ 0. (4.9)

By Maxwell relations, we have

lim
TÑ0

α “ lim
TÑ0

1

V

ˆ

BV

BT

˙

p

“ lim
TÑ0

´
1

V

ˆ

BS

Bp

˙

T

“ 0, lim
TÑ0

β “ (4.10)

Let y be the state variable. Then by Nernst theorem, we have

Sp0, yBq ´ Sp0, yAq “ 0.

Cy “ T

ˆ

BS

BT

˙

y

“

ˆ

BS

B lnT

˙

y

ùñ lim
TÑ0

Cy “ 0. (4.11)

SpT, yq “ Sp0, yq `

ż T

0

Cy

T
dT.

Definition 4.3. Take Sp0, yq “ 0, then we have the absolute entropy:

SpT, yq “

ż T

0

Cy

T
dT. (4.12)
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5 MOST PROBABLE DISTRIBUTION OF NEARLY INDEPENDENT
PARTICLES

5 Most Probable Distribution of Nearly Indepen-
dent Particles

5.1 Classical Description of Particle Motion
A classical particle with a degree of freedom r has generalized coordinate q1, q2, ¨ ¨ ¨ , qr

and generalized momentum p1, p2, ¨ ¨ ¨ , pr. The space formed by pq1, q2, ¨ ¨ ¨ , qr; p1, p2, ¨ ¨ ¨ ,
prq is called the µ space of the particle. A point in µ space represents a state of the
particle and the trajectory of the point represents the evolution of the state.

Here we introduce some examples.
A free particle moving in one-dimensional space has one degree of freedom. The

µ space is two-dimensional, with generalized coordinate x and generalized momentum
p “ px “ m 9x. The energy of the particle is given by

ε “
p2

2m
.

The equal-energy surface is given by p “ ˘
?
2mε, which is two lines. The phase volume

below the enegy ε is given by
ω “ 2L

?
2mε.

A free particle moving in three-dimensional space has three degrees of freedom. The
µ space is six-dimensional, with generalized coordinates x, y, z and generalized momenta
px, py, pz. The energy and equal-energy surface are given by

ε “
p2x ` p2y ` p2z

2m
, p2x ` p2y ` p2z “ 2mε,

which is a sphere in the three-dimensional momentum space. The phase volume below
the energy ε is given by

ω “

ż ż ż

dxdydz

ż ż ż

dpxdpydpz “
4

3
πV p2mεq3{2.

A linear oscillator has one degree of freedom. The µ space is two-dimensional, with
generalized coordinate q “ x and generalized momentum p. The energy and equal-energy
surface are given by

ε “
p2

2m
`

1

2
mω2x2,

p2

2mε
`

x2

2ε
mω2

“ 1,

which is an ellipse in the µ space. The phase volume below the energy ε is given by

ω “

ż ż

dxdp “ π
2ε

ω
.

A rigid rotator has two degrees of freedom. The µ space is four-dimensional, with
generalized coordinates θ, φ and generalized momenta pθ, pφ. The energy is given by

ε “
1

2
m

´

r2 9θ2 ` r2 sin2 θ 9φ2
¯

“
1

2I

ˆ

p2θ `
p2φ

sin2 θ

˙

, I “ mr2.

If there is no external force, the angular momentum L is conserved and we choose
the z-axis along L. Then we have

θ “
π

2
, pθ “ 0 ùñ ε “

p2φ
2I

“
L2

2I
.
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5.2 Quantum Description of Particle Motion
Here we introduce some examples.
Electrons have intrinsic angular momentum (spin) and an intrinsic magnetic moment,

which satisfied

µ “ ´
e

m
S , µz “ ´

e

m
Sz, Sz “ msℏ, ms “ ˘

1

2
.

Definition 5.1. ms is called the spin quantum number.

The energy of an electron in a external magnetic field is given by

ε “ ´µ ¨ B “ ˘
eℏ
2m

B.

A rotator has quantized energy ε “ L2

2I
with L2 “ lpl ` 1qℏ2 and Mz “ mℏ with

magnetic quantum number m “ ´l,´l ` 1, ¨ ¨ ¨ , l ´ 1, l.
A free particle in a one-dimensional room with length L satisfies

L “ |nx|λ, kx “
2π

L
nx, px “

2πℏ
L

nx, εnx “
2π2ℏ2

mL2
n2
x, nx “ 0,˘1,˘2, ¨ ¨ ¨ . (5.1)

In volume V , possible quantum states number of a free particle with energy between ε
and ε ` dε is given by

Dpεqdε “
2πV

h3
p2mq3{2ε1{2dε. (5.2)

5.3 Description of Microscopic States of Systems
For a system consisting of N nearly independent particles, the interaction between

particles is negligible. The total energy of the system is given by

E “

N
ÿ

i“1

εi.

There are two kinds of microscopic particles, bosons and fermions. A compound
particle consisting of even number of fermions is a boson, otherwise it is a fermion and a
compound particle consisting of bosons is a boson.

A system consisting of fermions is called a Fermi system and follows the Pauli
exclusion principle. A system consisting of bosons is called a Bose system and does
not follow the Pauli exclusion principle. A Boltzmann system is a system consisting
of classical particles, which are distinguishable.

5.4 Principle of Equal Probability
Principle of equal probability is the basis of statistical physics.

Proposition 5.2 (Principle of Equal Probability). For an isolated system in equilibrium,
all accessible microscopic states are equally probable.
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5.5 Distributions and Microscopic States
Consider a system consisting of N nearly independent particles with given E and V .

Denote the energy level as εl and the degeneracy of the energy level as ωl. Suppose that
there are al particles occupying the energy level εl, then we denote a distribution as talu,
which satisfies

ÿ

l

al “ N,
ÿ

l

alεl “ E. (5.3)

For a Boltzmann, Bose and Fermi system, the number of microscopic states corre-
sponding to the distribution talu are given by

ΩM.B. “
N !

ś

l al!

ź

l

ωal
l , ΩB.E. “

ź

l

pωl ` al ´ 1q!

al!pωl ´ 1q!
, ΩF.D. “

ź

l

ωl!

al!pωl ´ alq!
. (5.4)

For a Bose or Fermi system, if we have the classical limit condition (non degen-
eracy condition) ωl " al, then

ΩB.E. “
ź

l

pωl ` al ´ 1qpωl ` al ´ 2q ¨ ¨ ¨ωl

al!
«

ź

l

ωal
l

al!
“

ΩM.B.

N !
, (5.5)

ΩF.D. “
ź

l

ωlpωl ´ 1q ¨ ¨ ¨ pωl ´ al ` 1q

al!
«

ź

l

ωal
l

al!
“

ΩM.B.

N !
. (5.6)

5.6 Boltzmann Distribution
Definition 5.3. The distribution consisting of the most microscopic states, is called the
most probable distribution.

Proposition 5.4 (Sterling’s Formula). For m " 1, we have

lnm! « mplnm ´ 1q. (5.7)

Proposition 5.5. For a Boltzmann system, the most probable distribution is given by

al “ ωle
´α´βεl . (5.8)

Proof. For a Boltzmann system, we have

lnΩ “ lnN ! ´
ÿ

l

ln al! `
ÿ

l

al lnωl « N lnN ´
ÿ

l

al ln al `
ÿ

l

al lnωl

ùñ δΩ “ ´
ÿ

l

ln alδal ´
ÿ

l

δal `
ÿ

l

δal lnωl “ ´
ÿ

l

ln

ˆ

al
ωl

˙

δal “ 0.

tδalu satisfies δN “
ř

l δal “ 0 and δE “
ř

l εlδal “ 0. By Lagrange multiplier method,
we have

δ lnΩ ´ αδN ´ βδE “ ´
ÿ

l

ˆ

ln

ˆ

al
ωl

˙

` α ` βεl

˙

δal “ 0 ùñ al “ ωle
´α´βεl .

α, β are determined by N and E.

Actually, later we will see that β “ 1
kBT

and α “ ´
µ

kBT
.
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5.7 Bose Distribution and Fermi Distribution
Proposition 5.6. For a Bose system, the most probable distribution, called Bose-
Einstein distribution, is given by

al “
ωl

eα`βεl ´ 1
. (5.9)

Proposition 5.7. For a Fermi system, the most probable distribution, called Fermi-
Dirac distribution, is given by

al “
ωl

eα`βεl ` 1
. (5.10)

5.8 Relationships between Three Distributions
If eα " 1, then both Bose-Einstein distribution and Fermi-Dirac distribution reduce

to Boltzmann distribution. Since
al
ωl

! 1 ðñ eα " 1,

eα is also called the classical limit condition or the non-degeneracy condition.
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6 Boltzmann Statistics

6.1 Statistical Expressions of Thermodynamic Quantities
Definition 6.1. The partition function of a single particle is defined as

Z1 “
ÿ

l

ωle
´βεl . (6.1)

N “ e´αZ1, U “ e´α
ÿ

l

εlωle
´βεl “ e´α

ˆ

´
B

Bβ

˙

Z1 “ ´N
B

Bβ
lnZ1. (6.2)

Suppose when external parameters change, the force acting on a particle of energy level
εl is given by Bεl

By
, then the generalized force is given by

Y “
ÿ

l

al
Bεl
By

“
ÿ

l

ωle
´α´βεl

Bεl
By

“ e´α

ˆ

´
1

β

B

By

˙

ÿ

l

ωle
´βεl “ ´

N

β

B

By
lnZ1. (6.3)

An example of generalized force is pressure

p “
N

β

B

BV
lnZ1.

External work is given by

Y dy “ dy
ÿ

l

al
Bεl
By

“
ÿ

l

aldεl.

dU “
ÿ

l

εldal `
ÿ

l

aldεl ùñ đQ “ dU ´ Y dy “
ÿ

l

εldal.

Since d lnZ1 “ B lnZ1

Bβ
dβ ` B lnZ1

By
dy, the entropy is given by

dS “
đQ
T

“
1

T

ˆ

´Nd

ˆ

B lnZ1

Bβ

˙

`
N

β

B lnZ1

By
dy

˙

“
N

βT
d

ˆ

lnZ1 ´ β
B lnZ1

Bβ

˙

(6.4)

Proposition 6.2. Boltzmann relation holds:

S “ k lnΩ “ k

˜

N lnN `
ÿ

l

al lnωl ´
ÿ

l

al ln al

¸

. (6.5)

Proof.

6.2 State Equation of Ideal Gas

We consider single atom ideal gas, whose energy is given by ε “
p2x`p2y`p2z

2m
. The number

of microscopic states in dxdydzdpxdpydpz is given by

dxdydzdpxdpydpz
h3

ùñ Z1 “
1

h3

ż

¨ ¨ ¨

ż

e´
β
2mpp2x`p2y`p2zqdxdydzdpxdpydpz.

Z1 “
1

h3

ż ż ż

dxdydz

ż

e´
β
2m

p2xdpx

ż

e´
β
2m

p2ydpy

ż

e´
β
2m

p2zdpz “ V

ˆ

2πm

h2β

˙
3
2

. (6.6)
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Hence, the pressure is given by

p “
N

β

B

BV
lnZ1 “

N

βV
“

NkBT

V
. (6.7)

Notice that, generally, gas satisfies the classical limit condition

eα “
Z1

N
“

V

N

ˆ

2πmkBT

h2

˙
3
2

" 1.

The average energy per particle is approximated as ε “ πkT ùñ λ “ h
p

“ h?
2mε

“
h?

2πmkBT
. Then

eα " 1 ðñ nλ3 ! 1.

6.3 Maxwell Distribution of Velocity
In general, gas satisfies the classical limit condition. Hence, gas particles follow Boltz-

mann distribution. In volume V , the particle number with momentum in dpxdpydpz is
given by

V

h3
e´α´ 1

2mkT pp2x`p2y`p2zqdpxdpydpz.

V

h3

¡

e´α´ 1
2mkT pp2x`p2y`p2zqdpxdpydpz “ N ùñ e´α “

N

V

ˆ

h2

2πmkT

˙3{2

.

Hence, the particle number with velocity in dvxdvydvz is given by

N
´ m

2πkT

¯3{2

e´ m
2kT pv2x`v2y`v2zqdvxdvydvz.

Definition 6.3. The Maxwell distribution of velocity is given by

fpvx, vy, vzqdvxdvydvz “

´ m

2πkT

¯3{2

e´ m
2kT pv2x`v2y`v2zqdvxdvydvz. (6.8)

The particle number with speed in dv is given by

4πn
´ m

2πkT

¯3{2

e´mv2

2kT v2dv.

Definition 6.4. The Maxwell distribution of speed is given by

fpvqdv “ 4π
´ m

2πkT

¯3{2

e´mv2

2kT v2dv. (6.9)

Definition 6.5. The most probable speed, average speed and root-mean-square
speed are given by

df

dv

ˇ

ˇ

ˇ

ˇ

v“vp

“ 0 ùñ vp “

c

2kT

m
, v “

c

8kT

πm
, vs “

a

v2 “

c

3kT

m
. (6.10)

Hence
vp ă v ă vs.
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6.4 Energy Equipartition Theorem
Theorem 6.6 (Energy Equipartition Theorem). In thermal equilibrium at temperature
T , the average energy associated with each quadratic degree of freedom of the particles is
1
2
kT .

Proof. ε is the sum of kinetic energy εp and potential energy εq, where

εp “
1

2

r
ÿ

i“1

aip
2
i , εq “

1

2

r1
ÿ

i“1

biq
2
i ` ε1

q pqr1`1, ¨ ¨ ¨ , qrq .

1

2
a1p21 “

1

N

ż

1

2
a1p

2
1e

´α´βεdq1 ¨ ¨ ¨ dqrdp1 ¨ ¨ ¨ dpr
hr
0

“
1

Z1

ż

1

2
a1p

2
1e

´βεdq1 ¨ ¨ ¨ dqrdp1 ¨ ¨ ¨ dpr
hr
0

.

ż `8

´8

1

2
a1p

2
1e

´
β
2
a1p21dp1 “

ˆ

´
p1
2β

e´
β
2
a1p21

˙ˇ

ˇ

ˇ

ˇ

`8

´8

`

ż `8

´8

1

2β
e´

β
2
a1p21dp1 ùñ

1

2
a1p21 “

1

2βZ1

ż

e´βεdq1 ¨ ¨ ¨ dqrdp1 ¨ ¨ ¨ dpr
hr
0

“
1

2
kT, similarly, 1

2
b1q21 “

1

2
kT.

For a molecule with two atoms, the evergy is given by

ε “
1

2m

`

p2x ` p2y ` p2z
˘

`
1

2I

ˆ

p2θ `
p2φ

sin2 θ

˙

`
1

2mµ

p2r ` uprq.

Atoms in a solid vibrate about their equilibrium positions. The energy of each atom
is given by

ε “
1

2m
p2 `

1

2
mω2q2 ùñ ε “ 3kT, U “ 3NkT, CV “ 3Nk.

Hence, every ideal solid has the same molar heat capacity, which is the same as the
results by Dulong and Petit’s experiment in 1819. However, at low temperature, the
molar heat capacity of solid decreases rapidly to zero, which cannot be explained by
classical Boltzmann statistics.

6.5 Internal Energy and Heat Capacity of Ideal Gas
The energy of a double atom ideal gas particle is given by

ε “ εt ` εr ` εv.

The partition function is given by

Z1 “
ÿ

l

ωle
´βεl “

ÿ

t,v,r

ωtωvωre
´βpεt`εv`εrq “ Zt

1Z
v
1Z

r
1 .

The energy level of a linear oscillator is given by

εn “

ˆ

n `
1

2

˙

ℏω, n “ 0, 1, 2, ¨ ¨ ¨ ùñ
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Zv
1 “

8
ÿ

n“0

e´βℏωpn` 1
2q “

e´
βℏω
2

1 ´ e´βℏω , U v “ ´N
B

Bβ
lnZv

1 “ Nℏω
ˆ

1

2
`

1

eβℏω ´ 1

˙

.

The first term is the zero-point energy, which is independent of temperature. The second
term is the excited energy at temperature T . The heat capacity contributed by vibration
is given by

Cv
V “ Nk

ˆ

ℏω
kT

˙2
e

ℏω
kT

´

e
ℏω
kT ´ 1

¯2 . (6.11)

Definition 6.7. The characteristic temperature of vibration θv is defined as

kθv “ ℏω. (6.12)

Hence, we have

U v “ Nkθv

ˆ

1

2
`

1

e
θv
T ´ 1

˙

, Cv
V “ Nk

ˆ

θv
T

˙2
e

θv
T

´

e
θv
T ´ 1

¯2 . (6.13)

When T ! θv,

U v «
Nkθv
2

` Nkθve
´ θv

T «
Nkθv
2

, Cv
V « Nk

ˆ

θv
T

˙2

e´ θv
T « 0.

When T " θv,
U v «

Nkθv
2

` NkT « NkT, Cv
V « Nk.

This is the same as the prediction by classical limit condition.
The rotation energy levels of a double atom molecule, which has different nuclears,

are given by

εr “
lpl ` 1qℏ2

2I
ℏ2, l “ 0, 1, 2, ¨ ¨ ¨ ùñ Zr

1 “

8
ÿ

l“0

p2l ` 1qe´β lpl`1qℏ2
2I .

Similarly, we define the characteristic temperature of rotation θr as

kθr “
ℏ2

2I
ùñ Zr

1 “

8
ÿ

l“0

p2l ` 1qe´ θr
T
lpl`1q.

For room temperature, θr ! T , then x “ lpl`1q θr
T

can be viewed as a continuous variable.
Hence, we have

dx “ p2l ` 1q
θr
T
dl ùñ Zr

1 “
T

θr

ż 8

0

e´xdx “
T

θr
“

2I

βℏ2
.

Then, the rotational internal energy and heat capacity are given by

U r “ NkT, Cr
V “ Nk.

Now we discuss the electron’s contribution to heat capacity of gas. For most molecules,
thermal motion energy is much smaller than the energy difference between the ground
state and the first excited state of electron. Hence, most electrons stay in the ground
state and do not contribute to heat capacity of gas.
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