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Abstract

This note is based on C. N. Yang’s work on one-dimensional quantum many-
body problems [2].

Contents
1 Background 2

2 Single Particle Version 2

3 Yang-Baxter Equation 3

4 Eigenvalue Problem 4

1



2 SINGLE PARTICLE VERSION

1 Background
The first postulate of quantum mechanics states that the state of a quantum mechani-

cal system is completely specified by a wave function ψpx, tq in Hilbert space. The second
postulate of quantum mechanics states that the time evolution of the wave function is
governed by the Schrödinger equation:

i
B

Bt
ψpr , tq “ Hψpr , tq, (1.1)

where H is the Hamiltonian operator and H “ ´∇2`V prq in the position representation.
To solve the Schrödinger equation, we can solve the eigenvalue equation

Hψ “ Eψ, (1.2)

and get a complete basis ψn and its corresponding eigenvalue En. Hence, we can expand
the wave function with the basis:

ψptq “
ÿ

n

cnψne
´iEnt. (1.3)

And we can determine the coefficients cn by the initial condition ψp0q. Therefore, the
main task is to solve the eigenvalue equation.

However, in general this is not that easy. Here are some simple examples. Sutherland
introduced and studied the eigenfunctions of

HN “ ´

N
ÿ

i“1

B2

Bx2i
` g

ÿ

jăk

1

sin2 1
2
pxj ´ xkq

, (1.4)

and the eigenfunctions are given by the Jack polynomials. Specially, when N “ 1, the
eigenfunctions are given by the Gegenbauer polynomials.

In this note, we will study the ‘delta-function’ interaction model first solved by Lieb
and Liniger for bosonic cases, and Yang gave a solution for the general cases. The
Hamiltonian of the system is given by

H “ ´

N
ÿ

i“1

B2

Bx2i
` 2c

ÿ

iăj

δpxi ´ xjq. (1.5)

2 Single Particle Version
First we consider the quantum system of a single particle in a ‘delta-function’ poten-

tial. The Hamiltonian is given by

H “ ´
B2

Bx2
` 2cδpxq (2.1)

When x ‰ 0, the wavefunction satisfies

´
B2ψ

Bx2
“ Eψ.

2



3 YANG-BAXTER EQUATION

And the general solution is given by

ψpxq “

#

e´ikx ` SRpkqeikx, x ą 0,

ST pkqe´ikx, x ă 0,
, k “

?
E. (2.2)

Consider the boundary conditions at x “ 0. First integrate Hψ “ Eψ twice, from
x “ ´ϵ to x “ y and y “ ´ϵ to y “ ϵ, we have

ψp`0q “ ψp´0q. (2.3)

By integrating the eigenvalue equation once, from x “ ´ϵ to x “ ϵ, we have

ψ1p`0q ´ ψ1p´0q “ 2cψp0q. (2.4)

Hence, we have
SRpkq “

c

ik ´ c
, ST pkq “

ik

ik ´ c
. (2.5)

3 Yang-Baxter Equation
The Hamiltonian of the system is given by

H “ ´

N
ÿ

i“1

B2

Bx2i
` 2c

ÿ

iăj

δpxi ´ xjq, (3.1)

where c is a positive constant characterizing the interaction strength between particles.
Let p1, ¨ ¨ ¨ , pN be a set of unequal numbers. We make the assumption that the

particle momenta are conserved in collisions, thus ψQ in each region ∆Q : 0 ă xQp1q ă

¨ ¨ ¨ ă xQpNq ă L is a linear combination of plane waves eipkP p1qxQp1q`¨¨¨`kP pNqxQpNqq. By
Bethe’s ansatz, we can write the wavefunction as

ψQ “
ÿ

P

rQ,P seipkP p1qxQp1q`¨¨¨`kP pNqxQpNqq, P P SN . (3.2)

All the N ! ˆ N !rQ,P s can be arranged into a matrix and denote its columns by

ξP “

¨

˚

˚

˚

˝

rQ1, P s

rQ2, P s
...

rQN !, P s

˛

‹

‹

‹

‚

.

Following the single particle case and denoting x “ xj ´ xk, y “ xj ` xk, we have
boundary conditions at xj “ xk:

ψ|xj“xk`0 “ ψ|xj“xk´0 , (3.3)
ˆ

Bψ

Bxj
´

Bψ

Bxk

˙ˇ

ˇ

ˇ

ˇ

xj“xk`0

´

ˆ

Bψ

Bxj
´

Bψ

Bxk

˙ˇ

ˇ

ˇ

ˇ

xj“xk´0

“ 2c ψ|xj“xk
. (3.4)

Therefore, denote Ti “ pi, i`1q P Sn and consider ∆Q and ∆QTi such that Qi “ j, Qi`1 “

k, then we have
rQ,P s ` rQ,PTis “ rQTi, P s ` rQTi, PTis,
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ipkP piq ´ kP pi`1qqprQTi, PTis ´ rQTi, P s ´ rQ,P s ` rQ,PTisq “ 2cprQ,P s ` rQ,PTisq.

These two equations can be combined to give

rQ,PTis “
c

ipkP piq ´ kP pi`1qq ´ c
rQ,P s `

ipkP piq ´ kP pi`1qq

ipkP piq ´ kP pi`1qq ´ c
rQTi, P s. (3.5)

Define T̂ to act in the space of coefficients by

T̂ rQ,P s “ rQTi, P s. (3.6)

Then we can rewrite the above equation as

rQ,PTis “ YipkP piq ´ kP pi`1qqrQ,P s, Yipuq “ SRpuq ` ST puqT̂i. (3.7)

We can verify that

YipuqYip´uq “ I, YipuqYjpvq “ YjpvqYipuq, |i ´ j| ą 1,

YipvqYi`1pu ` vqYipuq “ Yi`1puqYipu ` vqYi`1pvq.
(3.8)

This is the Yang-Baxter equation, which shows that all the coefficients relations are
consistent, so that given ξ0 “ ξid, we can determine all ξP .

In Yang’s original paper, he wrote the above equation as

ξ¨¨¨ij¨¨¨ “ Y 34
ij ξ¨¨¨ji¨¨¨, (3.9)

where

Y 34
ij “

`

y´1
ij ´ 1

˘

` y´1
ij P34 “ Y 43

ij , yij “ 1 ` xij, xjk “ ic ppj ´ pkq
´1

“ ´xkj. (3.10)

Each operator Y ab
ij represents a collision of two particles in which their momenta are

interexchanged.
Similarly, we can verify that

Y ab
ij Y

ab
ji “ 1, Y ab

jk Y
bc
ik Y

ab
ij “ Y bc

ij Y
ab
ik Y

bc
jk . (3.11)

4 Eigenvalue Problem
We have periodic boundary conditions:

λjξ0 “ Xpj`1qjXpj`2qj ¨ ¨ ¨XNjX1jX2j ¨ ¨ ¨Xpj´1qjξ0, j “ 1, 2, ¨ ¨ ¨ , N, (4.1)

where λj “ eipjL, Xij “ TijY
ij
ij “ p1 ´ Tijxijqp1 ` xijq

´1.
Also we can verify that

XijXji “ 1, XjkXikXijXkjXkiXji “ 1, XijXkl “ XklXij. (4.2)

Therefore, these N operators commute with each other.
The operators Tij on ξ, which maps N ! elements to N ! elements, form a N ! ˆ N !

representation of SN . We want to reduce the representation into irreducible components.
Choose one irreducible representation R. If R “ identity representation “ rN s, then

Tij “ 1, and this is the bosonic case [1]. If R “ antisymmetric representation “ r1N s,
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then Tij “ ´1 and Xij “ 1, so that eipjL “ 1, which shows that there is no interaction
and is consistent with the Pauli principle.

The λj’s are functions of p, c and R. For R and rR being conjugate representations,
we have

λjpp; c;Rq “
ź

i‰j

ˆ

1 ´ xij
1 ` xij

˙

λjpp;´c; rRq. (4.3)

Define µjpp; c;Rq by

µjΦ “ X 1
pj`1qjX

1
pj`2qj ¨ ¨ ¨X 1

NjX
1
1jX

1
2j ¨ ¨ ¨X 1

pj´1qjΦ, (4.4)

where X 1
ij “ p1 ` Pijxijqp1 ` xijq

´1. Then clearly, we have

µjpp; c; rRq “ λjpp; c;Rq. (4.5)

Therefore, to evaluate λj for R “ r2M1N´2M s, we need to find µjpp; c; rN ´ M,M sq.
Consider a system of N spin-1

2
particles with M down-spins and N ´M up-spins, so

that the spin wave functions Φ for total z spin “ 1
2
N ´ M .

Consider the N spins as forming a cyclic chain. Φ has
`

N
M

˘

components rN ´

M spins up ,M spins down s. Then by generalized Bethe’s ansatz, we have

Φ “
ÿ

P

APF pΛP1, y1qF pΛP2, y2q ¨ ¨ ¨F pΛPM , yMq, (4.6)

where y1 ă y2 ă ¨ ¨ ¨ ă yM are the ”coordinates” of the ”down-spins”, Λ1,Λ2, ¨ ¨ ¨ ,ΛM are
a set of unequal numbers,

F pΛ, yq “

y´1
ź

j“1

ipj ´ iΛ ´ c1

ipj`1 ´ iΛ ` c1
, c1 “

c

2
. (4.7)

´

N
ź

j“1

ipj ´ iΛα ´ c1

ipj ´ iΛα ` c1
“

M
ź

β“1

´iΛβ ` iΛα ` c

´iΛβ ` iΛα ´ c
. (4.8)

µjpp; c; rN ´ M,M sq “

M
ź

β“1

ipj ´ iΛβ ´ c1

ipj ´ iΛβ ` c1
(4.9)

Therefore, we need to solve

eipjL “

M
ź

β“1

ipj ´ iΛβ ´ c1

ipj ´ iΛβ ` c1
, j “ 1, 2, ¨ ¨ ¨ , N, (4.10)

Define
θppq “ ´2 arctan

´p

c

¯

, ´π ď θ ă π. (4.11)

Notice that
eiθppq “ ´ sin

´

2 arctan
´p

c

¯¯

` i cos
´

2 arctan
´p

c

¯¯

“ ´
2pc

c2 ` p2
` i

c2 ´ p2

c2 ` p2
“

1 ´ ip
c

1 ` ip
c

.
(4.12)
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Hence for the Rψ “ r2M1N´2M s symmetry and N even, M odd case, taking logarithm on
both sides of equations (4.8) and (4.10), we have

´

N
ÿ

i“1

θp2Λ ´ 2piq “ 2πJΛ ´

M
ÿ

β“1

θpΛ ´ Λβq, Lp “ 2πIp `
ÿ

Λ

θp2p ´ 2Λq, (4.13)

where JΛ “ successive integers from ´M´1
2

to M´1
2

, and 1
2

` Ip “ successive integers from
1 ´ N

2
to N

2
.

´

ż Q

´Q

θp2Λ ´ 2pqρppqdp “ 2πg ´

ż B

´B

θpΛ ´ Λ1qσpΛ1qdΛ1, (4.14)

p “ 2πf `

ż B

´B

θp2p ´ 2ΛqσpΛqdΛ, (4.15)

dg

dΛ
“ σ,

df

dp
“ ρ. (4.16)

After differentiation, we have

2πσ “ ´

ż B

´B

2cσpΛ1qdΛ1

c2 ` pΛ ´ Λ1q2
`

ż Q

´Q

4cρppqdp

c2 ` 4pp ´ Λq2
, (4.17)

2πρ “ 1 `

ż B

´B

4cσpΛqdΛ

c2 ` 4pΛ ´ pq2
. (4.18)

N

L
“

ż Q

´Q

ρppqdp,
M

L
“

ż B

´B

σpΛqdΛ,
E

L
“

ż Q

´Q

p2ρppqdp. (4.19)
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