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Abstract

This note is based on Topology, taught by Jiajun Wang in Fall 2025 at Peking
University. Textbooks include Lecture Notes on Basic Topology by Chengye You
and Basic Topology by M. A. Armstrong.
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1 TOPOLOGICAL SPACES AND CONTINUOUS MAPS

1 Topological Spaces and Continuous Maps
1.1 Topological Spaces

The continuity of maps are important in topology. First recall the continuity of
functions and let f : R Ñ R be a function and x0 P R. We say that f is continuous at x0
if and only if

• for every ϵ ą 0, there exists a δ ą 0 such that if |x´x0| ă δ, then |fpxq´fpx0q| ă ϵ.

• any preimage of a neighborhood of fpx0q contains some neighborhood of x0.

• any preimage of an open set containing fpx0q contains an open set containing x0.

• any preimage of an open set is open.

Definition 1.1. Let X be a nonempty set. A topology on X is a collection τ of subsets
of X such that

1. X P τ and H P τ .

2. Any union of elements of τ is in τ .

3. Any finite intersection of elements of τ is in τ .

31. Any two elements of τ have their intersection in τ .

A topological space is the pair pX, τ q and the elements of τ are called open sets.

Example 1.2. 2X is a topology on X, called the discrete topology. tX,∅u is a
topology on X, called the trivial topology.

Let X “ ta, b, cu. Then τ “ t∅, X, tau, ta, buu is a topology on X.
Let X be an infinite set and τf “ tAc|A is a finite subset of Xu Y t∅u is a topology

on X, called the finite complement topology.
Let X be an uncountable infinite set and τc “ tAc|A is a countable subset of XuYt∅u

is a topology on X, called the countable complement topology.
Let X “ R and τe “ tU |U is a union of open intervals in Ru is a topology on X,

called the Euclidean topology and we write E1 “ pR, τeq.

We can compare two topologies on the same set. If τ1 and τ2 are two topologies on
X and τ1 Ď τ2, then we say that τ2 is finer or stronger than τ1.

Proposition 1.3. τf is weaker than τc and τe and we can not compare τc and τe.

Proposition 1.4. Let X be a topological space. Then U is an open set if and only if
@x P U , there exists an open set OX such that x P OX Ď U .

Proof. The necessity is trivial. For the sufficiency, let U “
Ť

xPU OX . Then U is open.

Definition 1.5. A metric on a set X is a function d : X ˆ X Ñ R such that

1. dpx, yq ě 0 and dpx, yq “ 0 if and only if x “ y.

2. dpx, yq “ dpy, xq.

2



1 TOPOLOGICAL SPACES AND CONTINUOUS MAPS

3. dpx, zq ď dpx, yq ` dpy, zq, @x, y, z P X.

A metric space is the pair pX, dq.

Let x0 P X and ε ą 0. A ball neighborhood of x0 with radius ε is the set

Bpx0, εq “ tx P X|dpx, x0q ă εu

. Denote that τd “ tU |U is a union of ball neighborhoodsu.

Lemma 1.6. Any intersection of two ball neighborhoods of X is a union of ball neigh-
borhoods.

Proof. Let U “ Bpx1, ε1q XBpx2, ε2q. @x P U , we have εi ´ dpx, xiq ą 0pi “ 1, 2q. Denote
εx “ mini“1,2tεi ´ dpx, xiqu. Then Bpx, εxq Ď U . Hence

U “
ď

xPU

Bpx, εxq

Proposition 1.7. τd is a topology on X.

Proof. It’s easy to see that τd satisfies the first two conditions of a topology. For the third
condition, let U,U 1 P τd and U “

Ť

αBpxα, εαq, U 1 “
Ť

β Bpx1
β, ε

1
βq. Then

U X U 1 “
ď

α,β

pBpxα, εαq X Bpx1
β, ε

1
βqq

is a union of ball neighborhoods, hence U X U 1 P τd. By Lemma 1.6 and condition 2 of a
topology, we have U X U 1 P τd.

τd is the topology induced by the metric d and is called the metric topology. If

dpx, yq “

#

0, x “ y

1, x ‰ y
, then τd is the discrete topology.

Definition 1.8. Let Y Ď X. The subspace topology or induced topology on Y
induced by τ is τY “ tO X Y |O P τXu.

Definition 1.9. A is a subset of a topological space X and x P A. x is an interior
point of A if there exists an open set U such that x P U Ď A. U is the neighborhood
of x. The interior of A, denoted by Å (or A˝), is the set of all interior points of A.

Proposition 1.10. Å “ A ðñ A is open.

Proof. If A is open, then @x P A, x P A Ď A. Then x is an interior point of A and A Ď Å.
Hence A “ Å. By Proposition 1.4, we have the converse.

Proposition 1.11. Å is the union of all the open sets in A, hence the largest open set
contained in A.

Proof. Let tUαu is the set of all open sets contained in A. @x P Å, there exists an open
set U such that x P U Ď A. Then A Ď

Ť

Uα. Conversely, @x P
Ť

Uα, there exists an
open set Uα such that x P Uα Ď A. Then x P Å. Hence Å “

Ť

Uα.
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1 TOPOLOGICAL SPACES AND CONTINUOUS MAPS

Corollary 1.12. pÅq˝ “ Å.
Proposition 1.13. • If A Ď B, then Å Ď B̊.

• pA X Bq˝ “ Å X B̊.

• pA Y Bq˝ Ě Å Y B̊.
Proof. The first one is trivial. For the second one, Å X B̊ Ď A X B. Hence Å X B̊ Ď

pA X Bq˝. Conversely, by the first proposition, pA X Bq˝ Ď Å and pA X Bq˝ Ď B̊. Hence
pA X Bq˝ Ď Å X B̊. Therefore, pA X Bq˝ “ Å X B̊. For the third one, Å Y B̊ is an open
subset of pA Y Bq. By Proposition 1.11, Å Y B̊ Ď pA Y Bq˝.

Definition 1.14. A subset A of a topological space X is closed if its complement Ac is
open.

Proposition 1.15. • X and ∅ are closed.

• Any intersection of closed sets is closed.

• Any finite union of closed sets is closed.
Definition 1.16. Let A be a subset of a topological space X and x P X. x is a limit
point (or accumulation point) of A if every neighborhood of x contains a point of A
different from x. The derived set of A, denoted by A1, is the set of all limit points of
A. The closure of A, denoted by A, is the set of all limit points of A together with the
points of A.

For Euclidean topology, every point in R is a limit point of R and no point in R2 is a
limit point of tpx, yq|x, y P Zu.

Proposition 1.17. A is closed if and only if A “ A.
Proof. If A is closed, then Ac is open. @x R A, x P Ac. Then there exists an open set U
such that x P O Ď Ac and O X A “ ∅. Hence x is not a limit point of A and A “ A.
Conversely, @x P Ac, there exists an open set O such that x P O and O X A “ ∅. Hence
x P O Ď Ac and by Proposition 1.4, Ac is open. Therefore, A is closed.

Example 1.18. For finite complement topology, only infinite sets have limit points and
the derived set of Q is R. For countable complement topology, only uncountable sets
have limit points and the derived set of Q is ∅.

Proposition 1.19. • A is the intersection of all closed sets containing A, hence the
smallest closed set containing A.

• If A Ď B, then A Ď B.

• A Y B “ A Y B.

• A X B Ď A X B.
Proof. The second and the fourth one are trivial.

For the first one, if x R A, then there exists an open set U such that x P U Ď Ac. Ac

is the union of all open sets not containing A and A is the intersection of all closed sets
containing A.

For the third one, A Y B Ď A Y B. By A Y B Ď A Y B, the second proposition and
Proposition 1.17, we have A Y B Ď A Y B “ A Y B.
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1 TOPOLOGICAL SPACES AND CONTINUOUS MAPS

Proposition 1.20. A,B are two subsets of a topological space X and Ac “ B. Then
A

c
“ B̊.

Proof. x P A
c

ô there exists a neighborhood U of x such that U X A “ ∅ ô U Ď B ô

x P B̊.

Definition 1.21. A is a subset of a topological space X and A is dense if A “ X. X is
a separable space if X contains countable dense subsets.

Proposition 1.22. A is dense if and only if every nonempty open set contains a point
of A.

1.2 Topological Basis
Define B “ tU |U is a union of elements of Bu.

Definition 1.23. A collection B of subsets of a set X is a basis for a topology on X
if B is a topology on X. B is a topological basis of the topological space pX, τ q if
B “ τ .

All the open intervals form a topological basis of E1. All the intervals with rational
end points form a topological basis of E1.

Definition 1.24. X is second countable if X has a countable topological basis.

Definition 1.25. Two topological basis are equivalent if they generate the same topol-
ogy.

Example 1.26. τf and τc have no countable topological basis.

Theorem 1.27. B is a basis for a topology on X if and only if

1.
Ť

BPB B “ X;

2. If B1, B2 P B, then B1 X B2 P B (i.e. @x P B1 X B2, there exists B P B such that
x P B Ď B1 X B2).

Proof. The necessity is trivial. For the sufficiency, it satisfies the first two conditions of
a topology. For the third condition, let U,U 1 P B and U “

Ť

αBα, U
1 “

Ť

β B
1
β. Then

U X U 1 “
Ť

α,βpBα X B1
βq P B.

For every collection C of subsets of X, let B “ t
Şn

i“1 Ui|n P N, Ui P tXu Y C u, then
B satisfies the two conditions of the theorem and hence is a basis for a topology on X.

1.3 Continuous Maps and Homeomorphisms
Definition 1.28. Let X and Y be two topological spaces. A map f : X Ñ Y is
continuous at x if for every neighborhood V of fpxq in Y , f´1pV q is a neighborhood of
x in X. f is continuous if f is continuous at every point of X.

f is a homeomorphism if f is a bijection and both f and f´1 are continuous.

Example 1.29. 1. The identity map id : X Ñ X is continuous. The inclusion
map i : A Ñ X defined by ipxq “ x, @x P A is continuous.
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1 TOPOLOGICAL SPACES AND CONTINUOUS MAPS

2. The constant map f : X Ñ Y defined by fpxq “ y0, @x P X is continuous.

3. If X has the discrete topology, then every map f : X Ñ Y is continuous.

4. If Y has the trivial topology, then every map f : X Ñ Y is continuous.

5. Let f : pR, τf q Ñ pR, τcq be defined by fpxq “ x. f is discontinuous at every point,
but f´1 is continuous.

Proposition 1.30 gives another definition of continuous maps.

Proposition 1.30. f : X Ñ Y is continuous if and only if for every open set V in Y ,
f´1pV q is open in X.

Proof. If f is continuous, then for every open set V in Y , @x P f´1pV q, there exists a
neighborhood U of x such that fpUq Ď V . By Proposition 1.4, f´1pV q is open in X.
Conversely, let V be a neighborhood of fpxq. Then there exists an open set O such that
fpxq P O Ď V . By the assumption, f´1pOq is open and contains x. Hence f´1pV q is a
neighborhood of x.

Proposition 1.31. Let f : X Ñ Y and A Ď X. Denote fA “ f |A : A Ñ Y .

1. If f is continuous at x, then fA is continuous at x.

2. If A is a neighborhood of x, then when fA is continuous at x, f is continuous at x.

Proof. The first one is trivial. For the second one, let V be a neighborhood of fpxq.
Then there exists an open set UA Ď A such that x P UA Ď f´1

A pV q “ A X f´1pV q. Let
UA “ U XA, where U is an open set in X, then U X Å is an open set in X and contains
x.

Proposition 1.32. Let f : X Ñ Y and g : Y Ñ Z be two maps. If both f and g are
continuous, then g ˝ f is continuous.

Proof. For open set W Ď Z, V “ g´1pW q is open in Y and U “ f´1pV q is open in X.
Hence pg ˝ fq´1pW q “ f´1pg´1pW qq “ U is open in X.

Proposition 1.33. The following statements are equivalent:

1. f : X Ñ Y is continuous;

2. Let B be a topological basis for the topology on Y . Then for every B P B, f´1pBq

is open in X;

3. @A Ď X, fpAq Ď fpAq;

4. @B Ď Y , f´1pBq Ď f´1pBq.

5. For every closed set in Y , its preimage is closed in X.

Proof. 1 ñ 2: Trivial.
3 ñ 4: fpf´1pBqq Ď fpf´1pBqq Ď B implies f´1pBq Ď f´1pfpf´1pBqqq Ď f´1pBq.
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1 TOPOLOGICAL SPACES AND CONTINUOUS MAPS

Example 1.34. Let fpx, y, zq “
`

x
1´z

, y
1´z

˘

be a map from S2ztp0, 0, 1qu to R2. f is
bijection gpu, vq “

´

2u
u2`v2`1

, 2v
u2`v2`1

, u
2`v2´1

u2`v2`1

¯

is the inverse of f . Both f and g are
continuous. Hence f is a homeomorphism between S2 ´ tp0, 0, 1qu and R2.
Definition 1.35. f : X Ñ Y is an embedding if f is a homeomorphism onto its image
fpXq, where fpXq has the subspace topology induced by Y .
Example 1.36. Let f : r0, 1q Ñ S1 be defined by fpxq “ e2πix. f is a bijection, but not
a homeomorphism since f´1 is not continuous, i.e. f is not a embedding.
Definition 1.37. C Ď 2X is a cover of X if

Ť

CPC C “ X. If every element of C is open
(closed), then C is an open (closed) cover of X. C is a finite cover if it contains a
finite number of elements.
Theorem 1.38 (Glueing Lemma). Let tA1, A2, ¨ ¨ ¨ , Anu be a finite and closed cover of
X. If f : X Ñ Y restricted to Ai is continuous for every i, then f is continuous.
Proof. It suffices to show that the preimage of every closed set B in Y is closed in X.

f´1pBq “

n
ď

i“1

`

f´1
i pBq X Ai

˘

“

n
ď

i“1

pf´1
Ai

pBqq

Definition 1.39. A topological space is called a disc if it is homeomorphic to D2 “

tpx, yq P E2|x2 ` y2 ď 1u P E2. If h : A Ñ D2 is a homeomorphism, then h´1pS1q is called
a boundary of A, denoted by BA.
Proposition 1.40. Let A be a disc and f : BA Ñ BA is a homeomorphism. There exists
a homeomorphism F : A Ñ A such that F |BA “ f .
Proof. Choose a homeomorphism h : A Ñ D. Actually, we can show that h : BA Ñ BD,
but we don’t give the proof here. Extend hfh´1 : BD Ñ BD to

gpxq “

#

0 x “ 0

}x}hfh´1
´

x
}x}

¯

x ‰ 0
.

Then h´1gh is the required homeomorphism.
Proposition 1.41. Let A and B be two discs and A X B is a boundary of both A and
B. Then A Y B is a disc.
Proof. Let γ denote the arc AXB, use α, β for the complementary arcs in the boundaries
of A,B.

The y axis divides D, as the union of two discs D1 and D2. We label three arcs as
shown. Both α and α1 are homeomorphic to r0, 1s, so we can find a homeomorphism from
α to α1. First extend this over γ, to give a homeomorphism from α Y γ to α1 Y γ1. By
Proposition 1.40, we can extend this to a homeomorphism from A to D1. Similar to the
proof of Proposition 1.40, we can extend the homeomorphism over β, so that β goes to
β1. The result is a homeomorphism from A Y B to D.
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1 TOPOLOGICAL SPACES AND CONTINUOUS MAPS

1.4 Product Spaces
Let pX, τXq and pY, τY q be two topological spaces and X ˆ Y “ tpx, yq|x P X, y P Y u.

We hope the two projections pXpx, yq “ x and pY px, yq “ y are continuous. For every
U P τX and V P τY , p´1

X pUq “ U ˆ Y and p´1
Y pV q “ X ˆ V should be open in X ˆ Y ,

which implies U ˆ V is open in X ˆ Y . Let BM “ tU ˆ V |U P τX , V P τY u.

Proposition 1.42. BM is a topological basis for τXˆY .

Proof. pU1 ˆ V1q X pU2 ˆ V2q “ pU1 X U2q ˆ pV1 X V2q.

Definition 1.43. The topology generated τ by BM is called the product topology
and the topological space pX ˆ Y, τq is called the product space of X and Y , denoted
by X ˆ Y .

Given topological spaces Xi, 1 ď i ď n, the product space X1 ˆ X2 ˆ ¨ ¨ ¨ ˆ Xn can
be defined similarly. rX “

ś

iPΛXi “ tpxiqiPI |xi P Xiu, where I is an index set. Let
pj : rX Ñ Xj be the projection defined by pjppxiqiPIq “ xj. Let BP “ t

Şn
i“1 p

´1
ji

pUjiq|n P

N, ji P I, Uji P τXji
u.

Definition 1.44. For infinite topological spaces, we have two kinds of product topology.
The topology generated by BP is called the product topology and the topological
space p rX, τq is called the product space of tXiuiPI , denoted by

ś

iPI Xi. The topology
generated by BM “ t

ś

iPI Ui|Ui P τXi
, Ui “ Xi for all but finitely many iu is called the

box topology.

The product topology is the smallest topology such that all the projections are con-
tinuous.

Proposition 1.45. Let X,Y, Z be topological spaces and f : Z Ñ XˆY be a map. Then
f is continuous if and only if both pX ˝ f and pY ˝ f are continuous.

Proof. ñ: By Proposition 1.32, both pX ˝ f and pY ˝ f are continuous.
ð: For every open set W Ď X ˆ Y , and z P f´1pW q, there exists U P τX and V P τY

such that fpzq P U ˆ V Ď W . Then z P ppX ˝ fq´1pUq X ppY ˝ fq´1pV q Ď f´1pW q.
By Proposition 1.4, f´1pW q is open in Z. f´1pU ˆ V q “ f´1ppU ˆ Y q X pX ˆ V qq “

ppX ˝fq´1pUqXppY ˝fq´1pY q is open in Z. z P f´1pUˆV q Ď f´1pW q and z is an interior
point of f´1pW q. Therefore, f´1pW q is open in Z.

1.5 Space-filling Curves
Now we introduce Peano curves, Hilbert curves and Sierpinski triangles.
Let ∆ be an equilateral triangle and we construct a sequence of continuous functions

fn : r0, 1s Ñ ∆ as shown.
Suppose n ě m, then given t P r0, 1s, we can find a small triangle which contains both

fnptq and fmptq and whose sides have length 1
2m

. Hence }fnptq, fmptq} ď 1
2m

, which proves
tfnptqu is uniformly convergent to f . Since each fn is continuous, f is also continuous.

Given a point x of ∆ together with a neighborhood U of x P E2. Choose N large
enough so that Bpx, 1

2N
q Ď U . And choose t0 P r0, 1s
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2 SEVERAL TOPOLOGICAL PROPERTIES

2 Several Topological Properties
2.1 Separation Axioms and Countability Axioms
Definition 2.1. A topological space X is a T1 space if for every x, y P X and x ‰ y,
there exists a neighborhood U of x such that y R U and a neighborhood V of y such that
x R V .

X is a T2 or Hausdorff space if for every x, y P X and x ‰ y, there exist open sets
U and V such that x P U, y P V and U X V “ ∅.

X is a T3 or regular space if for every x and closed set A such that x R A, they
have disjoint neighborhoods.

X is a T4 or normal space if for every two disjoint closed sets A and B, they have
disjoint neighborhoods.

Apparently, T2 ñ T1, but T1 œ T2. pR, τf q is an example.

Proposition 2.2. X is a T1 space ðñ @x P X, txu is closed.

Proof. ñ: @y P X and y ‰ x, there exists an open neighborhood Uy of y such that
x R Uy. Let U “

Ť

yPXztxu Uy. Then U is open and U “ Xztxu. Hence txu is closed.
ð: @x, y P X and x ‰ y, x P Xztyu is open and y P Xztxu is open.

Corollary 2.3. Let X be a T1 space and A Ď X. If x is a limit point of A, then every
neighborhood U of x contains infinitely many points of A.

Proof. Suppose that there exists an open neighborhood U of x such that U is finite. Then
B “ pUXAqztxu is finite, hence closed by Proposition 2.2. UzB “ UXBc is also an open
neighborhood of x, but it contains no point of Aztxu, which contradicts the definition of
limit points.

Proposition 2.4. A sequence does not converge to two different points in a Hausdorff
space.

Proof. Suppose that txnu is a sequence and xn Ñ x. For every x0 ‰ x, there exist disjoint
open sets U and V such that x0 P U and x P V . Then tn P N|xn R Uu is finite, hence
tn P N|xn P V u is finite. By Corollary 2.3, xn Û x0.

Hausdorff condition helps avoid some weird examples. For example, consider X “

pRzt0uq Y tz1, z2u. Define pi : E1 Ñ X by pipxq “

#

x, x ‰ 0

zi, x “ 0
, i “ 1, 2. Give the largest

topology such that both p1 and p2 are continuous. Then z1 and z2 have no disjoint
neighborhood, hence X is not Hausdorff. But X is T1 space.

Proposition 2.5. X is a T3 space ðñ @x P X and every open neighborhood W of x,
there exists a neighborhood U of x such that U Ď W .

X is a T4 space ðñ @ closed set A and every open neighborhood W of A, there exists
a neighborhood U of A such that U Ď W .

Proof. For the sufficiency, if A is a closed set or singleton and B is closed and disjoint
with A, then Bc is an open neighborhood of A. There exists a neighborhood U of A such
that A Ď U Ď Bc. Let V “ U

c, then B Ď V . Hence U and V are disjoint neighborhoods
of A and B.

10



2 SEVERAL TOPOLOGICAL PROPERTIES

For the necessity, if X is a T3 or T4 space, then A and B have disjoint neighborhoods
U and V . By V c is closed and U Ď V c, we have U Ď V c. And since W c Ď V , we have
V c Ď W . This shows that A Ď U Ď W .

We can notice that T1 ` T4 ñ T3 and T1 ` T3 ñ T2 , where T1 is necessary.

Example 2.6. Given τ “ tp´8, aq| ´ 8 ď a ď `8u, pR, τq is normal, but closed sets
ra,8q always intersect. Then pR, τq is not T1, T2 or T3.

Consider A Ď X is a subspace topology, then X is T1, T2 or T3 ñ A is T1, T2 or T3.
But T4 is not hereditary.

Example 2.7. Let X “ ta, b, c, du and τ “ t∅, X, tbu, ta, bu, tb, cu, ta, b, cuu. Every
nonempty closed set contains d, hence X is T4.

Let Y “ ta, b, cu and τY “ t∅, Y, tbu, ta, bu, tb, cu, ta, b, cuu. tau and tcu are two
disjoint closed sets in Y , but they have no disjoint neighborhoods. Hence Y is not T4.

Proposition 2.8. X ˆ Y is Hausdorff ðñ both X and Y are Hausdorff.

Proof. ñ: @x1, x2 P X and x1 ‰ x2, let y0 P Y . Then px1, y0q ‰ px2, y0q. There exist
disjoint open sets W1 and W2 in X ˆ Y and there exists open sets U1, U2 P X and
V1, V2 P Y such that pxi, y0q P Ui ˆVi Ď Wi, i “ 1, 2. Since pU1 ˆV1q X pU2 ˆV2q “ ∅ and
y0 P V1 X V2, U1 and U2 are disjoint open sets in X. Similarly, Y is Hausdorff.

ð: For every px1, y1q, px2, y2q P X ˆ Y and px1, y1q ‰ px2, y2q. WLOG, assume that
x1 ‰ x2. x1 and x2 have disjoint open neighborhoods U1 and U2. Then U1ˆY and U2ˆY
are disjoint open neighborhoods of px1, y1q and px2, y2q.

Definition 2.9. pX, τ q is first countable (a C1 space) if every point has a countable
neighborhood basis, i.e. @x P X, there exists countable open neighborhoods Ui, i P N
such that for every open neighborhood V of x, there exists i such that x P Ui Ď V .

Example 2.10. Ek is first countable. Since for every point x P Ek, let Un “ Bpx, 1
n

q, n P

N, then tUn|n P Nu is a countable neighborhood basis of x.

Example 2.11. pR, τf q is not first countable. For any countable collection of open
neighborhoods tUn|n P Nu of 0, U c

n are finite. Then
`
Ş8

n“1 Un

˘c
“

Ť8

n“1 U
c
n is at most

countable. Then
Ş8

n“1 Un is uncountable. For every x0 P
Ş8

n“1 Unzt0u, Rztx0u is an open
neighborhood of 0, but for every n, Un Ę Rztx0u. Hence pR, τf q is not first countable.

Definition 2.12. pX, τ q is second countable (a C2 space) if X has a countable topo-
logical basis.

Example 2.13. En is C2. Choose the set of all open balls with rational center and
rational radius as the topological basis.

Proposition 2.14. C2 ùñ C1`separable.

Proof. X is C2 and B is a countable topological basis. @x P X, let B1 “ tU P B|x P Uu,
then B1 is a countable collection of neighborhoods of x. For every neighborhood V of x,
there exists U P B such that x P U Ď V . Hence B1 is a countable neighborhood basis of
x. Therefore, X is C1.

11
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Example 2.15. In R, define dpx, yq “

#

0, x “ y

1, x ‰ y
. For every x P R, ttxuu is a countable

neighborhood basis of x. Hence pR, dq is C1, but not C2.

Define dppx, yq “

#

0, x “ y

|x| ` |y|, x ‰ y
. pR, dpq is C1, but not C2.

Theorem 2.16 (Lindelöf Theorem). T3 ` C2 ùñ T4.

Proof. Let X be a T3 and C2 space, then X has a countable neighborhood basis B. E
and E 1 be two disjoint closed sets in X. Assume tB1, B2, ¨ ¨ ¨ u are all open sets in B such
that Bi X E “ ∅, and tB1

1, B
1
2, ¨ ¨ ¨ u are all open sets in B such that B1

i X E 1 “ ∅.
Let Un “ Bnz

Ťn´1
i“1 B

1
i and Vn “ B1

nz
Ťn´1

i“1 Bi. Then Un and Vm are open and disjoint.
Let U “

Ť8

n“1 Un and V “
Ť8

n“1 Vn, then U X V “ ∅. @x P E, x is disjoint with E 1,
hence there exists an open neighborhood W of x such that W X E 1 “ ∅. There exists
Bn P B such that x P Bn Ď W . Then Bn X E 1 “ ∅, hence Bn is in the list. Then
x P Un Ď U . Similarly, E 1 Ď V . Therefore, X is normal.

Definition 2.17. txnu in pX, dq is a Cauchy sequence if for every ε ą 0, there exists
N P N such that @m,n ą N , dpxn, xmq ă ε.

pX, dq is complete if every Cauchy sequence converges to a point in X.

Proposition 2.18. A metric space satisfies Ti axioms, i “ 1, 2, 3, 4.

Proof. E, F are closed sets or singletons and E X F “ ∅. @x P E, denote dE “

infyPE dpx, yq. If E is a singleton, then dpx,Eq “ 0 ô x P E. If E is closed and x R E,
then Ec is an open neighborhood of x. There exists δ ą 0 such that Bpx, δq Ď Ec. @y P E,
we have dpx, yq ą δ

2
. Then dpx,Eq ě δ

2
ą 0.

Since E X F “ ∅, we have dpx,Eq ` dpx, F q ą 0. Define a continuous function
g : X Ñ E1 by gpxq “

dpx,Eq

dpx,Eq`dpx,F q
. Then gpxq “ 0 ô x P E and gpxq “ 1 ô x P F . For

every x P XzpEYF q, 0 ă gpxq ă 1. Let U “ g´1pp´8, 1
4
qq and V “ g´1pp3

4
,`8qq. Then

U and V are disjoint open neighborhoods of E and F .

Proposition 2.19. A separable metric space X is C2.

Proof. Assume A is a countable dense subset of X. Let B “ tBpa, 1
n

q|a P A, n P N˚u.
Then B is countable. For every open set U Ď X and x P U , there exists ε ą 0 such
that Bpx, εq Ď U . Choose N P N such that 1

N
ă ε

2
, then there exists a P A such that

dpx, aq ă 1
N

. Then x P Bpa, 1
N

q P B. @y P Bpa, 1
N

q, dpx, yq ď dpx, aq ` dpa, yq ă 2
N

ă ε.
Hence y P Bpx, εq Ď U . Therefore, Bpa, 1

N
q Ď U . This shows that U “

Ť

xPU Bx and B
is a countable topological basis of X.

Example 2.20. Eω “ ttxnu|xn P R,
ř8

n“1 x
2
n ă 8u and ă txnu, tynu ą“

ř8

n“1 xnyn.
dptxnu, tynuq “

a

ř8

n“1pxn ´ ynq2. Then Eω is C2.
Let A “ ttxnu|xn P Q,

ř8

n“1 x
2
n ă 8 and DN such that n ą N, xn “ 0u. Then

En Ď Eω and A is dense.

2.2 Urysohn’s Lemma
Theorem 2.21 (Urysohn’s Lemma). Let X be a normal space and A,B be two disjoint
closed sets in X. There exists a continuous function f : X Ñ r0, 1s such that fpAq “ t0u

and fpBq “ t1u.

12



2 SEVERAL TOPOLOGICAL PROPERTIES

Proof. Let Q0 “ r0, 1s X Q and Q0 “ tr1 “ 1, r2 “ 0, r3, ¨ ¨ ¨ u. First, for every ri P Q0,
construct an open set Ui such that

(i) rn ă rm ùñ Un Ď Um;

(ii) A Ď Un Ď Bc.

Let U1 “ Bc. By the normality of X, A and B have disjoint open neighborhoods U2 and
V . Then U2 Ď Bc. Suppose that U1, U2, ¨ ¨ ¨ , Uk have been constructed. rm “ maxtrl|l ď

n, rl ă rn`1u and rk “ mintrl|l ď n, rl ą rn`1u. By the normality of X, Um and U c
k have

disjoint open neighborhoods Un`1 and Vn`1. Then Um Ď Un`1 Ď Un`1 Ď V c
n`1.

Define f : X Ñ E1 by fpxq “ supt0, rn P Q0|x R Unu “ inft1, rn P Qn|x P Unu. f
is continuous at x iff @pa, bq P E1, if x P f´1pa, bq, then there exists open neighborhood
Ux Ď f´1pa, bq of x.

If 0 ă fpxq ă 1, then there exists rm, rk P Q0 such that a ă rm ă fpxq ă rk ă b.
Then x P UkzUm Ď f´1prm, rkq Ď f´1pa, bq. If fpxq “ 0, then for every rn P Q0 and
n ě 2, x P Un. Let Ux “ U2, then Ux Ď f´1p0, r2q Ď f´1pa, bq. If fpxq “ 1, then there
exists rn P Q0 such that x R Un. Let Ux “ U c

n, then Ux Ď f´1prn, 1q Ď f´1pa, bq.
If fpxq “ 0, choose rk P Q0 such that 0 ă rk ă b. Then x P Uk Ď f´1pa, bq.
If fpxq “ 1, choose rm P Q0 such that a ă rm ă 1. Then x P Um

c
Ď f´1pa, bq.

If x is a metric space, fpxq “
dpx,Aq

dpx,Aq`dpx,Bq
is a continuous function that satisfies the

conditions of Urysohn’s Lemma.

Theorem 2.22 (Tietze Extension Theorem). Let X be a normal space and E Ď X be
closed. If f : E Ñ E1 is continuous, then there exists a continuous function f : X Ñ E1

such that f |E “ f .

Proof. If f is bounded, WLOG, assume fpEq Ď r0, 1s. Let A1 “ f´1pr´1,´1
3
sq and B1 “

f´1pr1
3
, 1sq, then A1 and B1 are disjoint closed sets. By Urysohn’s Lemma, there exists a

continuous function φ1 : X Ñ r´1
3
, 1
3
s such that φ1pA1q “ t´1

3
u and φ1pB1q “ t1

3
u. Let

f1 “ f ´ φ1, then f1pEq Ď r´2
3
, 2
3
s.

Define φ2 : X Ñ r´2
9
, 2
9
s and f2 “ f1 ´ φ2. We have f2pEq Ď r´4

9
, 4
9
s. By induction,

we can define tφn : X Ñ E1u such that φnpxq “ r´2n´1

3n
, 2

n´1

3n
s and |fpxq ´ φ1pxq ´ ¨ ¨ ¨ ´

φnpxq| ď
`

2
3

˘n for every x P E. By M-test,
ř8

n“1 φn converges uniformly to a continuous
function rf , which satisfies rf |E “ f and rfpXq Ď r´1, 1s.

For general continuous function f : E Ñ E1. Denote g “ arctanpfpxqq, then gpEq Ď

p´1, 1q. By the above argument, there exists a continuous function rg : X Ñ r´1, 1s.
Let F “ pgq´1pt˘1uq be a closed set. Then E X F “ ∅. By Urysohn’s Lemma, there
exists a continuous function h : X Ñ r0, 1s such that hpEq “ t0u, hpF q “ t1u and
hpxqrgpxq P p´1, 1q. On F , hpxqrgpxq “ 0. Let rfpxq “ tanphpxqrgpxqq, then f : X Ñ E1 is
continuous and f |E “ f .

In fact, Tietze Extension Theorem is equivalent to T4 axiom.

Definition 2.23. pX, τ q is metrizable if there exists a metric d on X such that τd “ τ .

Example 2.24. pR, τcq is not metrizable. Let Un “ ty P R|dpy, 0q ă 1
n

u, then Un is open
and RzUn is countable. Let U “

Ş8

n“1 Un, then U c is countable and U is uncountable.
Hence there exist x, z P U such that x ‰ z and dpx, 0q “ dpz, 0q “ 0 ñ dpx, zq “ 0. This
contradicts that x ‰ z.

13



2 SEVERAL TOPOLOGICAL PROPERTIES

Theorem 2.25 (Urysohn Metrization Theorem). C2, T2, T4 ùñ metrizable.

Proof. Let pX, τ q be a C2, T4, Hausdorff space and B be a topological basis of X. Let
P “ tpB,B1q P B ˆ B|B Ď B1u ‰ ∅, then P is countable. Denote P “ tpB1, B

1
1q, ¨ ¨ ¨ ,

pBn, B
1
nq, ¨ ¨ ¨ u.

For every n, by Urysohn’s Lemma and normality of X, there exists a continuous
function f : X Ñ r0, 1s such that fpBnq “ t0u and fpXzB1

nq “ t1u. For every x, y P X,
define

dpx, yq “

˜

8
ÿ

n“1

pfnpxq ´ fnpyqq2

n2

¸
1
2

.

We claim that d is a metric on X. First, 0 ď dpx, yq ă 8. Assume x ‰ y, by
Hausdorff condition, there exist B1 P B such that x P B1 but y R B1. By the normality
of X, txu and XzB1 have disjoint open neighborhoods U, V .

There exists B P B such that x P B Ď U and B Ď XzV Ď B1. Then we have
pB,B1q P P and there exists n such that pB,B1q “ pBn, B

1
nq. Then fnpxq “ 0 and

fnpyq “ 1, hence dpx, yq ě 1
n

ą 0. The symmetry and triangle inequality of d are obvious.
Let U be an open set of τd. For every x P U , there exists ε ą 0 such that Bpx, εq Ď U .

Choose N such that
8
ÿ

n“N

1

n2
ă
ε

2
.

For i “ 1, ¨ ¨ ¨ , N , gipyq “ |fipyq ´ fipxq| is continuous. Let Wi “ g´1
i pr0, ε?

2N
qq, then

Wi Ď pX, τ q is open. Let Wx “ W1 X ¨ ¨ ¨ X WN , then Wx Ď pX, τ q is open.

@y P Wx, dpx, yq ă

c

ε2

2N
N `

ε2

2
“ ε.

Hence Wx Ď U and x is an interior point of U in τ . Therefore, U is open in τ .
Conversely, let U Ď pX, τ q be open. For every x P U , there exists B1 P B such

that x P B1 Ď U . txu and XzB1 have disjoint open neighborhoods N1 and N2. There
exists B P B such that x P B Ď N1 and B Ď B1. There exists k P N such that
pB,B1q “ pBk, B

1
kq. For every y P XzB1, we have fkpxq “ 0 and fkpyq “ 1, hence

dpx, yq ě 1
k

and Bpx, 1
k
q Ď U . Therefore, x is an interior point of U in τd and U is open

in τd.

2.3 Compactness
Theorem 2.26 (Heine-Borel Theorem). Any open cover of r0, 1s has a finite subcover.

Proof. Let C be an open cover of r0, 1s. Define F “ ta P r0, 1s|r0, as can be covered by
finite open sets in C u.

• 0 P F , since there exists U P C such that 0 P U .

• a P C ùñ for every b P r0, as, we have b P F ùñ F is an interval

Assume F “ r0, As, then there exists U P C such that A P U . Since U is open, there
exists ε ą 0 such that pA´ ε, A` εq Ď U . Then r0, A´ ε

2
s can be covered by U1, ¨ ¨ ¨ , Un.

If A ă 1, WLOG suppose A ` ε
2

ă 1, then r0, A ` ε
2
s can be covered by U1, ¨ ¨ ¨ , Un

and U , which contradicts the definition of A. Therefore, A “ 1 and r0, 1s can be covered
by finite open sets in C .

14
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Proof. Suppose r0, 1s can not be covered by finite open sets in C . Then r0, 1
2
s or r1

2
, 1s

can not be covered by finite open sets in C and we denote a0 “ 0, b0 “ 1. If r0, 1
2
s can

not be covered by finite open sets in C , let a1 “ 0, b1 “ 1
2
. Otherwise, let a1 “ 1

2
, b1 “ 1.

Inductively, we can define a sequence of closed intervals ran, bns such that bn ´ an “ 1
2n

and ran, bns can not be covered by finite open sets in C .
By the Nested Interval Theorem, there exists a unique point x˚ P ran, bns. There

exists U P C such that x˚ P U and there exists ε ą 0 such that px˚ ´ ε, x˚ ` εq Ď U .
Choose N such that 1

2N
ă ε

2
, then raN , bN s Ď px˚ ´ ε, x˚ ` εq Ď U , which contradicts the

construction of raN , bN s.

Definition 2.27. X is compact if every open cover of X has a finite subcover.

Heine-Borel Theorem shows that r0, 1s is compact.

Definition 2.28. E Ď X is a compact subset if every open cover of E has a finite
subcover.

• If X or its topology is finite, then X is compact.

• pR, τf q is compact and E1 is not compact.

• If X – Y , then X is compact ðñ Y is compact.

Proposition 2.29. The image of a compact set under a continuous map is compact.

Proof. Let E Ď X be compact and f : X Ñ Y be continuous. For every open cover
C of fpEq, C 1 “ tf´1pUq|U P C u is an open cover of E. There exists a finite subcover
tf´1pU1q, ¨ ¨ ¨ , f´1pUnqu, then tU1, ¨ ¨ ¨ , Unu is a finite subcover of fpEq. Therefore, fpEq

is compact.

Proposition 2.30. A closed subset of a compact space is compact.

Proof. Let E Ď X be closed and X be compact. For every open cover C of E, C 1 “

C Y tEcu is an open cover of X. There exists a finite subcover tU1, ¨ ¨ ¨ , Un, E
cu, then

tU1, ¨ ¨ ¨ , Unu is a finite subcover of E. Therefore, E is compact.

Example 2.31. Cantor set is compact.

Proposition 2.32. Continuous real-valued function on a compact space is bounded.

Proof. Let f : X Ñ E1 be continuous and X be compact, then fpXq is compact. Take
the open cover tp´n, nq|n P N˚u, then there exists a finite subcover tp´n1, n1q, ¨ ¨ ¨ ,
p´nk, nkqu. Let N “ maxtn1, ¨ ¨ ¨ , nku, then fpXq Ď p´N,Nq.

Proposition 2.33. E Ă E1 is compact ðñ E is closed and bounded.

Proof. ðù: Let E Ă r´N,N s. By Heine-Borel Theorem, r´N,N s is compact. Since E
is closed subset of r´N,N s, E is compact.

ùñ: Let f : E Ñ E1 be the inclusion map. Since f is continuous, by Proposition
2.32, E is bounded. Now we show that E is closed.

Suppose E is not closed and x0 R E is a limit point of E. Then tUn “ p´8, x0 ´
1
n

q Y px0 ` 1
n
,`8qu is an open cover of E and Un1 , ¨ ¨ ¨ , Unk

is a finite subcover. Denote
N “ maxtn1, ¨ ¨ ¨ , nku, then E Ď UN and px0 ´ 1

N
, x0 ` 1

N
q X E “ ∅, which contradicts

that x0 is a limit point of E.
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In general, compact sets can be not closed and the closure of compact sets can be not
compact.

Example 2.34. • X has more than two element and τ “ t∅, Xu. Then the singleton
subsets of X are not closed, but they are compact.

• For pR, τf q, Z is not closed, but is compact.

Proposition 2.35. If X is Hausdorff and A Ď X is compact, then for every y P Ac, A
and tyu have disjoint open neighborhoods. Hence, A is closed.

Proof. For every x P A, there exist disjoint open neighborhoods Ux of x and Vx of y.
Then tUx|x P Au is an open cover of A and there exists a finite subcover tUx1 , ¨ ¨ ¨ , Uxnu.
Let U “ Ux1 Y ¨ ¨ ¨ Y Uxn and V “ Vx1 X ¨ ¨ ¨ X Vxn , then U and V are disjoint open
neighborhoods of A and tyu respectively.

For every y P Ac, there exists an open neighborhood Vy of y such that y P Vy Ď Ac.
Hence, Ac is open and A is closed.

Proposition 2.36. The continuous bijection f from a compact space X to a Hausdorff
space Y is a homeomorphism.

Proof. It suffices to show that f´1 is continuous, i.e. for every closed set E Ď X,
pf´1q´1pEq “ fpEq is closed. Since X is compact, E and fpEq is compact. By Proposi-
tion 2.35, fpEq is closed.

Proposition 2.37. Two disjoint compact subsets A, B of a Hausdorff space X have
disjoint open neighborhoods.

Corollary 2.38. Compact Hausdorff space is T3 and T4.

Proposition 2.39 (Bolzano-Weierstrass Theorem). Infinite subsets of compact space X
have a limit point.

Proof. Suppose A is an infinite subset of X and has no limit point. For every x P X,
there exists an open neighborhood Ux of x such that Ux XA is finite. Then tUx|x P Xu is
an open cover of X. There exists a finite subcover tUx1 , ¨ ¨ ¨ , Uxnu, then A is finite, which
contradicts that A is infinite.

Definition 2.40. X is limit point compact if every infinite subset of X has a limit
point.

Definition 2.41. X is sequentially compact if every sequence in X has a convergent
subsequence.

Example 2.42. pR, τf q is sequentially compact.

Proposition 2.43. Continuous real-valued function on a sequentially compact space X
is bounded and attains its maximum and minimum.

Proof. If f is not bounded, then there exists a sequence txnu such that limnÑ8 |fpxnq| “

8. Since X is sequentially compact, txnu has a convergent subsequence txnk
u which

converges to x˚.
Let gpxq “ |fpxq|, then U “ g´1pgpx˚q ´ 1, gpx˚q ` 1q is an open neighborhood of x˚.

There exists N such that for every k ą N , xnk
P U , i.e. gpx˚q ´ 1 ă gpxnk

q ă gpx˚q ` 1,
which contradicts that limkÑ8 |fpxnk

q| “ 8.
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Proposition 2.44. Compact C1 space X is sequentially compact.
Proof. For infinite sequence txnu of X, by Bolzano-Weierstrass Theorem, there exists
x0 P X such that every open neighborhood of x0 contains infinitely many elements of
txnu. Take the countable neighborhood basis tUnu of x0 such that for m ą n, Um Ď Un.
Choose n1 such that xn1 P U1 and choose n2 ą n1 such that xn2 P U2 and so on. Then
txnk

u converges to x0.
Theorem 2.45. If X is a metric space, then X is compact ðñ X is sequentially compact.
Proof. ñ: Let txnu be an infinite sequence of X and WLOG, assume xm ‰ xn for m ‰ n.
By Bolzano-Weierstrass Theorem, there exists a limit point x0 of txnu. For every k P N,
Bpx0,

1
k
q X txnu is infinite. Choose xn1 P Bpx0, 1q X txnu and if xn1 , ¨ ¨ ¨ , xnk´1

have been
chosen, choose xnk

P Bpx0,
1
k
q X txnu such that nk ą nk´1. Then txnk

u converges to x0.
ð: Let C be an open cover of X. We claim that there exists δ ą 0, which is called

the Lebesgue number, such that for every x P X, DU P C such that Bpx, δq Ď U .
Otherwise, for every n P N, there exists xn P X such that for every U P C ,

Bpxn,
1
n

qzU ‰ ∅. Then txnu has a convergent subsequence convergent to x˚, then there
exists U˚ P C such that x˚ P U˚. There exists δ˚ ą 0 such that Bpx˚, δ˚q Ď U˚.
Bpx˚, δ˚q X txnu is infinite and there exists n0 such that xn0 P Bpx˚,

δ˚

2
q and 1

n0
ă δ˚

2
.

Then for every y P Bpxn0 ,
1
n0

q, dpy, x˚q ď dpy, xn0q ` dpxn0 , x˚q ă 1
n0

` δ˚

2
ă δ˚. Hence,

Bpxn0 ,
1
n0

q Ď Bpx˚, δ˚q Ď U˚, which contradicts the construction of xn0 .
We also claim that there exists a finite subset A “ tz1, ¨ ¨ ¨ , zmu Ď X such that for

every x P X, there exists zi such that dpx, ziq ă δ.
Otherwise, there exists infinite sequence txnu such that for every m ‰ n, dpxm, xnq ě

δ. Then txnu has no convergent subsequence, which contradicts that X is sequentially
compact.

Hence tBpzi, δqu covers X. For every zi, take Ui P C such that Bpzi, δq Ď Ui. Then
tU1, ¨ ¨ ¨ , Umu is a finite subcover of C . Therefore, X is compact.
Proposition 2.46 (Lebesgue Lemma). If X is a compact metric space and C is an open
cover of X, then there exists δ ą 0 such that every subset of X with diameter less than δ
is contained in some member of C .
Lemma 2.47. Let A be a compact subset of X, y P Y and W is a neighborhood of
A ˆ tyu. Then there exists neighborhoods U of A and V of y such that U ˆ V Ď W .
Proof. Since A is compact, Aˆ ty0u is compact. For every px, y0q P Aˆ ty0u Ď W , there
exists open neighborhoods Ux of x and Vx of y0 such that px, y0q P Ux ˆ Vx Ď W . Hence,
tUxˆVx|x P Au is an open cover of Aˆty0u. There exists a finite subcover tUx1 , ¨ ¨ ¨ , Uxnu.
Let U “ Ux1 Y ¨ ¨ ¨ YUxn and V “ Vx1 X ¨ ¨ ¨ XVxn , then Aˆ ty0u Ď U ˆV Ď W . Therefore,
U and V are open neighborhoods of A and y0 respectively.
Proposition 2.48. X ˆ Y is compact ðñ both X and Y are compact.
Proof. ñ: Since PrX : X ˆ Y Ñ X and PrY : X ˆ Y Ñ Y are continuous, X and Y are
compact.

ð: For every y P Y , X ˆ tyu is compact, so there exists finite subsets Uy,1, ¨ ¨ ¨ , Uy,ny

of C which covers X ˆ tyu. Let Wy “ Uy,1 Y ¨ ¨ ¨ Y Uy,ny be an open neighborhood of
Xˆtyu. By Lemma 2.47, there exists open set Vy Ď Y such that Xˆtyu Ď XˆVy Ď Wy.
Then tVy|y P Y u is an open cover of Y and there exists a finite subcover tVy1 , ¨ ¨ ¨ , Vymu.
Let C 1 “

Ťm
i“1tUyi,1, ¨ ¨ ¨ , Uyi,nyi

u, then C 1 is a finite subcover of C . Therefore, X ˆ Y is
compact.
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By induction, we have that the finite product of compact spaces is compact. For
infinite product, we need the following theorem.

Theorem 2.49 (Tychonoff Theorem). Xi, i P Λ is a collection of nonempty compact
spaces, then X “

ś

iPΛXi is compact in the product topology.

Kelly showed that Tychonoff Theorem ðñ Axiom of Choice.

Definition 2.50. X is locally compact if for every x P X, there exists a compact
neighborhood of x.

For example, compact space and En are locally compact.

Proposition 2.51. X is a locally compact Hausdorff space, then we have

1. X is T3;

2. @x P X, the compact neighborhoods of x form a neighborhood basis of x;

3. Open subsets of X are locally compact.

Definition 2.52. The open cover C of X is called locally finite if every point of X has
a neighborhood V such that #tU P C |U X V ‰ ∅u ă 8.

U and U 1 are open covers of X. U 1 is a refinement of U if @U 1 P U 1, there exists
U P U such that U 1 Ď U .

Definition 2.53. X is paracompact if every open cover of X has a locally finite open
refinement.

Example 2.54. A compact space is paracompact. En and r´n, nsn are paracompact.

Proposition 2.55. A paracompact Hausdorff space is normal.

Proposition 2.56. X is a locally compact C2 Hausdorff space. Then every open cover
of X has countable locally finite open refinement.

Proposition 2.57. Metric spaces are paracompact.

The proof uses the Axiom of Choice.

2.4 Connectedness
Example 2.58. X “ A Y B is connected, where

A “

! ´

x, sin
π

x

¯ˇ

ˇ

ˇ
x P p0, 1s

)

, B “ tp0, yq| ´ 1 ď y ď 1u

x

y

18
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Definition 2.59. X is connected if for every division X “ A Y B such that A and B
are nonempty, then A X B ‰ ∅ or A X B ‰ ∅.

Example 2.60. r0, 1s is connected.

Theorem 2.61. E Ď E1 is connected ðñ E is an interval.

Proof. ñ: I is an inverval and let I “ AYB such that A and B are nonempty. Suppose
that AXB “ ∅. Choose a P A and b P B, WLOG, assume a ă b. Let s “ suptx P A|x ă

bu.
If s P A, then s ă b ñ ps, bs Ď B ñ s P B ñ A X B ‰ ∅. If s P B, then

s P A ñ A X B ‰ ∅. Hence I is connected.
ð: It suffices to show that for every a ă b, a, b P E, every c such that a ă c ă b

is in E. Otherwise, there exist p P pa, bq such that p R E. Let A “ E X p´8, pq and
B “ E X pp,`8q, then a P A and b P B. A X B Ď p´8, pq X pp,`8q “ ∅ and
A X B Ď p´8, pq X pp,`8q “ ∅. This contradicts the connectedness of E.

We give another definition of connectedness.

Definition 2.62. X is connected if X cannot be represented as the union of two
nonempty disjoint open sets.

Proposition 2.63. X is a topological space. The following statements are equivalent.

1. X is connected;

2. X and ∅ are the only subsets of X which are both open and closed;

3. X cannot be represented as the union of two nonempty disjoint closed sets.

4. The image of a continuous function from X to a discrete space is a singleton.

Proof. p1q ñ p2q: A Ď X is open and closed and A ‰ X, A ‰ ∅. Let B “ XzA, then
A,B ‰ ∅ and A “ A,B “ B. Then X “ A Y B such that A X B “ ∅ “ A X B. This
contradicts the connectedness of X.

p2q ñ p3q: X “ AYB. Suppose that A andB are nonempty and open, and AXB “ ∅.
Then A and B are closed. This contradicts (2).

p3q ñ p4q: Let Y be a discrete space and f : X Ñ Y be continuous. Suppose that
fpxq contains at least two points y1 and y2. Let A “ f´1pty1uq and B “ f´1pty2uq, then
A and B are nonempty closed sets and X “ A Y B. This contradicts (3).

p4q ñ p1q: If X is not connected, X “ A Y B such that A X B “ A X B “ ∅. Let
Y “ ty1, y2u be a discrete space and define f : X Ñ Y such that fpAq “ y1 and fpBq “ y2.
Then f is continuous and the image of f contains two points, which contradicts (4).

Proposition 2.64. The continuous image of a connected space is connected.

Proof. Let f : X Ñ Y be continuous surjective, and X be connected. If Y is not
connected, then there exist nonempty open sets U, V Ď Y such that Y “ U Y V and
U X V “ ∅.

Let A “ f´1pUq and B “ f´1pV q open in X. Then X “ AYB and AXB “ ∅. This
contradicts the connectedness of X.

Example 2.65. Consider p : E1 Ñ S1, t ÞÑ e2πit. Since E1 is connected, S1 is connected.
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Corollary 2.66. Connectedness is a topological property.

Lemma 2.67. Suppose X0 is an open and closed subset of X and A is a connected subset
of X. Then A Ď X0 or A X X “ ∅.

Proof. Suppose not. Let X1 “ Xc
0, U “ A X X0 and V “ A X X1. Since X0, X1 are

open subsets of X, U, V are open and nonempty, and U X V “ ∅, which contradicts the
connectedness of A.

Proposition 2.68. If X has a connected dense subset A, then X is connected.

Proof. Let X0 be an open and closed subset of X. By the lemma, A Ď X0 or AXX0 “ ∅.
If A Ď X0, then A Ď X0 ñ X Ď X0 ñ X0 “ X.

If AXX0 “ ∅, then AXX0 “ ∅ ñ X XX0 “ ∅ ñ X0 “ ∅. Hence, X has only two
open and closed subsets, X and ∅, which implies that X is connected.

Recall Example 2.58, X “ A, then X is connected.

Corollary 2.69. Z is a connected subset of X. Y is a subset of X such that Z Ď Y Ď Z.
Then Y is connected.

Proof. Z is a connected dense subset of Y .

Proposition 2.70. C is a cover of X. If every member of C is connected and A is a
connected subset of X such that the intersection of A and every member of C is nonempty,
then X is connected.

Proof. Let X0 be an open and closed subset of X. If X0 ‰ ∅, since C is a cover of X,
there exists U P C such that U X X0 ‰ ∅. By Lemma 2.67, U Ď X0 and A X X0 ‰ ∅.
Again by Lemma 2.67, A Ď X0 and for every V P C , V X X0 ‰ ∅ ñ V Ď X0. Hence,
X “ X0 and X is connected.

Example 2.71. En is connected.

Proof. Let Bx “ tpx, yq|y P E1u for every x P E1. Then tBx|x P En´1u is a connected
cover of En and every member of C is connected. Let A “ E1 ˆ t0u Ď En, then A is
connected and intersects every member of C . By Proposition 2.70, En is connected.

Example 2.72. Sn is connected.

Proposition 2.73. X,Y are connected ðñ X ˆ Y is connected.

Proof. A “ X ˆ ty0u is connected. C “ ttxu ˆ Y |x P Xu is a connected cover of X ˆ Y .
The intersection of A and every member of C is nonempty. By Proposition 2.70 , X ˆ Y
is connected.

Definition 2.74. A subset X0 Ď X is a component if X0 is connected and is not
properly contained in any connected subset of X.

Proposition 2.75. Every connected nonempty subset A of X is contained in a unique
component of X.

Proof. Let F “ tF Ď X|F is connected, A X F ‰ ∅u and X0 “
Ť

FPF F . A P F ñ F
is nonempty and A Ď X0. By Lemma 2.67, X0 is connected.

If Y is connected and X0 Ď Y , then Y XA “ A ‰ ∅ ñ Y P F ñ Y Ď X0 ñ Y “ X0.
Hence, X0 is a component of X.
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A component does not need to be closed. For example, consider t0u Ď
Ť8

n“1

`

1
n`1

, 1
n

˘

Y

t0u.
Proposition 2.76. A component is closed.
Proof. If A is a component of X and A ‰ ∅, then A is connected and A “ A is closed.
Example 2.77. T 2 “ S1 ˆ S1 is connected. A topological space with trivial topology is
connected.
Example 2.78. E1zS0 has three components p´8,´1q, p´1, 1q and p1,`8q.
Example 2.79. The components of Q Ă E1 are the singleton sets.

2.5 Path Connectedness
Definition 2.80. A path in X is a continuous map γ : r0, 1s Ñ X such that γp0q is the
starting point and γp1q is the ending point.

The inverse of path γ is γ such that γptq “ γp1 ´ tq.
Given γ, η such that γp1q “ ηp0q, the concatenation of γ and η is γη such that

pγηqptq “

#

γp2tq, t P r0, 1
2
s

ηp2t ´ 1q, t P r1
2
, 1s

. (2.1)

Definition 2.81. X is path connected if for every x0, x1 P X, there exists a path from
x0 to x1.
Example 2.82. Convex subsets of En are path connected.
Example 2.83. The topologist’s sine curve in Example 2.58 is not path connected.
Proof. It suffices to show that if ap0q P B, then apIq Ď B. Denote J´1 “ a´1pBq, which
is nonempty closed subset of I. We show that J´1 is also open in I.

For every t P J , aptq P B. WLOG, assume aptq “ p0, yq and y ‰ ´1. Define
U “ tpx, yq|y ‰ ´1u, which is an open neighborhood of aptq. There exists a neighborhood
W of t such that apW q Ď U . WLOG, assume W is connected, then apW q is connected
and is a subseteq of the component Bztp0,´1qu of U . Hence W Ă J and t is an interior
point of J .

Since I is connected, J “ I and apIq Ď B.
Proposition 2.84. Path connectedness implies connectedness.
Proof. For every x0 P X, which is a path connected space, denote F “ tγpr0, 1sq|γp0q “

x0, γ : r0, 1s Ñ X is continuous u. F is a connected cover of X, then by Proposition
2.70, X is connected.
Proposition 2.85. Connected open subsets of En are path connected.
Proof. Let U be a connected open subset of En. For x0 P U , denote U0 “ tx P U | there
exists a path in U from x0 to xu. U0 is nonempty since x0 P U0. For every x P U0, since
U is open, there exists ε ą 0 such that Bpx, εq Ď U . Since x P U0, there exists a path
γ from x0 to x. For every y P Bpx, εq, let ηyptq “ p1 ´ tqx ` ty is the path from x to y.
Then γηy is a path from x0 to y. Hence, Bpx, εq Ď U0 and U0 is open in U .

For x P U0 (in U), there exists ε ą 0 such that Bpx, εq Ď U and there exists y P

Bpx, εq X U0. Let γ be the path in U0 from x0 to y and ηptq “ p1 ´ tqy ` tx be the path
in Bpx, εq Ď U from y to x. Then γη is a path in U from x0 to x. Hence, x P U0 and U0

is closed in U . Since U is connected, U0 “ U . Therefore, U is path connected.

21



2 SEVERAL TOPOLOGICAL PROPERTIES

Proposition 2.86. The continuous image and product of a path connected space is path
connected.

Definition 2.87. A path component of X is a maximal path connected subset of X.

We define an equivalence relation on X: x „ y if there exists a path from x to y.

Proposition 2.88. Path components are the equivalence classes of the relation „.

Definition 2.89. X is locally connected if for every x P X and every neighborhood
U of x, there exists a connected neighborhood V of x such that V Ď U .

Example 2.90. X “ tpx, yq P E2|x P Q or y “ 0u is locally connected.

Proof. Denote H` “ tpx, yq P X|y ą 0u. For every px, yq, y ą 0, H` X X is an open
neighborhood of px, yq. H` X X does not contain a connected neighborhood in H` of
px, yq.

Proposition 2.91. The components of a locally connected space are open.

Proof. Let A be a component of X, which is locally connected. For every x P A, there
exists a connected neighborhood U of x, then AXU is connected. Since A is a component,
U Ď A and x is an interior point of A. Hence, A is open.

Definition 2.92. X is locally path connected if for every x P X and every neighbor-
hood U of x, there exists a path connected neighborhood V of x such that V Ď U .

Example 2.93 (Comb Space).

X “ tpx, yq P r0, 1s2|x “ 0 or y “ 0 or there exists n P N˚ such that x “
1

n
u.

Lemma 2.94. If every x P X has a neighborhood Ux such that every point in Ux can be
connected to x by a path in X, then

1. The path components of X are open and closed;

2. The components are path components.

Proof. Every x P X is an interior point of the path component A containing x, so A is
open. Since A is the complement of the union of other path components, A is closed.

Let A be a path component and B Ě A be the component containing A. Then A is
an open and closed nonempty subset of B, hence A “ B.

As a corollary, we have the following proposition.

Proposition 2.95. 1. A locally path connected connected space is path connected.

2. The path components of a locally path connected space are components and are open
and closed.
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3 Quotient Spaces
3.1 Some Surfaces

3.2 Quotient Spaces and Quotient Maps
Definition 3.1. X is a topological space. A collection P of nonempty subsets of X is
called a partition of X if every element of X belongs to exactly one member of P and
Ť

UPP U “ X.

Define Y such that the points in Y correspond to the members of P (P Ñ Y ). Denote
π : X Ñ Y by πpxq being the member of P containing x. Give Y the largest topology
such that π is continuous, i.e. O Ď Y is open ðñ π´1pOq is open in X. This topology
is called the quotient topology.

Proposition 3.2. Y is a quotient space of X and π : X Ñ Y is the natural map. Then
for every topological space Z and function f : Y Ñ Z, f is continuous ðñ f ˝ π is
continuous.

X

Y Z

π

f

f ˝ π

Proof. ùñ: Since π is continuous, f ˝ π is continuous.
ðù: For W Ď Z open, pf ˝ πq´1pW q “ U is open in X. Let V “ f´1pW q, then

pf ˝ πq´1pW q “ π´1pV q. Since U “ π´1pV q is open in X, V is open in Y .

Definition 3.3. Define an equivalence relation „ on X by x „ y ðñ there exists U P P
such that x, y P U . The quotient space determined by P is denoted by X{ „ or X{P .

Definition 3.4. A continuous surjective map f : X Ñ Y is called a quotient map if
Y has the largest topology such that f is continuous, i.e. U Ď Y is open ðñ f´1pUq is
open in X (A Ď Y is closed ðñ f´1pAq is closed in X).

Definition 3.5. Let f : X Ñ Y be a continuous surjective map. A Ď X is a saturated
set if A “ f´1pfpAqq.

Proposition 3.6. For a quotient map f : X Ñ Y , define x1 „ x2 ðñ fpx1q “ fpx2q,
then X{ „– Y .
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Proof. Let p : X Ñ X{ „ be the natural map. Define g : X{ „Ñ Y such that gprxsq “

fpxq, then g is well defined, bijective and continuous. By Proposition 3.2, since f is
continuous, g is continuous. Since p “ g´1 ˝f is continuous, g´1 is continuous. Therefore,
g is a homeomorphism.

Proposition 3.7. The composition of quotient maps is a quotient map.

Proof. Let f : X Ñ Y and g : Y Ñ Z be quotient maps. U Ď Z open ðñ g´1pUq is
open in Y ðñ f´1pg´1pUqq is open in X. Hence, g ˝ f is a quotient map.

Proposition 3.8. Let f : X Ñ Y and g : X Ñ Z be quotient maps. If „ induced by f
and g are the same, then Y – Z.

Definition 3.9. f : X Ñ Y is an open map if f maps open sets to open sets. f is a
closed map if f maps closed sets to closed sets.

Proposition 3.10. If f : X Ñ Y is a continuous surjective open (closed) map, then f
is a quotient map.

Proof. For f´1pUq open (closed) in X, since f is an open (closed) map, U is open (closed)
in Y .

p : X ˆ Y Ñ X is an open map, hence it is a quotient map. But p is not a closed
map in general.

Example 3.11. For E2 “ E1ˆE1, consider Γ “ tpx, arctanpxqq|x P E1u and pppx, yqq “ y.
Γ is closed in E2, but ppΓq “ p´π

2
, π
2
q is open.

Example 3.12. For p : E1 Ñ E1{Z and U “ p´1, 1q open, p´1pppUqq “ U Y Z is open,
but ppUq is not open in E1{Z. Hence, p is not an open map.

Proposition 3.13. Continuous surjective maps from compact spaces to Hausdorff spaces
are quotient maps.

Proof. Let f : X Ñ Y be continuous surjective, X be compact and Y be Hausdorff. For
every closed set E Ď X, since X is compact, E is compact. Since f is continuous, fpEq

is compact in Y . Since Y is Hausdorff, fpEq is closed in Y .

For Y Ď X, define an equivalence relation on X: a „ b ðñ a “ b or a, b P Y . The
quotient space X{ „ is denoted by X{Y .

Example 3.14. X is a topological space. A cone over X is the quotient space CX “

pX ˆ r0, 1sq{pX ˆ t1uq. For a compact subset X of En, denote c0 “ p0, ¨ ¨ ¨ , 0, 1q P En`1,
then the geometric cone over X is GX “ ttpx, 0q ` p1 ´ tqc0|x P X, t P r0, 1su.

Example 3.15. The quotient space of a Hausdorff space need not be Hausdorff. Consider
E1 with an equivalence relation x „ y ðñ x “ y or x, y ă 0. X “ E1{ „ is not T2,
because we can let p : E1 Ñ E1{ „ and Q “ r´1s, then any open neighborhood of pp0q

contains points in Q.

f1 : X1 Ñ Y1 and f2 : X2 Ñ Y2 are quotient maps. Define

f1 ˆ f2 : X1 ˆ X2 Ñ Y1 ˆ Y2

such that pf1 ˆ f2qpx1, x2q “ pf1px1q, f2px2qq. Since f1, f2 are surjective, f1 ˆ f2 is surjec-
tive. But f1 ˆ f2 need not be a quotient map in general.
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Example 3.16. Q,Z Ă E1 and p : Q Ñ Q{Z is a quotient map. Then p ˆ 1 : Q ˆ Q Ñ

pQ{Zq ˆ Q is not a quotient map.

Proof. Let rn “
?
2

|n|`1
, which is irrational and rn Ñ 0. Let An is the interior of the quadri-

lateral with vertices pn, rnq, pn ` 1
2
, 0q, pn ` 1

2
, 2q, pn ` 1, rn`1q. An X ptn, n ` 1u ˆ Rq “

tpn, rnq, pn ` 1, rn`1qu. Let A “
Ť

nPZAn and B “ A X pQ ˆ Qq. Then B is closed in
Q ˆ Q and saturated under p ˆ 1. But pp ˆ 1qpBq is not closed, hence p ˆ 1 is not a
quotient map.

Theorem 3.17 (Whitehead). p : X Ñ Y is a quotient map and Z is a locally compact
Hausdorff space. Then p ˆ 1 : X ˆ Z Ñ Y ˆ Z is a quotient map.

Proof. f “ p ˆ 1 is continuous and surjective. It suffices to show that for every subset
W Ď Y ˆ Z, if f´1pW q Ď X ˆ Z is open, then W is open, i.e. py0, z0q P W is an interior
point.

Take x0 P p´1py0q, then px0, z0q P f´1pW q. There exists an neighborhood B of z0 such
that tx0u ˆ B Ď f´1pW q, then y0 ˆ B Ď W . Since Z is locally compact Hausdorff, we
can assume B is compact.

Let U “ tx P X|txu ˆ B Ď f´1pW qu and V “ ty P Y |tyu ˆ B Ď W u, then y0 P V ,
V ˆ B Ď W and U “ p´1pV q. Since B is compact and f´1pW q is open, for every x P U ,
there exists an open neighborhood Ux of x such that Ux ˆ B Ď f´1pW q. Hence Ux Ď U
and x is an interior point of U . Since p is a quotient map, V is open and py0, z0q is an
interior point of W .

Corollary 3.18. Suppose f : X Ñ Y and g : Z Ñ W are quotient maps. If Y and Z
are locally compact Hausdorff, then f ˆ g : X ˆ Z Ñ Y ˆ W is a quotient map.

X ˆ Z

Y ˆ Z Y ˆ W

f ˆ 1

1 ˆ g

f ˆ g

3.3 Classification of Closed Surfaces
Definition 3.19. RP 2 “ S2{ „, where x „ ´x for every x P S2, is called the projective
plane and RP 2 – X{BX, where X is a closed unit disk.

Definition 3.20. A Hausdorff space X is a n-dimensional (topological) manifold
or a n-manifold if every point x P X has an open neighborhood homeomorphic to En or
En

` “ tpx1, x2, ¨ ¨ ¨ , xnq P En|xn ě 0u.

Definition 3.21. The interior points of a manifold X, denoted by IntpXq or X˝, are
the points having an open neighborhood homeomorphic to En. If x has a neighborhood
U homeomorphic to En

` such that φpxq “ 0, then x is a boundary point of X, denoted
by BX.

Example 3.22. En, Sn Ă En`1 and T n “ S1 ˆ ¨ ¨ ¨ ˆ S1 are n-manifolds.
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We have to admit that for n ‰ m, En is not homeomorphic to Em and we only
consider compact manifolds (or its interior). If X is a n-manifold and BX ‰ ∅, then BX
is a n ` 1-manifold.

2-manifolds are called surfaces. For example, S2,D2,E2, T 2, Möbius strip and Klein
bottle are surfaces.
Theorem 3.23 (Classification of Closed Surfaces). Every closed surface (compact surface
without boundaries) is homeomorphic to either S2, nT 2 or mP 2 for some n,m P N˚. Any
two surfaces in this list are not homeomorphic.
Theorem 3.24 (Radó). Any closed surface can be obtained by identifying edges of a
polygon in pairs.

Hence, we have the standard presentation of closed surfaces nT 2 “ a1b1a
´1
1 b´1

1 ¨ ¨ ¨

anbna
´1
n b´1

n and mP 2 “ a1a1 ¨ ¨ ¨ amam as follows.

If two edges labeled by a are oriented in the same direction, a is called a matching
pair; otherwise, it is called a cross pair. A vertex category is a set of vertices identified
together after gluing the edges.

Proof. Step 1: Reduce to one vertex category. Suppose there are more than one category,
then pick one category P . If P has only one preimage vertex, then we can do the following
operation.
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If P has more than one preimage vertex, pick one preimage vertices such that the
adjoint vertex is the preimage of another category. Do the following operation to reduce
P ’s preimage vertices by 1.

Repeat the process until there is only one vertex category.
Step 2: Make the order of edges standard. It’s easy to see that after Step 1, cross

pairs must be disjoint and there must be another pair alternating with them. If there is
no matching pair, do the following operation to make them adjoint. And in the end, we
can get a1b1a´1

1 b´1
1 ¨ ¨ ¨ anbna

´1
n b´1

n .

If there are matching pairs, do the following operation to make them adjoint.

If there still are cross pairs, do the following operation to convert them into matching
pairs.

27



3 QUOTIENT SPACES

Therefore, if there are matching pairs, the surface is homeomorphic tomP 2; otherwise,
it is homeomorphic to nT 2. If there are l edges and k vertex categories, then the edges
number in standard representation is l ´ 2k ` 2.

Theorem 3.25 (Banchoff). P 2 cannot be embedded in E3. If P 2 is immersed in E3 by
f : P 2 Ñ E3, then there must be at least one triple point.
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4 Homotopy and Fundamental Group
Fundamental group is an important tool to study topological spaces. It can distinguish

some topological spaces which are not homeomorphic. But actually, by the following
theorem, in some cases, it is not useful.

Theorem 4.1. There is no algorithm to decide whether two finite presentation groups
are isomorphic.

4.1 Homotopy
Definition 4.2. f, g : X Ñ Y are homotopic if there exists a continuous map H :
X ˆ r0, 1s Ñ Y such that Hpx, 0q “ fpxq and Hpx, 1q “ gpxq for every x P X. Denote
f » g and H is called a homotopy from f to g.

Example 4.3. f, g : X Ñ En are continuous. Then f Y g : X ˆ t0, 1u Ñ En can be
extended to H : X ˆ r0, 1s Ñ En by Hpx, tq “ p1 ´ tqfpxq ` tgpxq. Hence, f » g and H
is called a linear homotopy.

Actually, any two continuous maps from a space to a convex subset of En are homo-
topic.

Example 4.4. f, g : X Ñ Sn and fpxq ‰ ´gpxq for every x P X. Then the homotopy is
given by H : X ˆ r0, 1s Ñ Sn

Hpx, tq “
p1 ´ tqfpxq ` tgpxq

}p1 ´ tqfpxq ` tgpxq}
.

Proposition 4.5. Homotopy is an equivalence relation on CpX,Y q.

Proof. Reflexivity: f » f by Hpx, tq “ fpxq.
Symmetry: If f » g by H, then g » f by Gpx, tq “ Hpx, 1 ´ tq.
Transitivity: If f » g by H and g » k by G, then f » k by

F px, tq “

#

Hpx, 2tq, 0 ď t ď 1
2
,

Gpx, 2t ´ 1q, 1
2

ď t ď 1.

Definition 4.6. The equivalence classes of homotopy are called map classes. The set
of map classes is denoted by rX,Y s.

rX,Ens has only one element.

Example 4.7. If X “ tx0u, then rX,Y s is in one-to-one correspondence with Y . Two
maps f, g are homotopic ðñ there exists a path from fpx0q to gpx0q in Y . Therefore,
rX,Y s corresponds to the path components of Y .

Proposition 4.8. If f0 » f1 : X Ñ Y and g0 » g1 : Y Ñ Z, then g0˝f0 » g1˝f1 : X Ñ Z.

Proof. Let F : f0 » f1 and G : g0 » g1, then the homotopy from g0 ˝ f0 to g1 ˝ f1 is given
by

Hpx, tq “ GpF px, tq, tq.

Hpx, 0q “ GpF px, 0q, 0q “ Gpf0pxq, 0q “ g0pf0pxqq and Hpx, 1q “ GpF px, 1q, 1q “

Gpf1pxq, 1q “ g1pf1pxqq.
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4 HOMOTOPY AND FUNDAMENTAL GROUP

Definition 4.9. f is a null homotopy if f is homotopic to a constant map.

If Y is a convex subset of En, then every map f : X Ñ Y is null homotopic.

Definition 4.10. A Ă X and f, g P CpX,Y q such that f |A “ g|A. f and g are homo-
topic relative to A if there exists a homotopy H from f to g such that for every a P A
and t P r0, 1s, Hpa, tq “ fpaq “ gpaq, denoted by f » g rel A.

Example 4.11. Y is a convex subset of En and f, g P CpX,Y q. Let Hpx, tq “ p1 ´

tqfpxq ` tgpxq, then if f |A “ g|A, we have f » g rel A.

Relative homotopy is also an extension of maps.

Example 4.12. X “ S1 and x0 P S1. Let Y “ S1 ˆ r0, 1s{tpx0, 0q, px0, 1qu.

Proposition 4.13. Relative homotopy is an equivalence relation and remains with maps.

4.2 Definition of Fundamental Group
X is a topological space and take x0 P X, called the base point. A loop based at

x0 is a continuous map α : r0, 1s Ñ X such that αp0q “ αp1q “ x0. Denote L pX, x0q the
set of all loops based at x0.

Define the product of two path categories xαy, xβy by xαy ¨ xβy “ xα ¨ βy.

Definition 4.14. The fundamental group of X based at x0 is the set of all path
categories of loops based at x0 with the product defined above, denoted by π1pX, x0q.

The identity element is ex0 defined by ex0ptq “ x0 for every t P r0, 1s. The inverse
of xαy is xαy, where αptq “ αp1 ´ tq for every t P r0, 1s. Then it is easy to check that
π1pX, x0q is a group.

Example 4.15. X is a convex subset of En and x0 P X. Any two loops based at x0 are
relatively homotopic, hence π1pX, x0q “ txeyu, i.e. the fundamental group is trivial.

Definition 4.16. A space X is simply connected if X is path-connected and its fun-
damental group is trivial.

f : pX, x0q Ñ pY, y0q is a continuous map such that fpx0q “ y0. For any loop α based
at x0, f ˝ α is a loop based at y0. Define f˚ : π1pX, x0q Ñ π1pY, y0q by f˚pxαyq “ xf ˝ αy.
Then f˚ is a homomorphism.

Definition 4.17. f : X Ñ Y is a continuous map such that fpx0q “ y0. Then we call
homomorphism f˚ : π1pX, x0q Ñ π1pY, y0q the induced fundamental group homo-
morphism by f .

pX, x0q

pY, y0q

π1pX, x0q

π1pY, y0q

f

π1

f˚
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Proposition 4.18. f : X Ñ Y and g : Y Ñ Z are continuous maps such that fpx0q “ y0
and gpy0q “ z0. Then

pg ˝ fq˚ “ g˚ ˝ f˚ : π1pX, x0q Ñ π1pZ, z0q.

X Y

Z

π1pX, x0q π1pY, y0q

π1pZ, z0q

f

g
g ˝ f

f˚

g˚

pg ˝ fq˚

Proof. Suppose α P L pX, x0q, then

pg ˝ fq˚pxαyq “ xpg ˝ fq ˝ αy “ pxg ˝ pf ˝ αqyq “ g˚ ˝ f˚pxαyq.

1˚ : π1pX, x0q Ñ π1pX, x0q is the identity homomorphism.

Theorem 4.19. f : X Ñ Y is a homeomorphism such that fpx0q “ y0. Then f˚ :
π1pX, x0q Ñ π1pY, y0q is an isomorphism.

Proof. Denote g “ f´1 : pY, y0q Ñ pX, x0q, then g˝f “ 1X and f˝g “ 1Y . By Proposition
4.18, we have

g˚ ˝ f˚ “ 1 : π1pX, x0q Ñ π1pX, x0q, f˚ ˝ g˚ “ 1 : π1pY, y0q Ñ π1pY, y0q.

Hence, f˚ is an isomorphism.

By Theorem 4.19, if pX, x0q – pY, y0q, we have π1pX, x0q – π1pY, y0q, i.e. fundamental
group is a topological invariant.

Now we study the relation between fundamental groups and base points. x1, x2 P X
and suppose there exists a path ω from x1 to x2. For any xαy P π1pX, x1q, xω ¨ α ¨ ωy P

π1pX, x2q. Then we define ω# : π1pX, x1q Ñ π1pX, x2q by ω#pxαyq “ xω ¨ α ¨ ωy.
If ω and ω1 are homotopic relative to t0, 1u, then ω ¨α ¨ω and ω1 ¨α ¨ω1 are homotopic

relative to t0, 1u. Hence, ω# “ ω1
#.

P px1, x2q hom pπ1pX, x1q, π1pX, x2qq

P px1, x2q{ „

Proposition 4.20. ω, ω1 are paths from x1 to x2 and from x2 to x3, respectively. Then

pωω1q# “ ω1
# ˝ ω# : π1pX, x1q Ñ π1pX, x3q.

Proof.

pωω1q# pxαyq “ xωω1 ¨ α ¨ pωω1qy “ xω1 ¨ pω ¨ α ¨ ωq ¨ ω1y “ ω1
# ˝ ω#pxαyq.
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Proposition 4.21. ω is a path category from x1 to x2. Then ω# : π1pX, x1q Ñ π1pX, x2q
is an isomorphism. If ω P π1pX, x1q, then ω# is an inner isomorphism.

Proof. First, ω# is a homomorphism. For ω : π1pX, x2q Ñ π1pX, x1q, we have ω# ˝ ω# “

1 : π1pX, x1q Ñ π1pX, x1q and ω#˝ω# “ 1 : π1pX, x2q Ñ π1pX, x2q. Hence, ω# is injective
and ω# is surjective. Similarly, ω# is surjective and ω# is injective. Therefore, ω# is an
isomorphism.

If X is path-connected, then π1pX, x1q – π1pX, x2q. Hence the fundamental group is
independent of the base point up to isomorphism, denoted π1pXq.

4.3 Fundamental Group of Sn

Consider S1 “ tz P C2||z| “ 1u. Define p : E1 Ñ S1 by pptq “ e2πit. p is a
homeomorphism locally: for any t P E1, ppt ´ 1

2
, t ` 1

2
q “ S1ztppt ` 1

2
qu.

Theorem 4.22. Denote ωn is a closed path and define ωn : r0, 1s Ñ S1 by ωnptq “ e2πint.
Then Φ : Z Ñ π1pS

1, 1q defined by Φpnq “ xωny is an isomorphism.

Definition 4.23. p : Y Ñ X and f : A Ñ X are continuous. If there exists rf : A Ñ Y
such that f “ p ˝ rf , then rf is called a lift of f under p.

A X

Y

f

rf
p

Lemma 4.24. Given α : r0, 1s Ñ S1 with αp0q “ x0 P S1. For any rx0 P p´1px0q, there
exists a unique lift rα : r0, 1s Ñ E1 such that rαp0q “ rx0.

Lemma 4.25. Any homotopy of

Now we consider the higher dimensional sphere Sn for n ě 2.

Theorem 4.26. Assume X “ U Y V , where U, V are open and simply connected. If
U X V is path-connected, then π1pXq – teu.

Proof. For any closed path α : r0, 1s Ñ X with αp0q “ x0 P U X V , by Lebesgue
Lemma, there exists a partition 0 “ t0 ă t1 ă ¨ ¨ ¨ ă tn “ 1 such that αprti, ti`1sq Ď U
or V . WLOG, assume αprti, ti`1sq and αprti`1, ti`2sq do not lie in the same set, then
αptiq P U X V . Since U X V is path-connected, there exists a path wi : r0, 1s Ñ U X V
such that wip0q “ αptiq and wip1q “ x0. Denote αipsq “ apti ` spti`1 ´ tiqq. Then
xαy “ xα0 ¨ α1 ¨ ¨ ¨ ¨ ¨ αm´1y “ xα0 ¨ w1 ¨ w1 ¨ α1 ¨ ¨ ¨ y “ xα0 ¨ w1yxw1 ¨ α1 ¨ ¨ ¨w2y.

For Sn, denote the north pole p and the south pole q. SInce pSnztpuq X pSnztquq “

Snztp, qu is path-connected for n ě 2 and both Snztpu and Snztqu are homeomorphic to
En, by the above theorem, Sn is simply connected for n ě 2.

Theorem 4.27. If X and Y are path-connected, then π1pX ˆ Y q – π1pXq ˆ π1pY q.
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Proof. Take x0 P X, y0 P Y and p1 : X ˆ Y Ñ X, p2 : X ˆ Y Ñ Y . Define φ :
π1pX ˆ Y, px0, y0qq Ñ π1pX, x0q ˆ π1pY, y0q by φpxγyq “ pxp1 ˝ γy, xp2 ˝ γyq, which is a
morphism.

φ is surjective: For any pxαy, xβyq P π1pX, x0q ˆ π1pY, y0q, define γ : r0, 1s Ñ X ˆ Y
by γptq “ pαptq, βptqq, then φpxγyq “ pxαy, xβyq.

φ is injective: If φpxγyq “ peX , eY q, then p1 ˝γ » cx0 and p2 ˝γ » cy0 . Let H1 : p1 ˝γ »

cx0 and H2 : p2 ˝ γ » cy0 , then the homotopy from γ to cpx0,y0q is given by

Hpt, sq “ pH1pt, sq, H2pt, sqq.

Since T 2 – S1 ˆ S1, π1pT 2q – Z ˆ Z, hence T 2 fl S2. For any n, π1pT nq – Zn.

4.4 Homotopy Invariance of Fundamental Group
Consider f, g : X Ñ Y . If f » g, denote H : X ˆ r0, 1s Ñ Y . For x0 P X, y0 “ fpx0q

and y1 “ gpx0q. There are induced homomorphisms f˚ : π1pX, x0q Ñ π1pY, y0q and g˚ :
π1pX, x0q Ñ π1pY, y1q. Define ht : X Ñ Y by htpxq “ Hpx, tq and ωptq “ xt “ Hpx0, tq,
then ω is a path from y0 to y1.

Proposition 4.28. g˚ “ ω# ˝ f˚ : π1pX, x0q Ñ π1pY, y1q.

π1pX, x0q

π1pY, y0q

π1pY, y1q

f˚

ω#

g˚

Definition 4.29. X,Y are topological spaces. Iff there are f : X Ñ Y and g : Y Ñ X
such that f ˝ g » 1Y and g ˝ f » 1X , then X and Y are homotopy equivalent, denoted
by X » Y . f and g are called homotopy equivalences and they are homotopy
inverses of each other.

Proposition 4.30. Homotopy equivalence is an equivalence relation on topological spaces.

Proof. Suppose f : X Ñ Y and g : Y Ñ X are homotopy equivalences and u : Y Ñ Z
and v : Z Ñ Y are homotopy equivalences. It suffices to show that u ˝ f : X Ñ Z and
g ˝ v : Z Ñ X are homotopy equivalences.

pg ˝ vq ˝ pu ˝ fq “ g ˝ pv ˝ uq ˝ f » g ˝ 1Y ˝ f » g ˝ f » 1X .

Example 4.31. Homeomorphisms are homotopy equivalences. If f : X Ñ Y is a home-
omorphism, then all the homotopy inverses of f form a class of maps from Y to X.

Example 4.32. p : X ˆ r0, 1s Ñ X and i : X Ñ X ˆ r0, 1s defined by ipxq “ px, 0q.
Then p ˝ i “ 1X and i ˝ ppx, tq “ px, 0q. Define Hpx, s, tq “ px, stq.

Example 4.33. Convex subsets of En are homotopy equivalent to a point.

Definition 4.34. If X is homotopy equivalent to a point, then X is contractible.
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Proposition 4.35. If f : X » Y and y0 “ fpx0q, then f˚ : π1pX, x0q Ñ π1pY, y0q is
an isomorphism. Hence if X and Y are homotopy equivalent and path connected, then
π1pXq – π1pY q.

Proof. Supppose g : Y Ñ X is a homotopy inverse of f and x1 “ gpy0q. Assume g˝f » 1X
by H and ωptq “ Hpx0, tq is a path from x0 to x1. Then g˚ ˝ f˚ “ ω# ˝ p1xq˚ “ ω# :
π1pX, x0q Ñ π1pX, x1q is an isomorphism. Hence g˚ ˝f˚ is an isomorphism, which implies
that f˚ is injective and g˚ is surjective. Similarly, f˚ ˝g˚ is an isomorphism, which implies
that f˚ is surjective and g˚ is injective. Therefore, f˚ and g˚ are isomorphisms.

The fundamental group of a contractible space is trivial, hence simply connected.

Proposition 4.36. X is contractible ðñ 1X is homotopic to a constant map ùñ every
map from Y to X is null homotopic.

Definition 4.37. A Ă X is a retract of X if there exists a map r : X Ñ A such that
r|A “ 1A. r is called a retraction.

A is a deformation retract of X if there exists a homotopy H : X ˆ r0, 1s Ñ X
such that Hpx, 0q “ x, Hpx, 1q P A for every x P X and Hpa, 1q “ a for every a P A. H
is called a deformation retraction.

A deformation retraction is a strong deformation retraction if Hpa, tq “ a for
every a P A and t P r0, 1s.

Example 4.38. T 2 “ S1 ˆ S1 and A “ S1 ˆ t1u. r : T 2 Ñ A defined by rpa, bq “ pa, 1q

is a retraction. π1pT 2q – Z ˆ Z and π1pS
1q – Z ùñ T 2 fi S1.

4.5
Definition 4.39. For two groups G and H, the free product

G ˚ H “ tg1h1g2h2 ¨ ¨ ¨ gnhn|gi P G, hi P H,n P Nu.

Theorem 4.40 (Universal Property of Free Product). Given two groups H and K, there
exists a group L and homomorphisms iH : H Ñ L and iK : K Ñ L such that for any group
G and homomorphisms φ : H Ñ G and ψ : K Ñ G, there exists a unique homomorphism
θ : L Ñ G such that θ ˝ iH “ φ and θ ˝ iK “ ψ.

L is unique up to isomorphism and is called the free product of H and K, denoted
by H ˚ K.

H

K

L G

iH

iK

θ

f

ψ

Theorem 4.41. Given groups H, K and A and homomorphisms jH : A Ñ H and
jK : A Ñ K, there exists a group L and homomorphisms iH : H Ñ L and iK : K Ñ L
such that

1. iH ˝ jH “ iK ˝ jK,
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2. For any group G and homomorphisms φ : H Ñ G and ψ : K Ñ G, if φ˝jH “ ψ˝jK,
then there exists a unique homomorphism θ : L Ñ G such that θ ˝ iH “ φ and
θ ˝ iK “ ψ.

L is unique up to isomorphism and is called the amalgamated free product of H
and K over A, denoted by H ˚A K.

A

H

K

L

GjH

jK

iH

iK θφ
ψ

It is easy to see that H ˚xey K – H ˚ K.
For group A Ă G, denote rAs the smallest normal subgroup of G containing A.
Let N “ rtjHpaqjKpaq´1|a P Aus, then H ˚A K – pH ˚ Kq{N .
Generally, π1pX1q ˚ π1pX2q Ñ π1pX1 Y X2q is not an injection.

Theorem 4.42 (Van-Kampen Theorem). X “ X1 Y X2, where X1, X2 are open and
path-connected and X0 “ X1 X X2 ‰ ∅ is path-connected. For any x0 P X0,

π1pX, x0q – π1pX1, x0q ˚π1pX0,x0q π1pX2, x0q –
π1pX1, x0q ˚ π1pX2, x0q

rtj1pαqj2pαq´1|α P π1pX0, x0qus
, (4.1)

where j1 : π1pX0, x0q Ñ π1pX1, x0q and j2 : π1pX0, x0q Ñ π1pX2, x0q are induced by
inclusion maps.

Theorem 4.43. When X1 and X2 are closed, the Van-Kampen Theorem still holds if X0

is a strong deformation retract of an open neighborhood in X.

If X1 X X2 is simply connected, then π1pX, x0q – π1pX1, x0q ˚ π1pX2, x0q.
If X1 (or X2) is simply connected, then π1pX, x0q – π1pX2, x0q{rℑpi2q˚s.

Example 4.44. S2 “ pS2ztNuq Y pS2ztSuq, where N and S are the north pole and the
south pole, respectively. Both S2ztNu and S2ztSu are homeomorphic to E2, hence simply
connected. Their intersection is S2ztN,Su – S1 ˆ R, which is homotopy equivalent to
S1. By Van-Kampen Theorem,

π1pS
2q – π1pS

2ztNuq ˚π1pS2ztN,Suq π1pS
2ztSuq – teu ˚Z teu – teu.

Proof. F “ tXα|α P Λu is a path-connected open cover of X. Assume
Ť

αPΛXα ‰ ∅ and
x0 P Xα0 . For any α P

Ť

αPΛXα. jα : π1pXα, x0q Ñ π1pX, x0q is induced by inclusion map
and iαβ : π1pXα XXβ, x0q Ñ π1pXα, x0q is induced by inclusion map. jα can be extended
to Φ : ˚αPΛπ1pXα, x0q Ñ π1pX, x0q.

If for any α, β P Λ, Xα X Xβ is path-connected, then Φ is surjective.
ω : r0, 1s Ñ X is a closed path based on x0. By Lebesgue Lemma, there exists a

partition 0 “ s0 ă s1 ă ¨ ¨ ¨ ă sn “ 1 such that for any j, there exists Xj P tXα|α P Λu

such that ωprsj, sj`1sq Ď Xj. Since Xj´1 X Xj is path-connected, there exists a path
σj P Xj´1 X Xj such that connecting ωpsjq and x0. Denote ωjptq “ ωpp1 ´ tqsj ` tsj`1q.
Then ω » pω0˝σ1qpσ1˝ω2σ2q ¨ ¨ ¨ pσn´1˝ωn´1q. Hence xωy “ xω0˝σ1yxσ1˝ω2σ2y ¨ ¨ ¨ xσn´1˝

ωn´1y ùñ xωy P ImpΦq. Hence Φ is surjective.
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For any α, β, γ P Λ, XαXXβXXγ is path-connectedm then kerΦ “ N “ rtiαβpωqi´1
βℵpω1q|ω P

π1pXα X Xβ X Xγ, x0q, α, β P Λus.
Two decompositions of xωy are equivalent if they can be transformed into each other

by following .

1. If xωiy, xωi`1y P π1pXαj
q, then replace xωjy, xωj`1y by xωjωj`y

2. If ωi P Xα X Xβ, replace xωiy P π1pXαq by xωiy P π1pXβq.

Claim: Any two decompositions of xωy P π1pXq are equivalent.
If xω1y ¨ ¨ ¨ xωny and xω1

1y ¨ ¨ ¨ xω1
my are two decompositions of xωy, then ω1ω2 ¨ ¨ ¨ωn and

ω1
1ω

1
2 ¨ ¨ ¨ω1

m are homotopic relative to t0, 1u. F : r0, 1s ˆ r0, 1s is the homotopy between
them. By Lebesgue Lemma, there exists a partition 0 “ s0 ă s1 ă ¨ ¨ ¨ ă sk “ 1 and
0 “ t0 ă t1 ă ¨ ¨ ¨ ă tl “ 1pl ě 3q such that for any rectangle rsi, si`1s ˆ rtj, tj`1s, there
exists α P Λ such that F prsi, si`1s ˆ rtj, tj`1sq Ď Xα.

Modify the partition ttju such that for t “ 0, 1, the partition are exactly ω1ω2 ¨ ¨ ¨ωn

and ω1
1ω

1
2 ¨ ¨ ¨ω1

m.
If F prsi, si`1s ˆ rtj, tj`1sq Ď Xα, we can map some open neighborhood of Rij to Xα.

We can disturb it such that every vertex
We label the rectangles from left to right and from bottom to top, by R1, R2, ¨ ¨ ¨ , Rkl.

Take Xr such that F pRrq Ă Xr. For 1 ď r ď kl, take σr is the path separating R1 ¨ ¨ ¨Rr

and Rr`1 ¨ ¨ ¨Rkl from left to right. ω1 ¨ ¨ ¨ωn » σ0 and ω1
1 ¨ ¨ ¨ω1

m » σkl.
For every vertex V , if F pV q ‰ x0, take a path nV connecting F pV q and x0 such that

1. nV is in Xr corresponding to the rectangle Rr containing V .

2. If V is r0, 1s ˆ t0u, V is on Rr and Rr`1. If F pV q ‰ x0

There is an isomorphism Φ : ˚αPΛπ1pXα, x0q{N Ñ π1pX, x0q, whereN “ rtiαβpγqi´1
βαpγq|γ P

π1pXα X Xβ, x0q, α, β P Λus.

π1pnT
2q – xα1, β1, ¨ ¨ ¨αn, βn|rα1, β1srα2, β2s ¨ ¨ ¨ rαn, βns “ 1y and π1pmP 2q – xα1, α2, ¨ ¨ ¨ , αm|α2

1α
2
2 ¨ ¨ ¨α2

m “

1y.

Definition 4.45. G{rG,Gs is an abelian group called the abelianization of G, denoted
by Gabel.

Theorem 4.46. Every finite generated abelian group is isomorphic to Zn‘Zq1 ‘¨ ¨ ¨‘Zqm,
where qi are powers of primes. G is finite iff n “ 0 and q1, ¨ ¨ ¨ , qm are unique up to order.

Corollary 4.47. π1pnT 2q fl π1pmP
2q.
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