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Abstract

This note is based on the lecture by Victor Ginzburg at the University of Chicago
in summer 2026. We introduce quivers and their finite-dimensional representations,
describe representation spaces and the base-change action, state the finite-type form
of Gabriel’s theorem, and explain the Tits-form argument showing that finite rep-
resentation type forces the underlying graph to be a simply laced Dynkin diagram.
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1 QUIVERS AND THEIR REPRESENTATIONS

1 Quivers and Their Representations

Throughout, let k be a field.

Definition 1.1. A quiver is a directed graph

Q “ pI, E, s, tq,

where I is the set of vertices, E is the set of arrows, and

s, t : E ÝÑ I

assign to each arrow its source and target. An arrow a P E with spaq “ i and tpaq “ j is
written

a : i ÝÑ j.

Unless stated otherwise, all quivers in these notes are finite.

Definition 1.2. A finite-dimensional representation ρ of a quiver Q over k consists of

(i) a finite-dimensional k-vector space Vi of dimension Vi “ di for every vertex i P I;

(ii) a k-linear map
ρpaq : Vi ÝÑ Vj

for every arrow a : i Ñ j.

The vector
d “ dimV “ pdiqiPI P ZI

ě0

is called the dimension vector of V .

Definition 1.3. Let V and V 1 be representations of Q. A morphism

f : V ÝÑ V 1

is a collection of linear maps fi : Vi Ñ V 1
i such that, for every arrow a : i Ñ j,

fj ˝ ρpaq “ ρ1
paq ˝ fi. (1.1)

Equivalently, the following square commutes:

Vi Vj

V 1
i V 1

j

ρpaq

ρ1paq

fi fj

The morphism f is an isomorphism if and only if every fi is invertible.

Example 1.4. Consider the quiver

1

a
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3 REPRESENTATION SPACES AND BASE CHANGE

A representation is exactly a linear map A : V Ñ V . If another representation is
given by B : V 1 Ñ V 1, then a morphism from A to B is a pair pf1, f2q satisfying

f2A “ Bf1.

Thus two representations are isomorphic precisely when their corresponding matrices are
related by independent changes of bases in the domain and codomain.

2 Dynkin Diagrams and Gabriel’s Theorem

The connected simply laced Dynkin diagrams are of types An, Dn, E6, E7, and E8.

An pn ě 1q
1 2 n ´ 1 n

Dn pn ě 4q
1 2 n ´ 2

n ´ 1

n

E6

E7

E8

Figure 1: The connected simply laced Dynkin diagrams.

Theorem 2.1 (Gabriel). Let k be algebraically closed and let Q be a connected quiver.
The following are equivalent:

(1) the underlying unoriented graph of Q is one of the Dynkin diagrams An, Dn, E6,
E7, or E8;

(2) for every dimension vector d, there are only finitely many isomorphism classes of
representations of Q of dimension vector d.

Remark 2.2. The same simply laced Dynkin diagrams also appear in the classification
of finite-dimensional complex simple Lie algebras and, through the McKay correspon-
dence, in the classification of finite subgroups of SL2pCq up to conjugacy. This recurring
phenomenon is often called the ADE correspondence.

3 Representation Spaces and Base Change

Fix a dimension vector d “ pdiqiPQ0 and choose standard vector spaces

Vi “ kdi .

Definition 3.1. The representation space of Q with dimension vector d is the affine
space

ReppQ,dq “
ź

a:iÑj

HomkpVi, Vjq. (3.1)

Consequently,
dimReppQ,dq “

ÿ

a:iÑj

didj. (3.2)
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4 A ONE-PARAMETER FAMILY FOR rD4

Define the base-change group

Gd “
ź

iPQ0

GLpViq. (3.3)

For g “ pgiqiPQ0 P Gd and V “ pVaqaPQ1 P ReppQ,dq, set

gρpaq “ gjρpaqg´1
i for every arrow a : i Ñ j. (3.4)

This is the usual change-of-basis action.

Proposition 3.2. Two points of ReppQ,dq lie in the same Gd-orbit if and only if the
corresponding representations are isomorphic. Hence the isomorphism classes of repre-
sentations with dimension vector d are exactly the Gd-orbits in ReppQ,dq.

Proof. An element g “ pgiq identifies two representations precisely when each gi is an
isomorphism and

gjρpaq “ ρ1
paqgi

for every arrow a : i Ñ j. This is equivalent to ρ1paq “ gjρpaqg´1
i , which is exactly the

orbit relation in (3.4).

4 A One-Parameter Family for rD4

The following example explains geometrically why non-Dynkin quivers may have in-
finitely many isomorphism classes in a fixed dimension vector.

Let Q be the quiver

01 2

3

4

d1 “ 1 d2 “ 1

d3 “ 1

d4 “ 1

d0 “ 2

Figure 2: An orientation of the affine Dynkin graph rD4.

Thus a representation of dimension vector p2, 1, 1, 1, 1q is given by four maps

Ai : k ÝÑ k2, i “ 1, 2, 3, 4.

Assume that every Ai is injective. Then

ℓi “ ImpAiq

is a line in k2, so the representation determines an ordered quadruple

pℓ1, ℓ2, ℓ3, ℓ4q P pP1
pkqq

4.

4



5 THE TITS FORM AND THE EASY DIRECTION OF GABRIEL’S
THEOREM

The factors GL1pkq at the four outer vertices merely rescale the maps Ai, while the
factor GL2pkq at the central vertex acts simultaneously on the four lines. Therefore,
isomorphism classes are ordered quadruples of points of P1pkq modulo the diagonal action
of PGL2pkq.

For λ P kzt0, 1u, define a representation V pλq by

A1p1q “ p1, 0q, A2p1q “ p0, 1q,

A3p1q “ p1, 1q, A4p1q “ pλ, 1q.
(4.1)

The four image lines correspond to the ordered points

p8, 0, 1, λq P P1
pkq.

Their cross-ratio is
r8, 0; 1, λs “ λ. (4.2)

Since the cross-ratio is invariant under PGL2pkq, an isomorphism

V pλq – V pµq

forces λ “ µ. Because an algebraically closed field is infinite, this gives infinitely many
pairwise nonisomorphic representations of the same dimension vector.

x

y

ℓ1

ℓ2

ℓ3ℓ4

Figure 3: Four ordered lines through the origin in k2; their projective configuration is
measured by the cross-ratio.

5 The Tits Form and the Easy Direction of Gabriel’s

Theorem

We now prove the implication

finite representation type ùñ Dynkin underlying graph.

The converse is the deeper direction of Gabriel’s theorem.
Assume that Q has no loops. For distinct vertices i, j P I, let hij “ hji be the number

of arrows whose endpoints are i and j, with orientation forgotten. Set hii “ 0.
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5 THE TITS FORM AND THE EASY DIRECTION OF GABRIEL’S
THEOREM

Definition 5.1. Let teiuiPI be the standard basis of RI . Define a symmetric bilinear
form by

pei, ejqQ “

#

2, i “ j,

´hij, i ‰ j.
(5.1)

The associated Tits quadratic form is

qQpxq “
1

2
px,xqQ “

ÿ

iPQ0

x2
i ´

ÿ

ti,juĎQ0

hijxixj. (5.2)

Equivalently,
qQpdq “

ÿ

i

d2i ´
ÿ

a:iÑj

didj.

Proposition 5.2. Suppose that ReppQ,dq contains only finitely many Gd-orbits for a
nonzero dimension vector d. Then

qQpdq ě 1. (5.3)

Proof. The affine space ReppQ,dq is irreducible. If it is a finite union of Gd-orbits, one
of those orbits is dense. Since algebraic-group orbits are locally closed, a dense orbit is
open. Let O be such an open orbit and choose V P O. Then

dimO “ dimGd ´ dimpGdqV , (5.4)

where pGdqV is the stabilizer of V .
Because O is open in ReppQ,dq,

dimO “ dimReppQ,dq “
ÿ

a:iÑj

didj.

Moreover,
dimGd “

ÿ

i

d2i .

The one-dimensional subgroup of simultaneous scalar transformations

␣

pλIVi
qiPQ0 : λ P kˆ

(

fixes every representation, so
dimpGdqV ě 1.

Combining these equalities and inequalities gives

ÿ

a:iÑj

didj ď
ÿ

i

d2i ´ 1,

which is equivalent to qQpdq ě 1.

Lemma 5.3. If qQpdq ą 0 for every nonzero vector d P ZQ0

ě0, then qQ is positive definite
on RQ0.
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5 THE TITS FORM AND THE EASY DIRECTION OF GABRIEL’S
THEOREM

Proof. Suppose that qQ is not positive definite. If there exists x ‰ 0 with qQpxq ă 0,
then, because all off-diagonal coefficients of qQ are nonpositive,

qQp|x|q ď qQpxq ă 0,

where |x| “ p|xi|qi. By continuity, a sufficiently close nonzero rational vector y P QQ0

ě0

also satisfies qQpyq ă 0. Clearing denominators yields a nonzero d P ZQ0

ě0 with qQpdq ă 0,
a contradiction.

It remains to consider the case in which qQ is positive semidefinite but singular. The
matrix of p¨, ¨qQ has integer entries and nontrivial kernel, so its kernel contains a nonzero
rational vector z. Then qQpzq “ 0. Again,

qQp|z|q ď qQpzq “ 0.

Positive semidefiniteness forces qQp|z|q “ 0. After clearing denominators, we obtain a

nonzero vector d P ZQ0

ě0 satisfying qQpdq “ 0, again a contradiction. Therefore qQ is
positive definite.

Proposition 5.4. Let Γ be a finite connected graph, allowing multiple edges but no loops.
Its symmetric Tits form is positive definite if and only if Γ is one of the simply laced
Dynkin diagrams

An, Dn, E6, E7, E8.

In particular, positive definiteness excludes multiple edges.

Remark 5.5. Indeed, if two vertices are joined by m ě 2 edges, then the corresponding
2 ˆ 2 principal submatrix is

ˆ

2 ´m
´m 2

˙

,

whose determinant is 4´m2 ď 0. Hence a positive-definite symmetric Tits form can only
arise from a simple graph.

Proof of Theorem 2.1, (2)ñ(1). Assume that, for every dimension vector d, the variety
ReppQ,dq has only finitely many isomorphism classes. By Proposition 3.2, it has only
finitely many Gd-orbits. Proposition 5.2 therefore gives

qQpdq ě 1 for every nonzero d P ZQ0

ě0.

By Lemma 5.3, the Tits form qQ is positive definite. Proposition 5.4 then implies that
the underlying unoriented graph of Q is a simply laced Dynkin diagram.
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