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Abstract

This note is based on Thermodynamics and Statistical Physics B, taught by
Ning Kang in Fall 2025 at Peking University, and also refers to Thermodynamics
and Statistical Mechanics by Zhicheng Wang.
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1 BASIC LAW OF THERMODYNAMICS

1 Basic Law of Thermodynamics

1.1 Equation of State

Definition 1.1. The thermal expansion coefficient «, the pressure coefficient
and the isothermal compressibility x; are defined as

_ oV B op 1oV
v (7)), v (5), Y
By f(p,V,T) = 0 we have
op oT vy B
(), (50), (5), = amme .

To more accurately describe the state of real gases, we have the following equations of
state.

Proposition 1.2 (Van der Waals Equation).

<p~|—a$22) (V — nb) = nRT (1.3)

where a,b are determined by experiments.

Proposition 1.3 (Onnes Equation).

p= ”];T (1 + VB(T) o) + - ) (1.4)

1.2 The First Law
Proposition 1.4 (First Law of Thermodynamics).

dU = dQ + dW (1.5)

1.3 Heat Capacity and Enthalpy

Definition 1.5. The heat capacity C, molar heat capacity C,, and specific heat
capacity c are defined as

AQ  dQ C C
= lim — = — = —. 1.
¢= ATS0 AT AT Com n ‘T m (16)
The heat capacity at constant volume Cy and at constant pressure C), are defined as
oQ oQ
= [ = ) 1.
(), o (3)
Definition 1.6. The enthalpy H is defined as
H=U+pV (1.8)

Then, we have

AQ . AU + pAV oV oH
Cp=m Ap —dm,—Qap  —CGvtr (a_T> - (_T) (1.9)



1 BASIC LAW OF THERMODYNAMICS

1.4 Internal Energy of Ideal Gas

Proposition 1.7 (Joule’s Law). The internal energy of an ideal gas is determined solely
by its temperature and independent of volume, i.e. U = U(T).

By Joule’s law and assuming constant heat capacity, we have
U=UO+JdU=U0+JCVdT=U0+CVT. (1.10)

Similarly, for enthalpy we have

H = H0+JdeT=H0+C,,T. (1.11)
By pV = nRT, we have
C
C,—Cy=nR, ~==L. (1.12)
Cy
Therefore,
nRk ynR
= = . 1.1

1.5 Adiabatic Process of Ideal Gas

For an adiabatic process, we have d) = 0, thus
nRk 1
dU — dW = CydT + pdV = de +pdV = P (vpdV + Vdp) = 0.

Integrating the above equation gives

T

pV7 = const, TV?~! = const, = const. (1.14)

prt

1.6 Carnot Cycle of Ideal Gas
Definition 1.8. The efficiency 7 of a heat engine is defined as

S, (1.15)

where ()1 is the heat absorbed from the hot reservoir, (), is the heat released to the cold
reservoir, and W is the work done by the engine. And the coefficient of performance
¢ of a refrigerator is defined as

_@ @ (1.16)

E = — =
W Q1 —Q
For a Carnot cycle, we consider the following four processes:

(1) Isothermal expansion at Ty: pV = nRTi, Vi — Vo, Q1 = —W; = ng pdV =
nRT1 In %

(2) Adiabatic expansion: @ = 0.



1 BASIC LAW OF THERMODYNAMICS

(3) Isothermal compression at Ty: pV = nRTy, V3 — V,, Q2 = nRT51n %, W3 = —Q».
(4) Adiabatic compression: @) = 0.

By TV~ = const, we have

1
=1-=<1. 1.17
U 7 (1.17)
Similarly, for a Carnot refrigerator, we have
15
— ) 1.18
Sl (1.18)

1.7 The Second Law

The second law of thermodynamics can be stated in two equivalent ways.

Proposition 1.9 (Kelvin’s Statement). It is impossible to construct a device that operates
in a cycle and produces no effect other than the extraction of heat from a single reservoir
and the performance of an equivalent amount of work.

Proposition 1.10 (Clausius’ Statement). [t is impossible to construct a device that
operates in a cycle and produces no effect other than the transfer of heat from a cooler
body to a hotter body.

1.8 Carnot Theorem

Theorem 1.11 (Carnot Theorem). No engine operating between two heat reservoirs can
be more efficient than a Carnot engine operating between the same reservoirs.
All Carnot engines operating between the same two heat reservoirs have the same

efficiency.

1.9 Temperature Scale

The efficiency of a Carnot engine depends only on the temperatures of the two reser-
voirs and so does the heat, then we have

% = F(64,0,),

where 6 is the temperature measured by a certain scale.
Assume there is another Carnot engine operating between #3 and 6y, then we have

—g; = F(03,0,).
By combining the two engines, we have
QQ F(93, 02)
— = F'(0s3,0 F(01,00) = ———=.
Qg ( 3 2)7 ( 1, 2) F<03,01>

Since 63 is arbitrary, we can write F'(0,0,) = ;ngg And we choose a temperature scale

such that f(7*) oc T*, then we have % = ;—2: This temperature scale is called the
1
absolute temperature scale.




1 BASIC LAW OF THERMODYNAMICS

1.10 Clausius’ Theorem

Theorem 1.12 (Clausius’s Theorem). For any cyclic process, we have

Ql Qz
- _— < 0
"t Z
In other words,
dQ
— <0
$7
The equality holds if and only if the process is reversible.
Proof.
T
po1-L B G &
h T T

1.11 Entropy

By Clausius’s theorem, Sf % is independent of the path from A to B.

Definition 1.13. The entropy S is defined as

S(B) — S(A) - L ?.

Then we have the fundamental thermodynamic equation

AU + pdV

ds =
T

For an ideal gas, we have

s = M_%d:r ”—de S=CyInT +nRInV + So.

Similarly, we have
S=C,InT —nRlnp + 5.

From a microscopic point of view, we have
S=knW,

where W is the number of mlcrostates corresponding to the macrostate.
By Clausius’s theorem SB dQr 4 SB 99 < 0, we have

BdQ BdQ
Sp— S :J ">J =,
B A N T AT

dU < TdS — pdV.

By dS > =¥, we have

AU =TdS —pdV, dU =TdS + ) Yy,

(1.19)

(1.20)

(1.21)

(1.22)

(1.23)

(1.24)

(1.25)



1 BASIC LAW OF THERMODYNAMICS

Theorem 1.14 (Principle of Entropy Increase). For an isolated system, we have
Sp— 5S4 = 0. (1.26)
The equality holds if and only if the process is reversible.

Proof. For equilibrium states A and B, we have ) = 0, we have

B
SB—SAZJ @:

0.
a2 T

For general cases, we can divide the system into n subsystems, each of which is isolated
and goes from equilibrium state Ay to By. Then we have

BdQ TLJ'Bde " T BdQ
= 4 t< 0= ) Sp — SAk>J — =S5 —5420.
JA T ;;Ak T kZl 1;1 a T

O
1.12 Free Energy and Gibbs Function
Definition 1.15. The free energy F' is defined as
F=U-TS. (1.27)

By dF = dU — TdS — SdT < —SdT + dW, we have the maximum work principle.

Proposition 1.16 (Maximum Work Principle). For a system at constant temperature,
the maximum work obtainable from the system is equal to the decrease in its free energy.

Proposition 1.17 (Free Energy Criterion). For a system at constant temperature and
volume, the free energy never increases and always decreases for irreversible processes.
The equilibrium state is the state of minimum free energy.

Definition 1.18. The Gibbs function G is defined as
G=F+pV =U-TS+pV. (1.28)

Hence, we have dG = dU — T'dS — SdT + Vdp + pdV < —SdT + Vdp. For a system
at constant temperature and pressure, we have G < 0.

Proposition 1.19 (Gibbs Function Criterion). For a system at constant temperature
and pressure, the Gibbs function never increases and always decreases for irreversible
processes. The equilibrium state is the state of minimum Gibbs function.



2 HOMOGENEOUS SUBSTANCES

2 Homogeneous Substances

2.1 Internal Energy, Enthalpy, Free Energy and Gibbs Function
Since AU = T'dS — pdV, we have

oU oU or op
T = = | = — = — . 2.1
() (@)= (), (%), e

Since dH = TdS + Vdp, we have

(), (GG ), e

Since dF' = —SdT — pdV, we have

(@), ()~ (), (3, e

Since dG = —SdT + Vdp, we have

=), -G, =G (), e

These four equations are called the Maxwell relations.

2.2 Simple Applications of Maxwell Relations

Proposition 2.1.

op ov TV o
C,—Cy =T <6’_T)V (6_T)p =TpVap = o (2.5)

Proof. Since dU = TdS — pdV and dS = (42),, dT + (5), AV, we have

(&), -7(3), (@)1, -r(3), > e

Since dH = T'dS + Vdp, we have

0H 0S oH oS ov
- (3)-7(3), (3,3, vrr(y), e

Therefore,
oS oS op oV TVa?
CP‘OV‘T((a—T)p‘<ﬁ)V> ‘T(a—T>V<a—T>;TpV“5— o

For ideal gases, we have C), — Cy = nR.

D




2 HOMOGENEOUS SUBSTANCES

2.3 Joule-Thomson Process

Consider a steady flow of gas through a porous plug from a region of high pressure
p1 to a region of low pressure ps. Assume the process is adiabatic, then we have

Uy — Uy = p1Vi — pVo = H, = Hs. (2-8)

Definition 2.2. The Joule-Thomson coefficient y is defined as

oT
=(— . 2.9
: <5P)H (29)
Proposition 2.3. In a Joule-Thomson process, we have
(Z) oV v
/T

p=— = — T(—) —V) = —(Ta—-1). (2.10)

(g_?)p C, < oT ), C,

For ideal gases, T' = é and p = 0. For real gases, u is positive if T < é and negative
if T'> L. The curve o = % is called the inversion curve and é is called the inversion

a T
temperature.
For Onnes equation p = “E (1 + £ B(T)), where £B(T) « 1, by substituting £ =
w5, we have
RT n dB
V= —+ B(T =—|T——-B). 2.11
o (B Bm) — - & (15 - ) 2.11)

Consider the adiabatic expansion of the gas. If the process is quasi-static, then we
have dS = (a—s)pdT + (as) dp = 0, hence we have
T

oT op
oT (%)T T [0V VTa
ps= (=) =- - — (=) = > 0. (2.12)
(ap)s (g_s)p Cp (6T)p Cp

2.4 Basic Thermodynamical Functions

Taking T" and V' as state variables, we have
. dp . Cy dp
U= f (C’VdT+ <T (6_T)V p) dV) +U,, S= f ( T dT + (8T)Vdv> + So.
(2.13)

Proposition 2.4. If we know CY. at some volume, then we can calculate Cy at any
volume by

0 Vv a2p
C\/ = CV + TJ;/O (W)Vd‘/ (214)

Proof. Since Cy =T (a%)v, we have

(%), (@),&), ())& (5),), -7 (),



2 HOMOGENEOUS SUBSTANCES

Taking T" and p as state variables, we have

oV C oV
H:f C,dT + V—T(O ))dp)—kHO, S=f<ldT—(—> dp>+So.
(p ( T/, T T ),

(2.15)

And U can be obtained by U = H — pV.

Proposition 2.5. If we know CS at some pressure, then we can calculate C, at any
pressure by

P 62‘/
szq‘;—TJ (aT2) dp. (2.16)
Ppo P
Proof. Since C, =T (g—;)p, we have
3 3 2
(5).-GL (&) 7 (5E)) (7E),), - ()
op ) op)r\T ), 8p8TpT 8T6pr o1,
O

2.5 Characteristic Functions

Theorem 2.6 (Massieu). Taking independent variables properly, from one thermodynam-
ical function, we can derive all the thermodynamical functions by partial differentiation.

Definition 2.7. Thermodynamical functions in Theorem 28 are called characteristic
functions, including U(S,V), H(S,p), S(U,V), F(T,V) and G(T,p).

Proposition 2.8. Gibbs-Helmholtz equation is given by

oF oF oG

(2.17)

2.6 Thermodynamics of Magnetic Medium

Denote the magnetization by .#Z and the magnetic field intensity by ., then m =
AV is the total magnetic moment.

Proposition 2.9 (Curie Law). For a paramagnetic substance, we have

cv

where C s the Curie constant.

If the system does not contain magnetic fields and volume work, then we have

By substituting p — po# and V- — m, we have

or 0
dUszS—i—/Lg,%”dm:<a—m>szu0<as)m. (2.19)

10



2 HOMOGENEOUS SUBSTANCES

Similarly, we have the following Maxwell relations:

dH =TdS + —mpyd — (:—;)S = —p <é’a_m>%, (2.20)
dF = =SdT + pgdm — <%>T = — Lo (%) . (2.21)
dU = =8dT + —pomd A — (%)T = Lo <Z—Z}>ﬂ (2.22)
Fixing the magnetic field, we have the capacity of magnetic medium
Cpw=T (Z—§>% (2.23)

Then we have

oT oS oT oT ol [ 0m

— | === — = | =——"— | =— . (2.24)

0 ) & 0 ) \0S) , 0 ) 4 Cw \T ) ,
Proposition 2.10 (Magnetocaloric Effect). When the magnetic field is decreased adia-
batically, the temperature of a paramagnetic substance decreases.
Proof. Supppose that the magnetic media follows the Curie law m = CTV%” , then we

have or T /0 oV
_ _Hod fom _ YV
(él%”)s O (aT)% crtet =0

Proposition 2.11. If we consider the change of volume, then we have

oV om
— = — — . 2.25
<a%)T,p Ho < dp )ij ( )

This Maxwell relation describes the relationship between magnetostriction and the pres-
sure dependence of magnetization.

Proof.

oG oG
dG = —=SdT + Vdp — dm =V = | — — — )
G S Vdp — podm (& ) ﬂ, Lom (&%ﬂ> )

11



3 PHASE TRANSITION OF ONE COMPONENT SYSTEMS

3 Phase Transition of One Component Systems

3.1 Equilibrium Criterion

Consider the Taylor expansion of U:

v 14U _,

The equilibrium condition is given by % = (. The stability condition is given by

. ?;7[2] > () = stable or metastable equilibrium
. % < 0 = unstable equilibrium;
. ((1127[2] = () = neutral equilibrium.

Proposition 3.1. By the stability condition of U, we have stability conditions of other
thermodynamical functions:

8?5 <0, F=>0, 6°G>0, 66U=>0 6 H>DO0. (3.1)

For an isolated homogeneous system, consider any small part of the system as the
subsystem and the rest as the medium,

U+ Uy = constant oU + 606Uy =0
- (3.2)
V 4+ Vo = constant oV +o6Vyp=0
( Medium )
TO) bo
Subsystem
T, p
Proposition 3.2. The equilibrium conditions are given by
T = T07 P = Po- (33)

Proof. The change of entropy is given by
1 1
AS =065 + 5552, ASy =65y + 5553.

By the equilibrium condition, the entropy should reach maximum at equilibrium, hence
0S + 65y = 0. Then we have

oU + pdV  6Uy + pod Vo 1 1 Po D
5 5 == = _—— — 5 _—— — 5 — .
S+ 65 B + T, (T To) UJF(TO T V=0

Since 60U and §V are independent, we have

T =1y, p=po.

12



3 PHASE TRANSITION OF ONE COMPONENT SYSTEMS

Proposition 3.3. The stability conditions are given by

op
Cy >0, (W>T < 0. (3.4)

Proof. Since the subsystem is much smaller than the medium, the maximum entropy

condition requires
%S %S %S
2 2q . £2 2 2
0°S + 675y ~ 678 (a 2)5U + <av2)5v +2(6U6V> UV < 0.

1 o [p o (p
- 5v) 5U+(w <?) 5U+W(?> 5v) 5V
1 op
( )) OV = — 50T (CV5T+ (T (a_T)V —p) 5v>
(ap> £>5T+1 (ap)mv)(svz—@wul(a—p) §V? <0
T

ov T2 T\ ov
O

3.2 Thermodynamic Fundamental Equations of Open Systems

Definition 3.4. A one component system is a thermodynamical system consisting
of only one chemical substance. A multiphase system is a thermodynamical system
which is not homogeneous, but consists of several homogeneous parts.

For an open system, the amount of substance is changing, then we have
dG = —=8dT + Vdp + pdn, (3.5)

where p is the chemical potential defined by

= <g—f)m. (3.6)

Since G(T,p,n) = nG,,(T,p), we have

U= (§> = G- (3.7)
on Top
Proposition 3.5.

_ o [ n (G
5= (aT)p,n’ V‘(ap)m’ “‘(an)m'

S\ () (Y () (V) ()
o) 1 B or),, on)p, B or),. on)r, ~\op T '
Definition 3.6. The grand potential J is defined as
J(T,V,u) = F = pu. (3.9)

13



3 PHASE TRANSITION OF ONE COMPONENT SYSTEMS

Then we have

dJ = =SdT — pdV — ndpu. (3.10)

Proposition 3.7.

s==(7),, = (F), )
o)y, V), o)y
©).- () ), @)@, o
V)r, \oT)y, \ou)py \oT)y, \ou)py \V)p,

3.3 Multiphase Equilibrium Condition of One Component Sys-
tems

Consider an isolated one component system consisting of two phases a and f.

Proposition 3.8. The equilibrium conditions are given by

T =17, p*=p° u*=ub (3.12)
Proof.
U + UP = constant U + 6UP =0 50 — BU+psVe_uone
Ve + VP = constant Ve +6Vh=0 558 — 5Uﬁ+pﬁ§;,uﬁgnﬁ
n® +nf = constant on® +on’ =0 a

By the equilibrium condition, we have §S% +3§S” = 0. Hence we have the conclusion. [

If the equilibrium conditions are not satisfied, then the system will spontaneously
evolve towards the direction that increases the total entropy.

o T # TP — heat transfer from high temperature phase to low temperature phase;

e p® # p? = volume of high pressure phase will increase while that of low pressure
phase will decrease;

o u® # 1 = substance transfer from high chemical potential phase to low chemical
potential phase.

3.4 Equilibrium Properties of One Component Multiphase Sys-
tems

Given T and p, the stable phase is the one with the lowest .

If two phases coexist at equilibrium, then they have the same p,7" and p. Only one
of T, p is independent along the coexistence curve of two phases. Since u® = p?, two
phases can coexist at any amount ratio and the Gibbs function will not change, hence
the system is in a neutral equilibrium state.

Proposition 3.9 (Clapeyron Equation). For a one component two-phase system at equi-

librium, we have
dp L

- -~ L=T(58%—-5%). 3.13

14



3 PHASE TRANSITION OF ONE COMPONENT SYSTEMS

Proof. Suppose (T, p) and (T +dT, p+dp) are two equilibrium states of the system, then
we have

p(T,p) = p’(T,p), p*(T +dT,p+dp) = p’(T +dT,p + dp) = du® = dp”.
Since dp = —S5,,,dT + V,,,dp, we have

dp S8 — 52 L

T vi-ve TVi-Ve)

where L is the latent heat per mole of the phase transition from phase a to phase 5. [

dp
dT>O'

Most substances expand, i.e. % > (0, when they melt. However, water is an exception.

While evaporation and sublimation, we have L > 0 and V/ > V2 hence

Example 3.10. Saturated vapor is in equilibrium with its liquid. Denote « as the liquid
phase and 3 as the vapor phase, then we have V? » V< and pV? = RT. Hence, the
Clapeyron equation reduces to

1dp B L L _£<L_L)

pdl ~ R WP = TRp A pepe t

3.5 Ciritical Points and Gas-Liquid Phase Transition

At a high temperature, the isotherm is similar to that of ideal gases. At a low temper-
ature, the isotherm has a part parallel to the volume axis. At a certain temperature
T, the parallel part shrinks to a point, corresponding to critical pressure p..

On the isotherm,

p
dpy = =5,,dT + Vy,dp = — o = f Vudp.

po

Proposition 3.11.

8a a
Vmc = 3b, Tc = m, Pe = ﬁ (314)
Proof. At the critical point, since ( ;VP ) =0 and <%> = 0, we have
m /)T m /)T
op B RT N 2a 0 *p _ 2RT 6a 0
an T - (vm - b)2 Vrg - avr?L T - (Vm - b>3 V;rlL o
By the Van der Waals equation, we have
8a a
=3b, T.=—— = —.
Vmc 3 9 C 27Rb7 pC 27b2
O

15



3 PHASE TRANSITION OF ONE COMPONENT SYSTEMS

3.6 Classification of Phase Transition
The phase transition of water from liquid to vapor increases the volume. We call this
kind of phase transition as first-order phase transition.

Definition 3.12. A first-order phase transition is a phase transition satisfies

1) — @

2 (T7 p) =M (T7 p)

{ o) op? opH o . (3'15)
oT oT op op

Definition 3.13. A second-order phase transition is a phase transition satisfies

p(T, p) = p® (T, p)

op®  op® op®  ou®

or —  oT > dp ~ Op : (316)
021 022 o2 0212

oT? or? op? op?

For two sides of the isotherm, there exists latent heat and volume change. At the
critical point, the latent heat and volume change both vanish.

Theorem 3.14 (Ehrenfest Equations). For a second-order phase transition, we have

b ) e a0 .
dT Twv(a® —a) Kg?) _ Hg}) : :

3.7 Critical Phenomenon and Critical Exponents

Ferromagnetic materials have a critical temperature 7.. When 7' < T, the material
is ferromagnetic. When T' > T, the material is paramagnetic.

Definition 3.15. The magnetization of ferromagnetic materials is non-zero even without
external magnetic field and this magnetization is called spontaneous magnetization
A (T).

The spontaneous magnetization of paramagnetic materials is zero.
Proposition 3.16. We have the following experiment results.

1.
M(T)oc(—t), t——0, B~ % (3.18)

2. Magnetic susceptibility x = (‘M/)T is divergent when t — +0, and

ot™, t— 40, 12<vy<
X 7 (3.19)
1.0 <

1.4
oo (=)™, t— -0, v < 1.2
3. When t = 0 or the magnetic field is very weak, we have
Mo, 42 <5< A8 (3.20)

4. The heat capacity at zero magnetic field c (A = 0) follows

0.2

Lokt 40, 0<
Caxt 9 (3.21)
o <0.2

a <
(=), t— -0, 0<

Actually, this is similar with the liquid-gas fluid system. We have the following cor-
respondence:
pr—pg < M, Ep X, P—pc——H.

16



3 PHASE TRANSITION OF ONE COMPONENT SYSTEMS

3.8 Landau Theory of Phase Transition

In 1937, Landau proposed the concept of order parameter. The characteristic of
continuous phase transition is the change of symmetry. The order parameter is zero
in the high symmetry phase and non-zero in the low symmetry phase. For the three-
dimensional homogeneous ferromagnetic system, atoms has fixed magnetic moments and
the interaction energy is lower when the magnetic moments of two adjacent atoms are
parallel.

M
M 1

—M A

Since at low temperature the system is well ordered while at high temperature the
system is disordered, we can choose the order parameter as the magnetization .#. Near
the critical temperature T, the free energy per unit volume can be expanded as

1 1
F(T, #) = Fy(T) + 5a(:r)f///2 + 1b(T)t//ﬂ o (3.22)
Since F' is an even function of .#, only even order terms appear in the expansion.

At a stable equilibrium, F' reaches minimum, hence we have

oF 0*F [ a
g b)) =0, — = 3b.4% >0 =0,44/——. 3.23
7 M (a+ b”) A a+ 3bA — M =0,+ 2 (3.23)
M = 0 represents the disordered state
Landau theory is adapted to system with one-dimensional order parameter. Landau
theory is a theory of mean field approximation, neglecting the fluctuation.
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4 EQUILIBRIUM OF MANY COMPONENT SYSTEMS

4 Equilibrium of Many Component Systems

4.1 Thermodynamic of Many Component Systems

A many component system contains at least two chemical substances.
First, we recall Euler’s theorem.

Theorem 4.1 (Euler’s Theorem). If a function f(x1,x2, -+ ,x,) is a homogeneous func-
tion of degree m, then we have

= 0
sz( f)sz. (4.1)
i=1 0
Proof.
fQz1, Azg, -+ Axyn) = N f(21, 22, -+, 7).
Differentiate both sides with respect to A and let A\ = 1, we have the conclusion. Il

Consider a many component system with & components. To describe the system, we

introduce the quantity of substance ny,ns,- -+ ,ng as state variables.
V= V<T7p7 ny,no, .- ank) ZZ t\oni T,p,n; ZZ o
U=U(T,p,ni,ng, - ,ng) = U:Zini<ggi)T = DNl (4.2)
22Uy
§ = S(Tp,m,ma, ) SZZini<g§-> :Zinisi
¢ T7p7nj

where v;, u;, s; are the molar volume, molar internal energy and molar entropy of compo-
nent ¢ respectively.
Consider the Gibbs function, we have

oG oG PYe
G = () ar+(Z) 4 dn = _SdT+Vd P
G (aT)Pﬂ’Lz i ( ap )Tﬂli p+zz: (8ni>T7p7nj " S +V p+ZZ: Mz n;, ( 3)

By U=G+ TS —pV, we have

dU = TdS — pdV + > pisdn;. (4.4)

4.2 Equilibrium Conditions of Many Component Multiphase
Systems

Suppose the system contains ¢ phases. Consider dn},dn?, ---  on as the changes of

7

the amount of substance 7 in each phase, then we have
©
dlong =0, i=1,2--k (4.5)
a=1

The change of Gibbs function when temperature and pressure are fixed is given by

k
0G* =) pong — 0G = i 0G* = i e ons. (4.6)
A a=1

i=1a=1
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4 EQUILIBRIUM OF MANY COMPONENT SYSTEMS

4.3 Gibbs Phase Rule

For water, equilibrium of three phases only exists at the triple point with 7" = 0.01°C,
p = 611.657Pa.

Suppose that the system contains £ components and ¢ phases and there is no chemical
reaction. Replace ny by x& = n®/n;, then we have

k
Dt =1, a=12-- ¢ (4.7)
=1

There are k—1 independent z¢ in each phase, hence there are totally ¢(k—1) independent

(0%
l‘i.

f=k+Dp—(k+2)(p—1)=k—p+2. (4.8)

4.4 Third Law

Theorem 4.2 (Nernst). As T' — 0, the entropy change of any isothermal process ap-

proaches zero, i.e.
lim (AS)r = 0. (4.9)

T—0

By Maxwell relations, we have

: .1 [0V ) 1 [0S )
%%Wﬁ%v(ﬁﬂgﬁg—v&%h—u hm B = (4.10)
Let y be the state variable. Then by Nernst theorem, we have

S(0,yg) —S(0,y4) = 0.

oS 0S .

Tc
S(Ty) = S0, + [ ar
o T
Definition 4.3. Take S(0,y) = 0, then we have the absolute entropy:

S(T,y) = L ' %dT. (4.12)
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5 MOST PROBABLE DISTRIBUTION OF NEARLY INDEPENDENT
PARTICLES

5 Most Probable Distribution of Nearly Indepen-
dent Particles

5.1 Classical Description of Particle Motion

A classical particle with a degree of freedom r has generalized coordinate qi, g2, - , ¢,
and generalized momentum pq, ps, - -+, p,. The space formed by (q1, 42, , ¢r; 01, P2, =+,
pr) is called the pu space of the particle. A point in p space represents a state of the
particle and the trajectory of the point represents the evolution of the state.

Here we introduce some examples.

A free particle moving in one-dimensional space has one degree of freedom. The
1 space is two-dimensional, with generalized coordinate x and generalized momentum
p = p. = mx. The energy of the particle is given by

p2

om’

The equal-energy surface is given by p = +4/2me, which is two lines. The phase volume
below the enegy ¢ is given by
w = 2LV2me.

A free particle moving in three-dimensional space has three degrees of freedom. The
1 space is six-dimensional, with generalized coordinates x,y, z and generalized momenta
Pzs Dy, D= The energy and equal-energy surface are given by

2 2 2
Pzt Py +Pp
5——12—7‘22, p§+p§+pz——2ms,

which is a sphere in the three-dimensional momentum space. The phase volume below
the energy ¢ is given by

4
“T Jffdxdydszfdpxdpydpz = §7TV(2m€)3/2'

A linear oscillator has one degree of freedom. The u space is two-dimensional, with
generalized coordinate ¢ = z and generalized momentum p. The energy and equal-energy
surface are given by

2 2 2
P 1 9 9 P T

€= _—+ -mwr — + =1,
2m - 2 ©2me

which is an ellipse in the p space. The phase volume below the energy ¢ is given by

2
w = ffdxdp = 7T—€.
w

A rigid rotator has two degrees of freedom. The u space is four-dimensional, with
generalized coordinates ¢, ¢ and generalized momenta py, p,. The energy is given by

5=lm<7“29'2—|—r2$ir120'2>=i 24 p?p I =mr?
2 7)o \P T % ) '

If there is no external force, the angular momentum L is conserved and we choose
the z-axis along L. Then we have
v, L*

T
0 = -
o] ~ 21

57
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5 MOST PROBABLE DISTRIBUTION OF NEARLY INDEPENDENT
PARTICLES

5.2 Quantum Description of Particle Motion

Here we introduce some examples.
Electrons have intrinsic angular momentum (spin) and an intrinsic magnetic moment,
which satisfied

—_

n= —ES, [y = —ESZ, S, =msh, ms=*+—-.
m m 2
Definition 5.1. my is called the spin quantum number.

The energy of an electron in a external magnetic field is given by

e=—-pn-B=+—D0D.
2m
A rotator has quantized energy ¢ = L with L? = I(I + 1)h% and M, = mh with
magnetic quantum number m = —[, - +1,--- [ —1,1.
A free particle in a one-dimensional room with length L satisfies
2m 2mh _ 21202

L = |nﬂf|)‘> ka: = fnxa Pz = Tnm Eng mL2 N,, MNg= O, il, i?, SR (51)

In volume V| possible quantum states number of a free particle with energy between &

and ¢ + de is given by

2rV
D(e)de = F(Qm)wsmds. (5.2)

5.3 Description of Microscopic States of Systems

For a system consisting of N nearly independent particles, the interaction between
particles is negligible. The total energy of the system is given by

N
E = 2 E;.
i=1

There are two kinds of microscopic particles, bosons and fermions. A compound
particle consisting of even number of fermions is a boson, otherwise it is a fermion and a
compound particle consisting of bosons is a boson.

A system consisting of fermions is called a Fermi system and follows the Pauli
exclusion principle. A system consisting of bosons is called a Bose system and does
not follow the Pauli exclusion principle. A Boltzmann system is a system consisting
of classical particles, which are distinguishable.

5.4 Principle of Equal Probability
Principle of equal probability is the basis of statistical physics.

Proposition 5.2 (Principle of Equal Probability). For an isolated system in equilibrium,
all accessible microscopic states are equally probable.
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5 MOST PROBABLE DISTRIBUTION OF NEARLY INDEPENDENT
PARTICLES

5.5 Distributions and Microscopic States

Consider a system consisting of N nearly independent particles with given E and V.
Denote the energy level as ¢; and the degeneracy of the energy level as w;. Suppose that
there are a; particles occupying the energy level g;, then we denote a distribution as {a,},

which satisfies
Yay=N, > ag=E. (5.3)
! !

For a Boltzmann, Bose and Fermi system, the number of microscopic states corre-
sponding to the distribution {a;} are given by

N! (wi +a; —1)! wi!
0 _ a; 0 _ A 0 = _— A4
M.B. Hl al! ];[wl ) B.E. ];[ al!(u)l — 1)' ’ D ]‘l_‘[ al!(wl - CLZ)! (5 )

For a Bose or Fermi system, if we have the classical limit condition (non degen-
eracy condition) w; » q;, then

(w+a—D(w+a—2)w w B.
Qpp = H ol ~ H — = (5.5)

5.6 Boltzmann Distribution

Definition 5.3. The distribution consisting of the most microscopic states, is called the
most probable distribution.

Proposition 5.4 (Sterling’s Formula). For m » 1, we have
Inm! ~ m(lnm —1). (5.7)
Proposition 5.5. For a Boltzmann system, the most probable distribution is given by
a = we 2P (5.8)
Proof. For a Boltzmann system, we have

InQQ =1InN! —Zlnal! —i—Zallnwl o NlnN—Zallnal —i—Zallnwl
1 ] 1 1

= /) = —Zlnal5al—25al+25&llnwl = —Zln (%) oa; = 0.
] 1 1 1 l

{0a;} satisfies SN = >, 0a; = 0 and 0FE = ), €;6a; = 0. By Lagrange multiplier method,
we have

0InQ —adN — BoE = —2 <111 (ﬂ) + a4+ BE;) da; = 0 = q; = wie @5,

] Wi
a, B are determined by N and F. Il
I

Actually, later we will see that g = kBLT and o = — T
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5 MOST PROBABLE DISTRIBUTION OF NEARLY INDEPENDENT
PARTICLES

5.7 Bose Distribution and Fermi Distribution

Proposition 5.6. For a Bose system, the most probable distribution, called Bose-
FEinstein distribution, is given by

wi
extBer _ 1 :

a; = (59)

Proposition 5.7. For a Fermi system, the most probable distribution, called Fermi-
Dirac distribution, is given by

Wi

m. (5.10)

a; =

5.8 Relationships between Three Distributions

If e* » 1, then both Bose-Einstein distribution and Fermi-Dirac distribution reduce
to Boltzmann distribution. Since

ay
—<Kle=e*>»1,
Wy

e” is also called the classical limit condition or the non-degeneracy condition.
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6 BOLTZMANN STATISTICS

6 Boltzmann Statistics

6.1 Statistical Expressions of Thermodynamic Quantities

Definition 6.1. The partition function of a single particle is defined as

7y = Zwle_ﬂgl. (6.1)
I

0 0
N=e¢%%, U= e_o‘zlzelwle_ﬂsl =e @ (—%) Z1 = —N% In Z;. (6.2)

Suppose when external parameters change, the force acting on a particle of energy level
g is given by %—3, then the generalized force is given by

o 56; o _a_ﬁelasl _ _a _1 6 —Be _N 6
Y —;al o —;wle o e ( B@y)zwle =5y In Z;. (6.3)

l

An example of generalized force is pressure

_ 2%z,
P="gav 4

External work is given by

os
Ydy = dyZala—yZ = Zaldél.
!

l

AU = Zl:qdal + Zl] ade; = dQ = dU — Ydy = ; eday.

Since dIn Z; = 484145 + algyzl dy, the entropy is given by

o8

dQ 1 81nZ1 Né’anl N 6’an1
dS=—==|—-Nd — dy | = —=d (InZ; — 6.4
P (v () 5 ) = e (na ) e

Proposition 6.2. Boltzmann relation holds:
Szkanzk(NlnN—i—Zallnwl—Zallnal). (6.5)
! !

Proof. O]

6.2 State Equation of Ideal Gas

2 2 2
We consider single atom ideal gas, whose energy is given by ¢ = %. The number
of microscopic states in dedydzdp,dp,dp, is given by

dzdydzdp,dp,dp.
B3

3
1 2 2 2 2mm \ 2
7= 33 fjjdxdydzfeQ,fnpzdpxjvegnpydpyjeﬁqudpz S ( h%) . (6.6)
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6 BOLTZMANN STATISTICS

Hence, the pressure is given by

p= %%anl = BﬁV = N?T (6.7)
Notice that, generally, gas satisfies the classical limit condition
o BV (27rkaT>g -
N N h?
The average energy per particle is approximated as ¢ = 7kT =— )\ = % = th = =

—W Then

e > 1 = n)\ «1.

6.3 Maxwell Distribution of Velocity

In general, gas satisfies the classical limit condition. Hence, gas particles follow Boltz-
mann distribution. In volume V', the particle number with momentum in dp,dp,dp, is

given by

v
ﬁe,a,ﬁ (p2+0}+0?) dpedp,dp..

N h2 3/2
—a— gt (P2 492 +p?) N o _ L
Hf i ) ap dpydp, = N = 7" = 7 <27kaT) '

Hence, the particle number with velocity in dv,dv,dv, is given by

3/2 m
N (2 TZT) / e‘m(v%”?*“z)dvxdvydvz-
™

Definition 6.3. The Maxwell distribution of velocity is given by

m

2wkT

3/2 m
f(’Uz, Vy, Uz)dvmdvydvz = ( ) e_m(vgﬂng)dvxdvydvz. (68)

The particle number with speed in dv is given by

_ muv
e~ 2t v2do.

m )3/2

amn (
i 2rkT

Definition 6.4. The Maxwell distribution of speed is given by

m )3/2

_mv2 2
5T, € TV dv. (6.9)

fw)dv = 4r (

Definition 6.5. The most probable speed, average speed and root-mean-square
speed are given by

d 2kT SkT — 3kT
d_i =O=>vp—q/—, v—q/ (6.10)

Up

Hence
vp <V < s,
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6 BOLTZMANN STATISTICS

6.4 Energy Equipartition Theorem

Theorem 6.6 (Energy Equipartition Theorem). In thermal equilibrium at temperature
T, the average energy associated with each quadratic degree of freedom of the particles is
1

skT.

2

Proof. ¢ is the sum of kinetic energy ¢, and potential energy ¢,, where

1 r
Epzégaipzzv Eq _qu'L +€ <Q7”+17'”7Q7")‘

=1

- _ J Za 2 e o™ Bs e qudpl t dpr _ i 1CL 5€d dqrdpl dp
+oo 1 s I 5 +00 +o g 5 2
- 2a1p1d _ Pt —5Faipy 4 e 2uPi|
JOO 2&129 1€ p1L = ( Qﬁe ) i JOO 256 p1 =
1 1 _pedqr---dgdpy---dp, 1 . 1 1
§a1p% = 37 Je pe n = §kT, similarly, Ebqu = §k:T.

For a molecule with two atoms, the evergy is given by

Ly 2 2 1 L,
e=—(pl+p+ + + + u(r).
o Pz + 7y H02) + o <p9 sin? 9) 2, P )
Atoms in a solid vibrate about their equilibrium positions. The energy of each atom
is given by

1 1
e= o1+ gmw'q’ =5 =3kT, U =3NKT, Cy=3Nk.
m

Hence, every ideal solid has the same molar heat capacity, which is the same as the
results by Dulong and Petit’s experiment in 1819. However, at low temperature, the
molar heat capacity of solid decreases rapidly to zero, which cannot be explained by
classical Boltzmann statistics.

6.5 Internal Energy and Heat Capacity of Ideal Gas

The energy of a double atom ideal gas particle is given by
e=c +e" +¢.
The partition function is given by

Zwle Bar — Z Wiy W€ —Bleitevter) Z{’ZfZ{.

t,o,r

The energy level of a linear oscillator is given by

1
En = (n+§)hw, n=2012" - =
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6 BOLTZMANN STATISTICS

0 _ Bhw

e 2 0 1 1
20 =N e felnrs) o © v Nz = Nhw (= - ).
! nz_:D 1 — e B’ op ! 2 efhw 1
The first term is the zero-point energy, which is independent of temperature. The second
term is the excited energy at temperature 7T'. The heat capacity contributed by vibration
is given by

Y A\ 2 T
Cy = Nk (kT) At (6.11)
()
Definition 6.7. The characteristic temperature of vibration 6, is defined as
k6, = hw. (6.12)
Hence, we have
1 1 0,\° %
UY = Nk, (— +— ) ., CV =Nk <—) L (6.13)
2 et -1 T (e%v — 1>
When T « 6,
Nkb, . Nkb, 0,\° o,
U’ ~ 5 + Nkfye T ~ 5 Cy ~ Nk (T) e T ~ 0.
When T >» 6,
NE6,
U’ ~ ~ NkT, C}, ~ Nk.

This is the same as the prediction by classical limit condition.
The rotation energy levels of a double atom molecule, which has different nuclears,
are given by

I(1+1)h? & n2
e = QFF, 1=0,1,2,--— Z = 2(21 + 1)6—5””21)'1 .
21 =

Similarly, we define the characteristic temperature of rotation 6, as

n? S 1(1+1)
r +
kb, = o= — 2} l§o(2l +1)e

For room temperature, 0, « T, then z = [(l+ 1) = can be viewed as a continuous variable.
Hence, we have

21
i

Then, the rotational internal energy and heat capacity are given by

dx=(2l—|—1)0Td =—J xdx—e

U™ = NkT, CI = Nk.

Now we discuss the electron’s contribution to heat capacity of gas. For most molecules,
thermal motion energy is much smaller than the energy difference between the ground
state and the first excited state of electron. Hence, most electrons stay in the ground
state and do not contribute to heat capacity of gas.

27



	Basic Law of Thermodynamics
	Equation of State
	The First Law
	Heat Capacity and Enthalpy
	Internal Energy of Ideal Gas
	Adiabatic Process of Ideal Gas
	Carnot Cycle of Ideal Gas
	The Second Law
	Carnot Theorem
	Temperature Scale
	Clausius' Theorem
	Entropy
	Free Energy and Gibbs Function

	Homogeneous Substances
	Internal Energy, Enthalpy, Free Energy and Gibbs Function
	Simple Applications of Maxwell Relations
	Joule-Thomson Process
	Basic Thermodynamical Functions
	Characteristic Functions
	Thermodynamics of Magnetic Medium

	Phase Transition of One Component Systems
	Equilibrium Criterion
	Thermodynamic Fundamental Equations of Open Systems
	Multiphase Equilibrium Condition of One Component Systems
	Equilibrium Properties of One Component Multiphase Systems
	Critical Points and Gas-Liquid Phase Transition
	Classification of Phase Transition
	Critical Phenomenon and Critical Exponents
	Landau Theory of Phase Transition

	Equilibrium of Many Component Systems
	Thermodynamic of Many Component Systems
	Equilibrium Conditions of Many Component Multiphase Systems
	Gibbs Phase Rule
	Third Law

	Most Probable Distribution of Nearly Independent Particles
	Classical Description of Particle Motion
	Quantum Description of Particle Motion
	Description of Microscopic States of Systems
	Principle of Equal Probability
	Distributions and Microscopic States
	Boltzmann Distribution
	Bose Distribution and Fermi Distribution
	Relationships between Three Distributions

	Boltzmann Statistics
	Statistical Expressions of Thermodynamic Quantities
	State Equation of Ideal Gas
	Maxwell Distribution of Velocity
	Energy Equipartition Theorem
	Internal Energy and Heat Capacity of Ideal Gas


