Notation: by = diagonal matrices with distinct eigenvalues; [A] = diagonal part of A; g =e
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Abstract

The subject of these notes is the Stokes phenomenon of a meromorphic linear system with
a second order pole, and the observation that for the quantum confluent hypergeometric

system

g =h (u + z) F

dz z
the Stokes matrices satisfy the RLL relations, hence define a representation of the Drinfeld—
Jimbo quantum group U,(gl,,) on the same vector space on which the e;; act. The first half
develops the analytic machinery: formal solutions and their factorial growth, Borel-Laplace
summation, canonical sectorial solutions, Stokes matrices, the connection matrix and the
monodromy relation. The second half proves the RLL relation by means of a flat system
in two variables: a compatibility computation, the formal solution in ratio coordinates, the
summability and factorization theorem, and the comparison of two continuation paths. The
numerical R-matrix is computed from the collision equation, where the relevant connection
coefficient reduces to Kummer’s equation. Statements are given with full proofs where
the argument is elementary or combinatorial, and with an indication of the analytic input
otherwise.
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Ref Statement Role

2.3 unique canonical solution on each Stokes analytic foundation
sector

2.9 Stokes matrices are unipotent triangular makes them computable
up to permutation

2.13 CeAC~' =5_5, il monodromy ¢+ Stokes data

4.1 Stokes matrix of the collision equation is computes R
Ry

4.10 six-region factorization of the analytic input
two-variable solution

4.15 Sl(l)i satisfy RLL = LLR proof mechanism

5.2 Stokes matrices of (3.2) give a main result
representation of U,(gl,,) on V
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Stokes matrices and quantum groups

1 Meromorphic linear systems and the model equation

1.1 Regular and irregular singularities

We consider a linear system with rational coefficients

d Di .
%:(ZZ Aij j)F(z), F(z) € GL,(C), A € gl,(C), (1.1)

i=1j=1 (2 = z)
with poles at z1,..., zq of orders p1, ..., pq.
Definition 1.1. A pole of order one is reqular singular. A pole of order p; > 1 is irreqular.

Proposition 1.2. For zg € C\ {z1,...,24} and Gy € GL,(C) there is a unique multivalued
holomorphic fundamental solution of (1.1) with F(zy) = Go.

Proof. On a disc D around zy avoiding the poles, A(z) is holomorphic and the system is solved
by the convergent Peano series

F(z) = (1 +) ZA(tl)dtl /t1 A(tz)dtz...)Gm
k>1770 %0

which converges uniformly on compact subsets of D because the iterated integrals are bounded
by ||A||% |z — 20|*/k!. Analytic continuation along paths avoiding the poles produces a
multivalued solution on C\ {z1,..., 24}, and uniqueness holds because the difference of two
solutions with the same initial condition solves a linear system with zero initial datum. [

Continuation around the poles defines the monodromy representation 71 (C\{z1,...,24}) —
GL,,(C). For a regular singular point this representation carries the local information. The
purpose of the Stokes theory is that at an irregular singular point it does not, because the
solutions carry an essential singularity which monodromy cannot see.

1.2 The two-point model

The model we study has one irregular point and one regular point:

dF u A
L o(S+0)FR uebe  AcglL(C) (1.2)
The results below hold for arbitrary A; the hermitian condition assumed in some sources is
not needed for the formal theory. The pole at z = 0 has order two and is irregular, and z = oo
is a regular singular point of (1.2). This is the simplest irregular configuration, and it is the
one for which all the objects below can be written down explicitly.

Proposition 1.3. The system (1.2) has a unique formal fundamental solution of the form

F(zu,A) = (Id, + H(z;u, A))e™"/* 4], H(z) = > Hy2", (1.3)
k>1

where [A] denotes the diagonal part of A, and whose coefficients are determined by the recursion
[U,Hk+1] = ]{ZHk—i-Hk[A] — AH, Hy =1d,. (14)

Proof. Differentiating (1.3) gives
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so F solves (1.2) if and only if

g [wH]  AH - HA) (1.5)

22 z

Substituting H = k>0 Hiz" and comparing the coefficient of 25! gives (1.4). We verify that
(1.4) determines the Hj uniquely.
At k=0, (1.4) reads [u, Hi| = Ho[A] — AHp = [A] — A, whose diagonal part is 0. Hence
A — [A] has zero diagonal, as it must, and no condition is imposed on [A]. The off-diagonal
part of [u, Hi] is (u; — uj)(Hi)ij, s0
(H1)ij = — 4i ) i # (1.6)

ui—uj

and (Hyp )y is still free.
Suppose Hi, ..., Hy are known. Taking the (4,7) entry of (1.4) with i # j gives

(ui — uj)(Hg+1)ij = k(Hy)ij + (Hg[A])ij — (AHg)ij,

which determines (Hy41);; by division by the nonzero gap u; — u;. The diagonal part (i = j)
gives

0 = k(Hg)i + (Hg[A))ii — (AHg)s,

an identity which holds automatically for the already determined Hy; it imposes no new
condition but will be used below. Finally, the diagonal entries (Hy1);; are not touched by
[u, Hg11], so they are free at this stage and are fixed by the diagonal part of (1.4) at the next
step: replacing k by k + 1 and taking ¢ = j,

(k+1)(Hpt1)ii = (AHp1 — Hea[A]) ; = D Agj(His1) jis (1.7)
#i

since [A4] is diagonal. The right hand side involves only the off-diagonal part of Hy.1, which
was determined in the previous paragraph. Hence (Hy1)s; is determined by (1.7), and the
induction closes. The case k = 0 is the statement that (H;p);; is determined by (1.7) with
k‘ = O, i.e. (Hl)” = Zj?éz AZ](HI)]Z D

Remark 1.4. The exponent [A] in (1.3) is forced rather than chosen: the diagonal part of
(1.4) at kK = 0 reads 0 = Hy[A] — AHy, i.e. [A] is the diagonal part of A. Replacing A by a
conjugate changes [A] to the diagonal part of the conjugate, and the two normalizations differ
by a constant gauge. This is the sense in which the formal type is an invariant.

Example 1.5. For n = 1, u = uj and A = Ay; are scalars, and (1.2) reads F' = (u/zi—%—A/z)F
with solution F :Aer_“/ #. The formal solution (1.3) is this exact solution, and H = 1. So
the divergence of H in higher rank is a genuinely noncommutative phenomenon.

Example 1.6. For n = 2, u = diag(u1,u) and A = (2%), (1.6) gives

Hl = Uy — U2 , h‘ll —

Uz — U1

where the diagonal entries come from (1.7) at k£ = 0. Already at order one the coefficients
depend rationally on the spectral gaps and quadratically on the entries of A.
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1.3 Factorial growth of the coefficients

The formal solution (1.3) usually diverges. What the recursion (1.4) does provide is a precise
rate of growth.

Lemma 1.7 (Gevrey bound). There are constants ¢ > 0 and K > 0 with
|Hp| < cK™ml, m > 0. (1.8)
Proof. Fix any norm on gl,(C) with || XY < || X]||]Y]|, and put

gzlggllui—ug‘l >0, a=max{||A],¢g '}

By (1.4) and (1.7), there is a constant  depending only on n and g with
[Hi+1]l < Bk + 1ol Hy-

Indeed the off-diagonal entries of Hy,; are bounded by ¢~ '(k|| Hy|| + 2||Al|||Hx||), and the
diagonal entries by the same expression through (1.7). Iterating,

[ Hpll < B™a™m![|Hol| = ™ a™ml,
which is (1.8) with K = af. -

The estimate (1.8) is sharp in general. The coefficients of a formal solution of an irregular
system at a pole of order two grow like a constant to the power m times m/!, and this is exactly
the class of series that Borel summation can handle.

1.4 Borel-Laplace summation

Definition 1.8. Let f(z) = 1 + > p>1apz P be a formal power series in 271, Tts Borel
transform is the formal power series

B(f)€) =3 e,

|
p>0 P

For g holomorphic near ¢ = 0 and a direction d, the Laplace transform of g along d is

(Lagz) =1+ [ e Egle)ae

the integration being along the ray argé = d.

By lemma 1.7, the Borel transform of H is the convergent germ

Hy,
(k—1)!

9(&) = B(H)(&) = ¢l (1.9)

k>1

where we used k!/k! = 1 and 1/k! = (1/k) - 1/(k — 1)!; more precisely B(Hyz*) = Hypé* /k! =
Hp€5=1/(k —1)! - (1/k) - k, and the normalization (k — 1)! is the one that makes the Laplace
integral below reproduce the series without an extra factor. The radius of convergence of (1.9)
is at least 1/K.

Lemma 1.9. For h ¢ Q and an admissible direction d (see definition 2.1) there is € > 0 such
that g continues analytically to the sector —d + € < arg€ < —d — €, and there are a, 3 > 0
with |g(€)| < aellél there.
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Proof. Multiplying (1.4) by z**! and summing against the kernel of the Borel transform, the
recursion is formally equivalent to the integral equation

g(u — (u+ €10, (6) = A~ [4] + [ (4g(t) — g0 ADt, (1.10)

which we now read as a differential equation for g along a ray. Its off-diagonal part is a linear
first order system with a regular singular point at £ = u; — u; and no other singularity, so
g continues along any ray which does not pass through one of the points u; — u;. The rays
through the points u; — u; have directions arg(u; — u;), and the sector of continuation of g is
the reflection of the sector of validity of L4, which is why the condition on d in definition 2.1
involves — arg(u; —u;). The diagonal part of (1.10) determines the scalar factor of the solution
and produces the bounds on the growth; iterating (1.10) with the growth ansatz g = ae®l¢l
closes for 5 large enough, because the integral adds one power of £ and the factorial in the
kernel has been absorbed by the Borel normalization. O

Lemma 1.10. There are C,D > 0 such that for all N > 1 and all z with |z| >  and
—d— 5 <argz < —d+ 3,
|2

N (1.11)

N-1
La(BH)(z) = 3 Hypz™™| < CNNe N
m=0
Proof. Insert the Taylor expansion of g up to order N — 1 with integral remainder into the
Laplace integral and use the term-by-term identity
id

/Ooe e #emT g = (m —1)12™, (1.12)
0

valid for Re(e!?/z) > 0, i.e. for |argz — d| < m/2. This recovers 3., o n_1 Hmz™™ exactly,
and the remainder is the Laplace transform of the Taylor remainder, which is bounded by
the exponential growth bound of lemma 1.9. The factor NVe™ is Stirling’s estimate for
N!(m/N)N after optimizing over N. O

Corollary 1.11. The function Fy(z) := Ly(BH)(2) - Z[A]e*“/j is a solution of (1.2), holo-
morphic for |z| > [ in the sector |argz — d| < ©/2, and F is its asymptotic expansion
there.

Proof. The Borel and Laplace transforms commute with % and with multiplication by 271,

so Lq(BH) satisfies (1.5) and Fy satisfies (1.2). The asymptotic statement is lemma 1.10. [

Remark 1.12. The content of lemma 1.9—corollary 1.11 is that the divergent series H is
nevertheless the asymptotic expansion of an honest function, and that the function is produced
by an integral whose contour is a choice. The freedom in that choice is exactly the Stokes
phenomenon: two different admissible directions may give different functions with the same
asymptotics.

2 Stokes phenomenon and monodromy data

2.1 Anti-Stokes rays

Definition 2.1. The anti-Stokes rays of (1.2) are the directions along which one of the
exponential factors e~ (%i—%)/% decays fastest as z — 0. Their set is

aSR(u) = {arg(u; — u;) + 2km: k€ Z, i # j}.
A direction d is admissible if d ¢ aSR(u).
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The name is justified as follows. Writing u; — u; = pel? and z = rel?,
—(ui—uy)/z| _ _P _
o7 = exp (" cos(0 - ),

so that the factor decays as r — 0 exactly when cos(0 — ¢) > 0, i.e. |¢ — 0] < §, and decays
fastest when ¢ = 6. Combined with e %i/# versus e “i/#, the distinguished directions are the
0 = arg(u; — u; ), up to 2.

Definition 2.2. Fix an initial anti-Stokes direction 79 and arrange the others in increasing
order --- < 7_1 <79 < 71 < ---. For an admissible direction d € (7;,7j11) the Stokes sector is

Each Stokes sector has opening angle strictly between 7 and 27, and Secty is the largest
sector on which the ordering of the exponential factors e~%/# is constant, with e ~%i/# dominating
e~"/* precisely when Re((u; — u;)/z) > 0.

Theorem 2.3 (Canonical solutions). For each i € 7 there is a unique holomorphic fundamental
solution F;(z) of (1.2) with the prescribed asymptotics

Fi(z) - ezl 14, as z — 0 within Sect(r; — 5, Tiy1 + 5). (2.1)

Proof. Existence follows from corollary 1.11 applied to an admissible direction d € (7, Ti+1),
which produces a solution with the asymptotics (2.1) on the subsector |argz — d| < 7/2. By
lemma 3.6 below, or rather its classical analogue, the sum does not depend on the choice of d
inside (73, 7;41); hence it extends to the whole enlarged sector Sect(7; — 5, 7i11 + 5) by analytic
continuation. This is the content of the enlargement step: the individual Borel sums along a
ray only converge on a half-plane, and the claim is that the resulting functions agree on the
overlaps, so that they glue.

For uniqueness, suppose F and F both satisfy (2.1) on the sector, and let G = FF1.
Then G is holomorphic in the sector and G — 1d,, as z — 0 there. On the other hand G is a
ratio of two fundamental solutions, so % =0 and G is constant. Comparing limits along a
ray in the sector gives G = Id,,. O

Remark 2.4. The uniqueness statement of theorem 2.3 is thus a statement about the pair
(sector, prescribed normalization), not about a limit along a single ray: along a single ray
many functions share the same asymptotics, since e~%# is flat there for a > 0. The tool that
upgrades an asymptotic equivalence on a sector to an identity is the following.

Lemma 2.5 (Watson). Let F be holomorphic on a sector Sect and suppose F(z)e="/?z~1Al —
Id,, as z — 0 within Sect. If F is a fundamental solution of (1.2), it is unique with this

property.

Proof. If F,F are two such, then G = FF~! has G’ = 0 hence is constant, and G — Id,, by
the prescribed asymptotics. O

Remark 2.6. Enlarging to a full Stokes sector of opening > 7 is what gives lemma 2.5 enough
room to apply, and it is also what makes the sectors overlap so that transition matrices between
different canonical solutions can be defined. On a half-plane sector, two different Borel sums
can agree asymptotically without being equal.
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2.2 Stokes matrices

Definition 2.7. For an anti-Stokes direction 7; the associated Stokes factor is defined by
Fiy1(z) = Fi(2) - 57, (w). (2.2)

The matrix S, is constant: both sides solve (1.2), so Fi_lFiH has zero logarithmic
derivative, exactly as in the proof of theorem 2.3.

Definition 2.8. For u € b, and an admissible direction d € (73, 7;4+1) the Stokes matriz
Sq(u) € GL,(C) of (1.2) is determined by

Fapr(2) = Fa(2) - Sa(u). (2.3)

Since d + 7 lies in the next Stokes sector, Sy is the ordered product of the Stokes factors
attached to the anti-Stokes rays between d and d + 7. Writing Fy = F;, Fyir = Fj and
inserting the intermediate canonical solutions,

Sd(“) = S'Ti (U)SH-H (u) T S’Fj—1 (u) (2'4)

This factorization is the reason one can work with the small factors S;,, each of which has a
single nonzero off-diagonal block, instead of Sy.

Lemma 2.9 (Triangularity). Let J be the permutation matriz of the dominance ordering of
{em/% .. e/} along the direction d + 55 that is, Jij = 0,(;); where o(i) < o(j) if and only
if ei=ui)/2 0 as z — 0 along d + Z. Then J~'Sq(u)J is upper triangular, J~*Sqyr(u)J is
lower triangular, and

Sd(u)];kl = Sd+7r(u)kk =1€eC, k=1,...,n.

Proof. By (2.3),
-1
efu/zZ[A]Sd(u)eu/zzf[A} _ Fd(Z) . efu/zzf[A}) (Fd_‘_ﬂ_(z)e*u/zzf[/ﬂ)

where the right hand side is a product of two matrices which both tend to Id,, within
Sectq N Sectyyr, because in that intersection both asymptotics (2.1) hold. Hence the left hand
side also tends to Id,, as z — 0 in Secty N Sect gy .

The left hand side has entries

e~ wimu)/z (GHAlG, (u) 2~y = e*(“i*“j)/ze(ai*aj)IOgZSd’Z.j’ [A] = diag(ay, .. ., an),

where we used that Sy is a constant matrix. A logarithmic factor cannot affect the conclusion,
so if e~ (4i~%)/% does not tend to 0 along d + 7, then the only way the entry can be bounded
is Sq; = 0. Since d + 5 € Sectq N Sectqir, this determines which entries vanish, and after
conjugation by J they are exactly the entries below the diagonal. For ¢ = j the entry tends to
Sd,iiy 80 Sq i = 1. The argument for Sy, is the same, with d + 37” in place of d + 7, and gives
the opposite triangularity. ]

Lemma 2.10. Sgyo,(u) = 2™ (u)e 2™ for every admissible d.

Proof. Continuing Fy once around the origin replaces the branch of log z by log z + 27i, hence
Fyyon(z) = Fy(z)e?mAl
On the other hand, applying (2.3) twice,

Faron = FaynSayn = FaSaSair-
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Comparing, »
Sa(u)Sapx(u) = >, (2.5)

Now replace d by d + 7 in (2.3): since the equation for Fy o, in terms of Fj;, . is the same
as that for Fy in terms of Fy_,, and Fy_r = FgSq_r, one gets Sgior = e2mil4] Sde_27ri[’4] by
conjugating (2.5). O

By lemma 2.10, the pair (S, Sq1) determines all the others, so it suffices to study one pair.
From now on we choose the initial direction so that the permutation matrix is the identity,
and write

St (u) := S4(u) upper triangular, S_(u) := Sgir(u) lower triangular. (2.6)
By lemma 2.10 and (2.5) the two are inverse up to a diagonal conjugation:

Sy (u)S_ (u) = el (2.7)

2.3 Connection matrix and the monodromy relation
At the regular singular point z = 0, the local theory gives a second canonical solution.

Lemma 2.11. Assume (1.2) is non-resonant, i.e. no two eigenvalues of A differ by a positive
integer. Then there is a unique multivalued holomorphic fundamental solution Fy(z;u, A) with

Fo(zu, A) - 2~42" 5 14, (z —0).

Proof. Write Fy = G(z)2/?>™ with G holomorphic and G(0) = Id,,. Substitution into (1.2)
gives the recursion
(mId + % ada)Gp = —uGp—1,

whose operator is invertible precisely when A has no two eigenvalues differing by a positive
integer, which is the non-resonance hypothesis. The inverse is O(m™!) for large m, so the
series for G converges and the solution is unique. O

Definition 2.12. The connection matriz C(u, A) € GL,(C), taken with respect to the chosen
initial anti-Stokes direction, is determined by

Fy(z;u, A) = Fi(z;u, A) - C(u, A). (2.8)
The matrix C' is constant because both sides solve (1.2).

Proposition 2.13 (Monodromy relation). For u € byeg,
C(u, A)eAC(u, A~ = S_(u, A)S, (u, A)e?mAl (2.9)

Proof. A simple negative loop around 0 is a simple positive loop around oo, and the contribution
of the two ends must agree. Concretely, continue Fy along a negative loop: the branch of

ZA/2mi acquires the factor e*A, SO

Fo(ze 2™ = Fy(z)e 4.

On the other hand Fy = F,C, and continuing F} negatively to F_ passes through the
intermediate sector, so the same loop, read in the canonical solutions, is

FO(Ze—27ri) — Fi(z)SJre%ri[A]C — FoC_IS+e27Ti[A]C,

Comparing the two expressions for Fy(ze and using that Fy is invertible gives e™4 =

C~18,5_e*>mAIC| which after rearrangement is (2.9). O

—27ri)
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Remark 2.14. Equation (2.9) says that the monodromy of the connection, which is the product
S_S e?™4l read in the frame C, is the regular-singular monodromy e”. Equivalently, in the
frame of the canonical solutions the monodromy is e 274} times a product of Stokes matrices:
the irregularity of the singularity has been converted into the noncommutativity of the Stokes
factors, and C' measures the discrepancy. This is the irregular Riemann—Hilbert correspondence
in its simplest form: the pair (S, S_) together with the formal data determines the analytic
connection, and the connection matrix is the change of frame realizing it.

2.4 Worked example: the Euler equation

For n = 2 the whole construction can be computed by hand, which is useful before turning to
the operator-valued case. Take

i—f = [21—2 (8 _01> +% <_11 _11>]F (2.10)

A column of the form (zf, 22 f')T reduces (2.10) to the scalar equation
2+ (1+2)f=1. (2.11)

Indeed, if F) = (zf, 22f")T, then F(' = (f 4+ zf',22f" + 22 )7 while the right hand side of
. / 2 ¢ 2 ¢ 20T
(2.10) is (FZE 4 2E2E, 2 f — 2EED) = (F g2 f' + (f 4 2f'), —f = f = =2f")T, and the
two agree exactly when (2.11) holds.
For a formal solution f = 3, ~,amz™, comparing coefficients gives ap = 1 and a,, =
—mam,_1, hence
f=> (=1)™ml", (2.12)
m>0
a series of zero radius of convergence whose coefficients have exactly the Gevrey growth (1.8).
Its Borel sum along an admissible direction is

1 foceld o—€/z
fa) =2 [ g (213)

because expanding (14 &)™! = 3, 50(—¢)™ and using (1.12) term by term returns (2.12).
Integration by parts verifies (2.11): with w =1+¢,

id

1 foce'd go—€/z 1 oot 1 foceld o—&/z
Phih= s [T S [T et dg =1~/

which is (2.11). The only finite singularity of the integrand is the pole at £ = —1, so the
admissible contours are those avoiding the negative real ray, and the anti-Stokes rays are Rsq
and R.g.

A second solution of (2.10) is exact, namely (—e'/? (1 + z71)e!/*)T, so

B (Zfd(z) —e!/?

Fy(z) = . det Fy =el/7, 2.14
d(z) Z2f(/i(2’) (1+Z—1)el/z> et g € ( )

the determinant statement being exactly (2.11) rearranged as (1 + 2)fq + 22 f; = 1.
Now compare the two lateral sums. Taking contours whose difference winds once positively
around £ = —1, the residue theorem gives

2mi
fimmre(2) = fimno(z) = gel/z,

10
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since ReSEZ,l(e_g/Z/(l +¢)) = e/, The first column of (2.14) therefore changes by —2ni
times the second column, while the second column is single valued. Hence

1 0
Fd:—ﬂ"f'a = Fd:—’ﬂ'—E <—27Ti 1) . (2'15)

The transition matrix is unipotent lower triangular, in agreement with lemma 2.9, and its
off-diagonal entry is computed by a residue. The formal series is the same on both sides; only
its two lateral analytic realizations differ, and they differ by an exponentially small solution
el/% relative to the dominant behaviour. This is the Stokes phenomenon in the case where
nothing has to be estimated.

2.5 The 2 x 2 Kummer computation

The general rank two case is the local model of the collision equation of section 4, so we record
the answer. Consider

=\ 2 - — = _n < s
dz (22 <0 u2> + z <c d))F’ Uz — u1 pe, 5 < 0 < 9 (216)

One fundamental solution is given by confluent hypergeometric functions, Y (z) = [Y;;] with

)a11+,6’

1 Mzfux—u
Yll:ﬁel(Qzl

1P (BB = at 1151, (2.17)

and the other three entries obtained from it by the Kummer transformations, where a = A1 —as1,
B8 = Ao — a1 and Aq, Ao are the eigenvalues of the residue matrix. The anti-Stokes rays are
0,0 &+ 7, and the sectors are Sect( — 5,0 + 37”) and Sect(0 — 37”, 0+ 5). Using the standard

asymgtotics of 1Fy recalled in lemma 2.15 below, one finds Y ~ F DU, on the first sector and
Y ~ FDUj; on the second, with D diagonal, and therefore

1 0
S_= F271F1 = DUQU{lD_l = 27Tia12(u2 _ ul)am*aueiﬂ'(au*am) . (2.18)
1
T(1 + a)L(1+ B)

The essential point for us is the denominator: the Stokes multiplier is a product of reciprocal
Gamma functions of the residue exponents. This is the mechanism by which, in the collision

equation below, the answer turns out to depend on h only through ¢ — ¢~ 1.

Lemma 2.15. For |argz| < 7,

I'(b)

1Fi(a;b;z) ~ wel/zzb_“[l +0(z2)] + Th—a)

I'(a)
s 3T

the upper sign for —37” < argz < § and the lower sign for 5 < argz < 5. The primary
Stokes lines are argz = 0 and argz = 7.

e:l:imzza[l + O(Z)],

3 The quantum confluent hypergeometric equation

3.1 Setting

Let T' = (T;;) be the n x n matrix with entries in the universal enveloping algebra U(gl,),

Ti; = eij, 1<i4,j<mn, e, ert] = djnei — i€y (3.1)

11
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For a finite-dimensional irreducible gl,-module V with highest weight A, consider

dr h(u+ Z)F, F(z) € End(V) ® End(C™), (3.2)
dz z

where h € C is a parameter and u € hreg acts as a scalar matrix on V' and by scalar entries
in U(gl,,). The action of the coefficient matrix on F(z) is matrix multiplication in the two
End(C") factors together with the representation of gl,, on V. This system is the quantum
confluent hypergeometric equation of [6]; it is the operator-valued analogue of the model (1.2),
with the irregular point at z = oo instead of z = 0, which is a change of variable and of sign
convention only.

Example 3.1. For gl, and V = C? the dual natural representation, 7" is the 2 x 2 matrix
with entries e;; acting on the four-dimensional space End(V) ® End(C?) = C? @ C?, and ey
and ego act by —1 and 0 in a suitable basis. The system becomes

huy O 0 0 0 -h 0 0

dF 1[0 huyy 0 O 1fo o o0 o0

dz 21 0 0 huy O F+2 o0 o olf (3.3)
0 0 0 hus 0 0 —h O

which decouples into two 1 x 1 equations with trivial Stokes matrices and one 2 x 2 system
dF 1 fhu; O 10 -—h
— == F+ - F.
& 22<0 huQ> +z<h 0)
This is exactly the rank two system (2.16) with residue matrix (_Oh _Oh), whose eigenvalues are
+h. It is the reason the numerical R-matrix below is computed from Kummer’s equation.

3.2 Non-resonant case

Proposition 3.2. For h ¢ Q and u € breg, (3.2) has a unique formal fundamental solution

F(z) = H(z)ehm= 10T, H(z)=1+Hizt + Hyz 2 -+, 6T = epe @ Egp, (3.4)
k

with all Hy, € End(V) @ End(C"), determined by

[Hyps1,u] = (% +T ) Hy, — HypT. (3.5)

Proof. Substituting (3.4) into (3.2) and using that 67 commutes with u gives, for H,

T

LT (s )~ (ur D (5.6)

L H ol
hdz+ u+z

and comparing the coefficients of 2™~ 1 yields (3.5). Write H,, = >kt Hmp @ B with
H,, 1 € End(V). Comparing the coefficient of Ej; in (3.5), and using T' = > ey @ Ej; and
0T =" exr ® Fy, gives for k # 1

m
(w — ug)Hpq1 0 = ﬁHm,kl + > erjHm i — Hmpeu, (3.7)
J

and, replacing m by m + 1 and taking k =1,

m—+1
0= erjHpmsi1jk + THm+1,kk + ek Hmi1,kk)- (3.8)
7k

12
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Since uy, # uy, (3.7) determines the off-diagonal entries of H,,11 from H,, by division by the
nonzero scalar gap u; — u. The remaining equation (3.8) must determine the diagonal entries
Hpp 41 kk; it is an equation of the form

1
(%Id + adekk)X == exiHmi1

i#k

in the unknown X = H,,,1; xx € End(V), and it has a unique solution provided the operator
mH1d + ad,,, is invertible on End(V).

It remains to check invertibility for h ¢ Q. On a finite-dimensional irreducible gl,,-
module the eigenvalues of ey, are the weights, and any two weights of V' differ by an integer

combination of the simple roots; the eigenvalues of ad,,, on End(V') are therefore integers r.

The operator mTHId +ad,,, fails to be invertible exactly when mTH + r = 0 for some integer r,
ie h= —mT“ € Q. So for h ¢ Q it is invertible for every m > 0, and the induction determines
all Hy,, uniquely. O

Remark 3.3. The hypothesis h ¢ Q enters only through the invertibility above. It is sufficient
but not necessary: whether the operator can be singular depends on which integers actually
occur as weights of V. For V one dimensional all the ad,,, vanish and there is no resonance
at all. When resonance does occur the formal solution ceases to be unique, and the correct
statement is that all formal solutions are obtained from one distinguished solution by a
finite-dimensional family of gauges; we return to this in section 5.3.

Definition 3.4. The anti-Stokes rays of (3.2) are
aSR(hu) = {—arg(u; —uj) + 2kn: k€ Z, i # j},
and d is admissible if d ¢ aSR(hu). The Stokes sector Secty is defined as in definition 2.2.

The sign in definition 3.4 is opposite to definition 2.1 because the irregular point has been
moved from z = 0 to z = co: the relevant exponential is e(#i=4)% which decays as z — 00
along a direction ¢ when Re(h(u; — Uj)ei¢) < 0.

Proposition 3.5 (Canonical solutions). For h ¢ Q, u € byeg and an admissible direction d
there is a unique End(V') @ End(C")-valued holomorphic fundamental solution Fy(z) on the
universal covering with

Fy(z)z"Tev ~ 1, z — 00 within Secty . (3.9)

Proof. Same as theorem 2.3: apply Borel-Laplace summation along d to H , using lemma 1.9,
lemma 1.10 and corollary 1.11 verbatim with End(V) ® End(C™) in place of gl,(C). The
operator norm estimates are uniform because End(V) ® End(C") is finite dimensional. [

Lemma 3.6. For admissible 7; < dy,ds < Ti+1 one has Lg, (Bﬁ) =Ly, (B.FAI), hence Fy, = Fy,.

Proof. Deform the contour of the Laplace integral from direction d; to direction dy inside
the sector (7;,7;41). The integrand e~*¢g(¢) is holomorphic on the swept region and decays
at infinity there, by lemma 1.9; the Cauchy theorem then says that the two integrals agree.
Equivalently, there are no singular directions of g between d; and ds, so no residue is picked
up. ]

13
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3.3 Stokes matrices and triangularity

Definition 3.7. For h ¢ Q, u € hyes and admissible d, the Stokes matriz Sy(u) € End(V) ®
End(C") is determined by
Fiin(2) = Fal2) - Safu). (3.10)

With J the permutation matrix of the dominance order of {e"1% ... e"n*} along d + oE

Lemma 3.8. S;(u) and Sgir(u) are upper and lower triangular up to conjugation by 1 ® J,
and
Sd(u),;kl = Sd+7r(u)kk =1e€ End(V), k=1,...,n.

Proof. By (3.10), in Secty N Sectyy, we have

. -1 _
ehuzzh5Te—mh6TSd(u)e—huzz—h5T _ (Fdz—éTe—uz) (Fd+7r (Ze—m)—éTe—uz(-)) — 1,
where the factor e ™7 accounts for the change of branch of log z upon rotating the direction
by 7, and the two factors on the right tend to 1 by (3.9). Write Sq(u) = 3=, ;(Sa)i; ® Eij with
(Sa)ij € End(V'). The (7,7) entry of the left hand side is

oM ui—u;)z h(eii—ejj) s —mih(ei—ej;) (S4)ij,
and for this to be bounded as z — oo along d+ 7% we must have (S;);; = 0 unless ehlui—u;)z
there, i.e. unless e"*# is dominated by e"%*. This is precisely the triangularity after conjugation
by J. For i = j the entry is (S4)ii, so (Sq4)ii = 1.
Finally, only the diagonal part of e ™"7S,(u) can be nonzero, since e
hence

—7ihdT s diagonal;

Sq(u) = e™T . (unipotent), (3.11)

which is the reason the numerical R-matrix of equation (4.1) is a diagonal half-turn times a
unipotent matrix. ]

Lemma 3.9. Sgiox(u) = ™78, (u)e 2T for every admissible d.
Proof. Identical to lemma 2.10, with ™97 in place of e2mAl. 0
From now on we choose d so that the dominance order is the identity:
Im(huie®) > Im(huge'?) > - - > Im(hu,e'?), (3.12)

and write Sp4(u) := Sg(u) and Sp—(u) := Sg4r(u), which are then upper and lower triangular
respectively. As in (2.4) the matrix Sp+ is an ordered product of the Stokes factors, up to the
half-turn e™hoT

4 The RLL relation

4.1 The numerical R-matrix

Let

n
R = Z E;® Ejj + emh Z E;® FE;+ (e’”h — e_mh) Z Eij X Eji c End(C") & EHd(Cn)
it i=1 1<j<i<n
(4.1)

14
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Writing 0P = )", E;; ® Ej;, which commutes with the third sum and is killed by the first, we
have the factorization

R=e¢"PRy, Ry=)> E;®E;;+Y Ei®E;+ (™ —e ™Y E;@E; (42)
i#j i j<i
The factor Ry is unipotent: with N = Zj<i E;; ® Ej; one has N? =0and 6PN = N6P =0,
so Ry =1Id + (¢ — ¢')N with ¢ = e™". For n = 2 in the basis (11,12, 21, 22),

q 0 00
0 1 00
R= 0 g—q' 1 0 (4.3)
0 0 0 ¢
Proposition 4.1. The Stokes matriz of the numerical equation
dXx P B " n
a_h(u+;)x, P=-Y19Ey®E, XeC'aC, (4.4)

k.l
equals Ry.

Proof. Let {v;} be the standard basis of C™. The operator P is the permutation operator
P(v; ® vj) = —vj ® v;, and u acts diagonally with u(v; ® vj) = ujv; ® vj. Therefore (4.4)
preserves each line C(v; ® v;) and each plane B;; = span(v; ® vj, v; @ v;), and we may compute
block by block.

The lines. On C(v; ® v;) the equation is the scalar equation X’ = hu; X, whose Stokes
matrix is trivial.

The planes. On B;; with i # j, ordered as (v; ® vj,v; ® v;), the equation is

X' = [ (Zg 3) +% (_Oh _Ohﬁx. (4.5)

(witu;)w and rescale s = h(uj —u;)w; since & = h(u; — ul-)%,

.4 b
Remove the scalar exponential e? 1=

equation (4.5) becomes

dy 1 & 10 01
1= (503 - go'l)ya o3 = (0 _1> , 01 = (1 O> : (4.6)

Eliminating the second component gives the second order equation

L,

i
y1+8

and the substitution y; = e~%/2s" f(s) reduces (4.7) to Kummer’s equation
sf'! +(1+2h—s)f —(1+h)f=0, (4.8)

whose solution regular at s = 0 is f(s) = 1F1(1+ h; 1+ 2h;s) = 3,5 ((11;;’1}2): % Replacing

sh by s~" gives the second local exponent, so the two solutions are y; = e~%/2st fo(s).
Kummer’s connection formula lemma 2.15 expresses the coefficient relating them through
Gamma functions. In the normalization fixed by (4.6)—that is, comparing the two lateral
sums of the same formal series along the two boundary rays of the plane B;;, with the branch
of s chosen so that s" is the dominant factor—the surviving lateral coefficient is

2mih
= 2isi =q—q ! 4.
T(1+A)T(1—h) sin(rh) =g¢—q", (4.9)
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the middle equality being Euler’s reflection formula I'(1 + A)T'(1 — h) = sig}:r 5+ S0 the Stokes
matrix of the 2 x 2 block is (] ‘1_3771 ) in the ordering of (4.5).

Assembling the blocks: the diagonal blocks contribute the identity, and each plane con-
tributes a single off-diagonal entry ¢ — ¢—' in the position corresponding to j < i after the

ordering is fixed by (3.12). The result is exactly Ry. In particular the answer is independent
of u and of V. Ul

Remark 4.2. Two features of proposition 4.1 are worth isolating. First, the numerical equation
(4.4) contains no representation of gl,,,
Second, the u-independence is a cancellation: the gaps u; — u; appear in the rescaling of s but
cancel in the final coefficient (4.9), because the connection coefficient of Kummer’s equation
depends only on the exponents +h of the residue matrix. This is what allows the same matrix
to serve in the comparison of paths for every u.

so R is universal: it depends only on n and on h.

4.2 The irregular KZ system

Let
WW=S10uE;®1, u? =3 1010uE; (4.10)
i i
TW=NeyoEy®l, TW=3ey®l®Ey, P=-Y 10Ey®Ey, (4.11)
k.l k,l k,l

all viewed as elements of U(gl,) ® End(C") ® End(C™). We consider the system, for an
End(V) ® End(C") ® End(C"™)-valued function Y (z1, 22),

10Y 7@ P

ror A

o (u Sl e Z2>Y, (4.12)
19Y T(2) P

ror @t

N0 (u ot Z1>Y' (4.13)

This is a Knizhnik—Zamolodchikov type system with an irregular singularity at infinity. The
two points z; and 25 are to be thought of as the two places where the auxiliary factor C™ of
(3.2) sits, and the comparison of the asymptotics as the points separate in different orders is
what produces the exchange relation.

Lemma 4.3. [TU, 7] = [T P] = [P, T?)], and consequently
T +17@ pl=0, [1TW 1?4 P]=0. (4.14)
Proof. Compute on the auxiliary basis. Since P(v, ® vq) = —vq ® v, and Ejjv, = 0;,0;,

PTW (v, ® v, @ w) = — Z OkpligEri @ Eij @ egjw,
i7j7k
hence PT(H) = — Zm}k Ei; ® Eij ® eg;. In the same way
T(l)P: _ZEij®Eji®eii7 T(2)P: _ZEik®Eij®ekjv
1,7 1,5,k
PT(Z) = — Z Eij R Fir ® e, T(l)T(2) = Z €ijekl & Er® Ejj.
1,5,k ,7,k,l
Comparing the coefficient of E,p® Eq®e,s in [T, P] and in [P, T?)] gives dcq(dra0s5—0sa0rp) in
both cases, so those two agree. For [T'("), T(?)] the same computation gives Scd([€ars €ab) —Oraeb)
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at d = b from the first term and —d.40,¢0qp€e from the second; the second summands cancel
against each other by (3.1), leaving dcg4[€qr, €qp], which by (3.1) is again d.q(0radsp — 0sa0rp). SO
all three commutators coincide; call the common value C. Then [T() + T®?) Pl =C —C =0
and [TM, TR + P] = C — C =0, which is (4.14). O

Proposition 4.4. The system (4.12)—(4.13) is compatible, i.e. 0,,(hA1) = 0, (hAs) +
[hA1, hAsg| for the coefficient matrices Ay, As of (4.12)—(4.13).

Proof. Write d = z1 — zo. The curvature is
822141 — 621 Ag + [Al, AQ]

The terms involving P contribute 0,4 = P/d? and 9., (—£) = P/d?, and since [P, T?)] = —C
and [T (1),P] = —(C all contributions proportional to P cancel against each other; those
proportional to u cancel because [u(!) +u(?), P] = 0 by (4.14). What remains is h? times

c . c ¢

Z1%9 Zld ng’
which vanishes by the identity 21122 = é(i - %) evaluated with d = 21 — 5. O
Remark 4.5. The minus sign in P is essential: with P replaced by Py = —P one gets

[T + T3 PBy] = 2C # 0 and the system is no longer flat. Since the Stokes matrix of (4.4) is
unipotent, the sign also determines whether the off-diagonal entry of Ry sits above or below
the diagonal.

4.3 Formal solutions in the three regimes

Lemma 4.6. For h ¢ Q and fized zo # 0, equation (4.12) has a unique formal fundamental
solution . ) )
W (z1520) = (14 D0 Kpn(z0)27 ™ )ehar o070 o, (4.15)

m>1

where each Ky (22) = S10" Kini2y is a polynomial of degree m — 1 in 2y with coefficients
Ky € End(V) ® End(C") ® End(C").

Pzk .
211_3 = = 2 k>0 Zk—fl, a convergent expansion for
1

Proof. For fixed zo # 0 we may expand

|21] > |22|. Substituting (4.15) into (4.12) and comparing the coefficients of z; ™! gives

[Kint1(22),uD] = 3" P Ky (22) 2 + K0P — Ky (20)6T0 + (% + T<1>)Km(22). (4.16)
r=0

The argument of proposition 3.2 applies verbatim, with u® in place of u and T™ in place of
T: the off-diagonal entries of K, 11 in the second auxiliary factor are determined by division
by the constant gaps u; — u, and the diagonal ones by the invertibility of mTHId + ade,, on
End(V'), which holds since h ¢ Q.

The polynomiality is a separate statement and follows from the same recursion: if K,,(z2)
is a polynomial of degree < m — 1, then each term on the right of (4.16) is a polynomial
of degree < m — 1 except the sum Y * o PK,,_,(22)z5, whose r-th summand has degree
<(m—7r—1)+7r=m—1; hence K, is a polynomial of degree < m. The base case is K7,
which by (4.16) with m = 0 equals PKyz, 0. (gap)~! plus constants, a polynomial of degree
0 =m — 1+ 1; more carefully K is constant, of degree 0 = m — 1 with m = 1. 0

17



Stokes matrices and quantum groups

Definition 4.7. Let F(®)(z;) € End(V) ® End(C™) ® End(C") be the unique formal solution
of

1dF T

227 (4@ F

h dZQ (u + Z9 ) '
It is the extension of the F' of proposition 3.2 from End(V) @ End(C") to three tensor factors,
sending >, X, ® Y, to >, X, ®1®Y,.

Proposition 4.8. The product 1171\/(21; 2)F®(29) is a formal solution of (4.12) taking the
form
(1 + Z Ep(zg)zl_p> ehz2u® zS‘STQ)ehZW(l)z?‘;T(l)+h6P, (4.17)
p=20

with f)p given by the convolution of the K,, with the coefficients of F®,

Proof. Both factors solve (4.12): ;W by construction, and F® because u(? and T act on the
third tensor factor only while (4.12) involves the first two, so multiplying a solution on the right

by a solution of the F(?)-equation preserves the equation. Writing F(2) = ﬁé2) (1421 FISQ)z;p)
with ﬁ(§2) = ehzzu(”zgﬂ@) and collecting powers of z; gives (4.17), the coefficients being the

finite convolutions Zp = D mtr=p KmFr(z); the form of the exponential factors is unchanged
under multiplication since they all involve diagonal operators. O

By symmetry, with z; and 23 interchanged, one defines QW(ZQ; z1) and F(M(z), and the
analogous products ZsWF® are formal solutions. For the third regime, put w; = z; and
woy = 29 — z1 and define U(wl; we) and X@ (w2) so that UX® is a formal solution. In ratio
coordinates z1 = z, z9 = 2zt the common formal solution is

}”} _ @(z,t)@(z,t), O — ehz(u(1)+tu(2))thth5T<2> (t _ 1)h6P, @ — 14+ Z Qm(t)z_m.
m2>1

(4.18)

Proposition 4.9. The coefficients Q,,(t) are determined by
[Qus1, uV) + tu?] = (% + T+ T + P)Qu = QuD, D =06TW +57® + 5P, (4.19)

and the only possible poles of Qp,(t) are t = 0,1 and co.

Proof. The z-equation gives (4.19) exactly as in proposition 3.2. For generic ¢ the gaps of
u® +tu? are uj —u; +t(u; — ug), which vanish for some ¢ # 0, 1 whenever u; —u; and w; —uy,
have opposite signs; so (4.19) alone appears to produce spurious poles. The point is that the
second equation removes them. Writing the t-equation as

2 2

Q1,0 = COQn— QB ~h10Q, €)= o+ L ey = T AP
(4.20)
we see that (4.20) divides only by the fixed gaps u; — ux, whenever the second auxiliary indices
of the entry differ. When they agree but the first indices differ, one uses (4.19) and divides by
uj — u;. The fully diagonal entries require no division. Since the ¢-dependence of the right

hand sides is polynomial away from ¢ = 0, 1, an induction on m gives the pole statement.
Finally we must justify that the formal solution of (4.19) also satisfies (4.20), i.e. that
the two formal solutions agree. Apply the operator d; — h(zu® + C(t)) to Y. By flatness
(proposition 4.4) the result is again a formal solution of the z-equation (4.19), and its normalized
leading coefficient vanishes, because the off-diagonal equation for ()1 cancels the degree zero
term. Formal uniqueness forces the whole defect to vanish. O
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4.4 Factorization and connection formulas

For a fixed t the eigenvalues of the irregular term u(®) + tu(® of (4.12) are u; + tug, so its
anti-Stokes directions are the arguments of —(u; —u;) —t(uy — ;). As t varies these rays move,
and the interesting ones are those which appear in the three limits ¢t — 0, t — 1, ¢t — oo.

Theorem 4.10 (Factorization). Fiz u € breg, h ¢ Q and d ¢ aSR(hu). The sets of rays
aSR(hu; d)o and aSR(hu;d); cut the universal covering of C\{0, 1} into connected components.
For each component D there is a unique holomorphic fundamental solution Yg p(z,t) of (4.12)-

(4.13), defined on the universal covering of (C\ {0}) x (C\ {0,1}), with

Yd,D(Zy t)e—hz(u(l)—l—tu(Q))Z—h&T(l) (tz)—héT(Q) (Zt - Z)_h5P

NQ(z;t), z—o00, —5<argz+d<73g. (4.21)

If Dy, D1, Dy are the components containing (—oo,0), (0,1) and (1,+00), then

2Wasr(22: 20 Ff" (21) = Yapy (2,8) = 1Wa(z1; 22) Fin (22)e7 ™0, (4.22)
Walz1; 20) Fo7 (20)e ™08 = Yy (2,8) = Uglwr; a2) X5, (w2), (4.23)
Ug(wi; w2) X2 (wa) = Yy.p, (2,t) = o Walz2; 21) FS (1), (4.24)

Proof. Borel-Laplace transform @ along d. For |t| small, the expansion of Q in powers of ¢
reproduces the series whose Borel sum is { Wy F'®), and the direction of summation relevant
for the second variable is d + argt; this gives the middle expression of (4.22) and, by the same
computation with the roles exchanged, (4.24). For |t — 1| small, the expansion in powers of

2) , giving (4.23).

t — 1 reproduces the series whose Borel sum is Uch(l targ(t—1)

The set of non-admissible directions of @ is

{—arg(h(ui —u;)), —arg(h(u; —wy)t), —arg(h(ui —u;)(t = 1)) = i # j},

i.e. the union of the anti-Stokes directions of the three one-point problems. All other directions
arg(h(u; —u;)+ht(up —uw;)) are removable: by proposition 4.9 the coefficients @, (t) are smooth
at t = Z;:IZ # 0,1, so the putative singularity is an artifact of the individual blocks and does
not affect the sum. Finally, since d 4+ argt and d lie in the same connected component D; for
t € Dy, the canonical solutions coincide by lemma 3.6, which turns the middle expressions into
the left hand ones without extra factors. The half-turn factors e*™" record the comparison
of the two branches of log(z1 — z2) and log(z2 — z1); they belong to the transition and must

not be counted twice when R is inserted later. O

Definition 4.11. Following theorem 4.10, introduce the six fundamental solutions

Yoiz = UgX P = o W,uFLY, Yoor = 1 WaF\ e ™ = U, x ()
Y201 = 2Wd+7rF(§1) = 1WdFl§i)We_m§P, Yio2 = 2WdF¢§_1|_)7T = 1Wd+ch§2)emP7 (4.25)
Yiso = 1WarnFD e™P = Uy o XD Yarg = Upen XE = oWy o FSD

The subscripts record which of the three asymptotically separated regions is used on the
left and on the right: 0 for ¢t — 0, 1 for t — 1 and 2 for ¢ — oo, in the order in which the two
expressions are written.

Lemma 4.12.
Yoo = leemapsc(lz) (w)~tem™P, Yoo1 = 1/210551)(11)717
Yoiz2 = }/1025((11) (w)~, Yio2 = leoe—mgpsc(l?) (u) " te™or,
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P’f’OOf. From (425), 5/021 = 1I7I\/dFL§2)e—7r15P and YVQDI — 1WdFd(i)ﬂe_7r15P, S0

Yool Vog1 = eﬂiéP(Fﬁ_)ﬁ)_lFéz)e_m&P _ e“i‘SPS[(f) (u)~le~™i0P

)

because F Cgi)ﬂ =F 52)5((12) by (3.10). The other three identities are the same computation with
the appropriate pair of expressions from (4.25). ]

Lemma 4.13. Under (3.12),

12 12
Yoi12 = Y021R(() ), Yi90 = YQIOR(() )7
where Rém =1® Ry and Ry = e ™PR is the numerical matriz of proposition 4.1.

Proof. By (4.25), Y12 = UdXC(IQ) and Ypo1 = UdX(2)

d+m SO

_ 2 —1 2 2 _
%211}/012 - (Xc(l—‘,-)ﬂ') Xc(l ) - S((i )(P> 17

where S 5(12)(P) is the Stokes matrix of (4.4). That equation acts on the last two tensor factors

only, so Sc(lz) (P) =1® S4(P) with S4(P) the Stokes matrix of (4.4), which by proposition 4.1
is Rg. The second identity is the same computation for the pair Y799, Y210. ]

Proposition 4.14. Under (3.12),

Yor2 = Ya105" (u)~1e™P 5 (u)~leMOP R

Yo1z = YQIORém)efﬂiéPSC(lQ) (u)fleﬂ-i&PSC(ll) (u)fl.
Proof. Compose the identities of lemma 4.12 and lemma 4.13 along the two chains
012 — 021 — 201 — 210, 012 — 102 — 120 — 210,

both of which start at Y12 and end at Ys19. The first chain uses lemma 4.13 once and
lemma 4.12 twice; the second uses lemma 4.12 twice and lemma 4.13 once. Since the six
matrices are invertible, the two compositions are both equal to Y{léymg, and hence to each
other. O

4.5 The main theorem

Write SU) =37, 5 S @ Eijj®1and S@ =3, S;; ® 1® Eyj for S € End(V) ® End(C"), both
in End(V) ® End(C") ® End(C").

Theorem 4.15 (RLL relation). For h ¢ Q, u € by and d satisfying (3.12), the Stokes
matrices Sp+(u) of (3.2) satisfy

RizS 081 = 51208, s, (4.26)
Ri25,75 = S\ 5\ Ru, (4.27)

in End(V) ® End(C") ® End(C"), where R12 =1® R.

Proof. Equating the two expressions of proposition 4.14 and cancelling the common factor
Y210 gives

Sc(ll)(u)—leﬂiéPS(g?)(u>—1e—7riéPR612) _ R(()m)e—wi(SPSC(l?) (u)—lenidPSC(ll)(u)—l. (4.28)
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Taking inverses of both sides and rearranging,

5122) (u)e”iéPSC(ll)(u)Réu)e’ri‘SP _ ewiéPR(()m)Sl(il) (u)e”iéPS((f) (u). (4.29)
Note that Ry commutes with ™7 since § P is diagonal and Ry preserves the decomposition
into Ejj-blocks with ¢ = j and ¢ # j. Multiply (4.29) on the left by o= mi6TW o —mid T Ry
k = 2 we use o S

e ™I 6 (4) = S8 (w)e T, (4.30)

which holds because 67 and SC(IQ) act on disjoint tensor factors; for £ = 1 the analogous
factor e=™97" must be moved past Sc(ll)(u), and there one uses that both are built from the
same End(V) ® End(C") factor, so e ™78, (u) = e=™"7T S, (u) and, by (3.11), Sy(u)e™7T is
unipotent. Combining the two factors into e~ ™9 e=™9” = Id and using R = Roe™F = ¢™P R,
turns the result into (4.26). The mixed relation (4.27) is obtained from the other two orderings
of the six regions in the same way, the only difference being which of Sy, S,_ appears on

which side. O

Remark 4.16. The content of theorem 4.15 is that the product S(M.S®) computed in the two
orders of the auxiliary factors differs by conjugation with Rjs. Concretely, if one writes the
two auxiliary factors as two ordered lattices of asymptotic regions and follows the boundary of
the resulting picture, the six fundamental solutions of definition 4.11 sit at the six corners, the
one-point Stokes matrices label the edges where a single asymptotic parameter varies, and R
labels the edge where the two points collide. Two paths around the same region give the same
result, and the resulting identity is RLL = LLR.

5 Representation of U,(gl,)

5.1 The FRT realization
Let L* = i ll(ji) ® E;j € U(R) ® End(C") with llgji) =0 for i > j, so that L™ is upper and

L~ is lower triangular. The algebra U(R) is generated by the entries lﬁ-t), 1<i<j<nmn,
subject to the relations
Rip LAV ) — (A VR, (5.1)
R LYWL= = =@+ R, (5.2)
151 = ) —q,

W i

This is the Faddeev—Reshetikhin—Takhtajan presentation of the quantized enveloping algebra
[4]. The two presentations are isomorphic, and an explicit isomorphism I: Uy(gl,,) = U(R) is
given on generators by

=g ) =—(g—a e e 1= (a—a )fid", (5.3)

see [3]. Here U,(gl,,) is the unital associative algebra generated by ¢=", e;, f; for 1 <i <n
and 1 < j <n — 1, with relations

gl =g =1, liejqh = g 0ey,  glifigT = g0 gt
qﬁz'*hiﬂ _ q*hi+hi+1 o
iy Jj] = Oig — ) i, €3] = LJir J5] = - )
lei, fi] =0 R lei,ej] = [fi, fil =0 (li—j|#1)

efe; — (q+q Heieje; +ejef =0, f2fi—@+a Ofififi+ fiff=0 (li—jl= 1)(~ |
5.4
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Example 5.1. Take n = 2 and write LT = (kg ka) and L™ = (klc1 kgl
to see the whole set of relations come out of the two matrix identities (5.1)—(5.2), so we
record the computation. With R as in (4.3) and v = ¢ — ¢~ !, comparing the (1,2) entries of
ngLfLJr = L;Lleg gives k1b = gbky + vkob and bk, from the two sides, which combine to

). It is instructive

kib = q 'bky, kob = qbks;

the (2, 1) entries give the transpose relations and the (1,1), (2,2) entries are the trivial ones.
The mixed relation (5.2) gives, from its (1,2) entry,

kic = qckq, koc = q_lckzg,

and, from its (2,2) entry,
be —cb = y(kiky ' — ky tks). (5.5)

Setting K, = k; !, E = —k;'b/y and F = ck;/v: the second of the first two relations says Ko
commutes with b, and the first of the second pair says K; commutes with ¢. Hence bc and cb
may be brought together in [F, F| and

Cbe—cb KiK' — K[ 'K,
72 q—q7! ’

1
[E,F] = —?kfl(bc — cb)ky =

using (5.5). The four relations also reproduce the Cartan relations of (5.4) for K, = k!,
and there are no Serre relations to check for n = 2. So the single quadratic matrix identity
(5.1) encodes both the Cartan action and the ef commutator: a quadratic relation in the
ZZ(;E) is equivalent to a linear action of the Cartan plus a commutator of raising and lowering
operators.

5.2 The main theorem
Theorem 5.2. For h ¢ Q and u € Byeg, the map Sy(u): Uy(gl,) — End(V) with ¢ = e™h
defined by

St (W) She- (Wi i1 Sh—(W)i41,iSn— ()i}
7_1 ) f’L = 1 :
¢ —q q—q

7 q" = Spi(w)ig,  (5.6)

defines a representation of Uy(gl,) on V.

Proof. By theorem 4.15 the matrices L* := Sf(L)i satisfy (5.1)—(5.2), and by lemma 3.8 they are
upper and lower triangular with invertible diagonal entries whose product is 1. Hence they give
a well-defined algebra homomorphism U(R) — End(V'), and composing with the isomorphism
(5.3) gives (5.6). The three formulas in (5.6) are exactly the images of the corresponding
generators under 1. O

Remark 5.3. The theorem acts on the same vector space V' on which the original e;; acted, but
an individual Stokes entry is not the original Lie algebra generator: the entries depend on the
spectral parameter u, on the chosen branches, and on the normalization. What the theorem
says is that certain functions of them satisfy a prescribed algebraic system, and that this
system does not see the transcendental origin of the entries. In particular the representation
is not obtained by deforming the original one: for h — 0 the quantum group degenerates to
U(gl,) and the Stokes matrices degenerate to the identity, so the correspondence is genuinely
transcendental.
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Remark 5.4. The point of having an algebraic description of analytic objects is that algebraic
methods become available for analytic problems. Two instances indicated in [6, 7] are the
following. The description of the Stokes phenomenon in the WKB approximation can be
phrased in terms of the canonical basis of Lusztig and Kashiwara, because the Stokes operators
of theorem 5.2 are operators on V and can be compared with the crystal structure. And the
algebraic characterization of soliton or polynomial solutions of confluent hypergeometric type
equations follows from the same identification, since those solutions correspond to specific
vectors in V' on which the Stokes operators act by scalars.

5.3 The resonant case

The hypothesis h ¢ Q was used only in proposition 3.2, to invert mTHId +ade,, . At a rational
ho that operator may be singular, and then the formal solution is not unique. The remedy is
to choose the diagonal coefficients differently.

Proposition 5.5. For every h # 0, equation (3.2) has a formal fundamental solution Fo(z) =
Ho(z)eh“'zzh‘sT with H® = 1+3%,,~1 Hpnz™™, where the off-diagonal entries of Hy,+1 are given
by (3.7) and the diagonal ones are defined by

h
Hpiioh = ————= Y _ ekjHmi1,ji- (5.7)
m+1“
J#k
Its coefficients satisfy
[eamHm,kl] = (5ak - 6al)Hm,klv (58)

depend holomorphically on h € C*, and agree with the coefficients of proposition 3.2 whenever
the latter exist.

Proof. Induction on m. The weight statement (5.8) is true for Hy = Id. Suppose it holds
for H,,. Each term on the right of (3.7) has weight 6., — dq;: for ey;H,y, j this is the sum
(0ak — 0aj) + (0aj — 0a1), the remaining terms are single factors with the same weight, and
division by the scalar gap u; — ug changes nothing. So the off-diagonal part of H,,1 has
the required weights. For the diagonal part, every product ey;jH,, 11k in (5.7) has weight
(0ak — 0qj) + (0qj — Oar) = 0, 50 Hypyiq ki, commutes with every eqq, in particular with eyy; hence
the left hand side of (3.8), namely (mTHIdJradekk)Herka, reduces to the scalar mTHHmJFka,
and (3.8) becomes exactly (5.7). So (3.8) is satisfied and, with it, the formal differential
equation. The off-diagonal equations hold by construction.

For the holomorphy: the only divisions in the construction are by h and by positive integers,
and the spectral gaps u; — uy are fixed nonzero constants, so every coefficient is a polynomial
in h and A~!. In particular there is no division by a resonant scalar of the form m + hr. Where
the nonresonant recursion of proposition 3.2 also applies, its solution is unique, so the two
agree there; being holomorphic in A on C*, they agree wherever both are defined. O

Remark 5.6. The weight condition (5.8) is what replaces the missing inverse: it reduces the
diagonal recursion to division by the positive integer m + 1. This is the precise sense in which
the representation theory rescues the analysis at a resonant parameter.

Proposition 5.7. Let h = hy € Q. Choose X, € End(V') with holegr, Xm k] = —mXm i,
m > 0, and form, for scalar parameters cy, i,

U(Z; C) =1+ Z Cm,ka,k & Ekkz_m, D(C) =1+ Z Cm,ka,k ® Fip. (5.9)

m,k m,k
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There are finitely many summands once bases of the relevant kernels are chosen. Then
H(2)U(z; ¢)eM0v=2ho0T s again a formal solution of (3.2), and

U (z; ¢)ehouz hodT — ghouz ;hodT 1y () (5.10)
Consequently the Stokes matrices of all these formal solutions are conjugate:
S(u;c) = D(c)S°(u)D(c) !, (5.11)
where S°(u) are the Stokes matrices of the distinguished solution of proposition 5.5.

Proof. Differentiating U termwise, U’ = — Y mcp e Xmr @ Egpz~ ™1, while %[5T, U] =
% > Cmel€hks Xk © Eppz™™ =3 e pmXpm 1 & Ei.2~™"! by the defining relation of X k-
Adding, U’ + %[5T, U] = 0, which is the condition for H°U to solve the equation for H ;
this proves the first claim. For (5.10), use again 27X, = X, x(27™:) together with
ehouzzhO‘ST(ka ® Eii) = (Xm i ® Ejp,)elowz zhodT ,=m which is the weight relation written in
exponential form. Finally (5.11) follows from F(z;c¢) = F°(z)D(c) on each Stokes sector, since
the Stokes matrices are the transition matrices between these solutions and D(c) is constant.
Invertibility of D(c) holds because within each auxiliary block the nonconstant part of D(c)
lowers the eigenvalue of hgegr by a positive integer, so some power of it vanishes on the finite
spectrum of V. O

Theorem 5.8. For any hyg € Q and u € byeg, the map (5.6) with gy = €™ a root of unity
defines a representation of Uy, (gl,).

Proof. The distinguished Stokes matrices Sp . (u) are the continuous extension of Sy (u) from
h € C\ Q to hg, which exists by proposition 5.5 at the level of formal solutions and hence,
by parameter-dependent summation, at the level of canonical solutions and their transitions.
The relations (4.26)—(4.27) are polynomial in A and in the matrix entries, so they survive the
limit, and theorem 5.2 applies at hg. The only caveat is that the generator formulas (5.6)
involve division by gy — ¢y ! which fails at gy = +1; there one uses limiting generators or a
specified specialization of the quantum algebra. The polynomial FRT relations (5.1)—(5.2)
remain meaningful at every root of unity. O

Example 5.9 (A vanishing Stokes entry). Let & = * be a positive rational and let A? be
a Gelfand—Tsetlin pattern with Agl)(Ao) - /\52) (A°) = p — 1, so that e12(€r0) = c&p with
)\gl)(A’) - AéQ)(A’) = p. Then the (1,2) entry of the Stokes matrix acts on £yo by a multiple
of 1/T'(1+ h()\(ll)(A’) — )\;2) (A"))) =1/T(1 —m) = 0, so that entry vanishes identically. This
shows that the special-function formula for a Stokes matrix can be singular at a resonant

parameter while the Stokes entry itself is finite, or even zero: the singularity belongs to the
intermediate basis in which the computation was performed, not to the answer.

5.4 The resonant condition for gl,

It is worth recording what resonance means concretely, since the general statement in proposi-
tion 3.2 is abstract.

Definition 5.10. Let V' be a finite-dimensional gl,,-module and h € C\ {0}. The system
(3.2) is resonant if there are k € {1,...,n} and m € Z>o such that 7'Id + ad,, fails to be
invertible on End(V), i.e. if — %' is an eigenvalue of ade,, .

Proposition 5.11. Let V' have weights A\, u, ... (with respect to the eg). Then

(3.2) is resonant <= Ik, Jweights \,u of V, I3m € Z~o : % = lp — Ak (5.12)
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In particular, if h ¢ Q there is no resonance; if h € Q resonance occurs if and only if the
corresponding integer is realized as a difference of weights of V.

Proof. The eigenvalues of ad,, on End(V) are the differences p — A, of weights, because
End(V) 2 V ® V* and ey acts on V* by —X;. So 7' + ad,,, is singular exactly when
™ = —(px — M) for some pair of weights, which is (5.12). O
Example 5.12. For V = C? the dual natural gl,-module with weights (1,0) under the
convention of example 3.1, the weight differences of V' are 0,+1. Hence (3.2) is resonant
exactly when % €Z,ie hed{l, %, %, L puU{-1, —%, ... }. For such h the operator %Id—i—ad611
has a kernel and the formal solution of proposition 3.2 is not unique; the distinguished solution
of proposition 5.5 is the one that survives, with the diagonal coefficient determined by (5.7)

instead of by an inverse.

Remark 5.13. A rational h is therefore not automatically resonant: everything depends on
which weight differences are realized in V. For V one dimensional all weights are equal, all the
ade,, vanish on End(V'), and there is no resonance for any h # 0. For the natural module of
gl,, the weight differences are 0, £1, so resonance is the condition A € Q with numerator +1;
for a module with a large highest weight more rational values of A become resonant.

5.5 The rank two computation in detail

The rank two case can be followed all the way to an explicit formula, and it shows exactly how
the Gelfand-Tsetlin labels of V' enter the answer. Let V' be a finite-dimensional gl,-module of

highest weight A = ()\52), )\§2)) with )\52) — A§2) € Z>p, and let {{x} be a Gelfand-Tsetlin basis,
indexed by the patterns A = {)\gl), )\52), )\g)} satisfying the interlacing conditions

AD AW ez, AP AP ez, (5.13)
Put ‘ ‘
) =2 —i+1,  1<i<j<; (5.14)
each E,(;j )is a diagonal operator on V in this basis.

After normalizing u; = 0, ug = 1 by an affine change of variable, consider

dF . r(0 0 el e2) 1

<= h[(o 1) + <€21 ] |F (5.15)
This is (3.2) for n = 2, and the diagonal of 27 is 2314 with T, = diag(ﬁgz) + 1,652) +1),
because hoT = % - 211 6T and 27iéT has diagonal entries built from the 61(] ).
Proposition 5.14. Equation (5.15) has the fundamental solution

_ [ew2Ynn enYie) np
F(z)= ( Yo, Yoy >z2 ) (5.16)

where, as elements of End(V),

1Fi(air; fri; he)
2 0
¢ — gV

1F1(cu2; Bi2; hz)

Yi1 = ;
€§2) B 651)

Yio =

Yoj = 1Fi(agj; Boji he),  (5.17)
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and the parameters are the diagonal operators

an = h(e? — My, Bu =1+ h(e? — 62y,
arg = h(6& — oMy, =1+ h(6) — V), (5.18)
agr =1+ h(gf) - 41))’ Bar =1+ h(l; o - 552))7
gy =1+ h(@g) — 6(11)), Baz = 14 h(; &~ 651))

Here 1 F1 is applied to a diagonal operator entrywise.

Sketch. The system (5.15) is the confluent hypergeometric system for the gl, case; the entries
(5.17) are obtained by writing the Gelfand—Tsetlin decomposition of F', which reduces the
operator equation to the scalar Kummer equation (4.8) on each matrix entry. The appearance
of the denominators ggz) - Egl) and ﬁg) - Egl) in Y31, Y12 is the same division by spectral gaps
as in (1.6), now with the gaps of the Gelfand—Tsetlin labels; the interlacing (5.13) guarantees
they are nonzero generically. The exponents «, 5 are the weight differences of (5.18). O

Comparing (5.17) with the prescribed asymptotics on the two Stokes sectors using
lemma 2.15 gives the rank two Stokes matrix in closed form. Writing Uy, U; for the two
transition matrices and using F' = FyUy on Sectg and F' = F1U; on Secty, one has Sy (u)Uy =
eT/27y,, and substituting the Gamma-function coefficients produces

b, 2mi(—h)esen
extt - ORI D@y
Sh+(u) = T(1+h(e]) =0 —1NT A+ A — 02 = 1)) : (5.19)

0 o5e

The precise exponents in the numerator depend on the branch conventions; what matters is
the structure, which is exactly that of (3.11): a diagonal half-turn 397 times a unipotent
upper triangular factor, whose off-diagonal entry is a product of reciprocal Gamma functions
of the resonance parameters and the raising operator eqs.

Remark 5.15. Formula (5.19) was derived for h ¢ Q, because 811 = 1+ h(£§2) - 622)) can take
non-positive integer values on part of the spectrum, where 1 F} is undefined. It is nevertheless
valid for all h, by proposition 5.5 at the level of formal solutions and by continuation at
the level of Stokes matrices. At a resonant h the apparently singular factors I'(1 + -) in the
denominator are infinite, so the corresponding Stokes entry is finite or zero: the singularity
is an artifact of the intermediate basis. Example 5.9 is the extreme case, where the entry
vanishes identically.
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